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a b s t r a c t
Automated calibration is a crucial stage when validating non-linear dynamic systems. The
modeler must control the calibration results and analyze parameter values in an iterative
way. In many non-linear models, it is usual to ﬁnd sets of conﬁguration parameters that
may obtain the same model ﬁtting. In these cases, the modeler needs to understand the
results’ implications and run a sensitivity analysis to check the model validity. This paper presents a framework based on niching genetic algorithms to provide modeler with
a set of alternative calibration solutions which also ease the analysis of their parameters,
model’s response, and sensitivity analysis. The framework is called MOMCA, an integral
and interactive solution for model validation which facilitates the implication of decision
makers. The core component of MOMCA is its niching genetic algorithm, able to reach various optima in multimodal optimization problems by keeping the necessary diversity. The
proposed framework is applied to two different case studies. The ﬁrst case study is a biological growth model and the second one is a managerial model to improve brand equity.
Both applications show the beneﬁts of the framework when providing a set of calibrated
models and a way to analyze and perform sensitivity analysis based on the set of solutions.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction
Non-linear dynamic models are widely used as they characterize real-world systems and the key relationships between
their elements. These models are particularly suitable for systems with a high number of interrelated variables, where all
relevant data to build the system is not always available or precise. They also provide a way to carry out simulations, understand the effects of alternative strategies, and assist stakeholders in better planning and management [67]. An example of
these models is system dynamics which presents methodologies and tools for developing mathematical models of complex
systems for social, biological, and economic problems [34,51,62,68].
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A decisive phase when modeling non-linear dynamic systems is model validation [67]. The validation requires testing
a set of hypothesis, the signiﬁcance of their behavioral components (by assuming that the behavior is a consequence of
the system structure), and the historical model ﬁtting [49]. Validation is also measured in terms of degrees of conﬁdence
or quality and this quality is usually diﬃcult to obtain for most non-linear simulation models in use [25]. The search for
better validation procedures and methodologies is still necessary to ensure an appropriate level of conﬁdence in the models’
performance [6].
Automated calibration, mainly based on gradient search methods and genetic algorithms (GAs) [3], is a useful tool for
model validation, but its results must be analyzed with caution [49]. The modeler needs to use automated calibration methods judiciously and in iterative and controlled way in order to manually ﬁlter the different alternatives. Otherwise, if modelers blindly accept the calibrated parameters without studying them, these values will be forced to match the historical
behavior, with the subsequent risk of treating the model as a black box [58].
The presence of a multimodal nature of parameters is an another problem while calibrating the model [46]. The existence
of several sub-optimal solutions in a multimodal search space [28] causes diﬃculties to ﬁnd a unique solution for the
parameters. This is also known as “system identiﬁability” [4]. Modelers also need to study the parameters and outputs of
the model as non-linear simulation models cannot be properly understood without exploring their behaviors under different
parameter settings [37]. Input/output exploration, sensitivity analysis, and parameters’ distribution visualization are the most
valuable validation techniques to help to understand the model’s behavior [37,49].
In this contribution, we propose a novel calibration framework based on handling the parameter space multimodality
to help and support the modeler in an integral model validation process. Our multimodal calibration framework, called
multimodal optimization for model calibration (MOMCA), can obtain a set of different and acceptable calibration solutions
for the same model in a single run. The framework generates different parameter conﬁgurations which show the same or
a similar model behavior. This archive of valid calibration solutions are used by MOMCA to perform automatic parameter
analysis and run sensitivity analysis to provide additional indications on the model validity [59].
The use of niching genetic algorithms (NGAs) for the optimization process [28,54,61] is a key strength of the presented
framework. These methods allow the framework to obtain multiple alternatives (calibration solutions) in a single run and to
enhance the exploration of possible combinations of parameters [71]. The majority of the existing NGA-related studies tried
to ﬁnd a single best solution without getting stuck in local optima and the assessment is made in terms of the number
of found optima from the known set of solutions [61]. However, our MOMCA approach takes advantage of NGAs not only
to improve the search performance of standard GAs but to also offer the modeler a set of equally preferable calibration
solutions in terms of ﬁtness (model ﬁtting).
Up to our knowledge, this work represents the ﬁrst NGA application to model calibration. Additionally, the framework extends current state-of-the-art solutions by incorporating interaction methods that achieve the primary MOMCA objectives:
to serve as an integral framework for a whole model validation process [49,56] and facilitate the implication of decision
makers and stakeholders [6,67]. The proposed MOMCA framework is decomposed in three main stages: 1) an optimization
algorithm based on NGAs, 2) an evaluation and interactive ﬁltering process on the set of calibration solutions, and 3) an assisted sensitivity analysis and parameters’ study based on quantitative and visualization tools for the same set of calibration
solutions.
After presenting the framework we apply it to two non-linear models for different real-world case studies, disparate
both in the application ﬁeld and the used modeling methodology. In the ﬁrst case, MOMCA is applied to a biological model
based on the dynamic energy budget (DEB) theory [36,41]. DEB interrelates several physiological processes of individual
organisms such as ingestion, assimilation, respiration, growth, and reproduction to simulate non-trivial biological processes.
The calibration of a DEB model is complex because the observations of some parameters of the models are not directly
measurable [24,57]. We calibrate a growth prediction model for blue mussels using empirical data from a Norwegian bay
area by also analyzing the parameters and DEB model response.
The second case study uses system dynamics for modeling a brand value management problem [1]. The model simulates
the evolution of the brand equity of a television show, the Indian television show Who wants to be a millionaire? [45]. In
this second case, modelers are assisted through MOMCA to estimate the parameters of the effects between the branding
variables of the case and to understand the dependencies between those parameters that better ﬁt the interest level of the
television show. Our experimentation also shows the generic nature of the MOMCA framework which allows its application
to any non-linear simulation model.
The rest of the paper is structured as follows. Section 2 extends this work motivation as well as the beneﬁts of the
framework to tackle existing challenges in model calibration. Then, Section 3 explains the MOMCA framework and its components. The computational setup is established in Section 4 while Sections 5 and 6 describe both case studies with more
details and report the results analysis and modeling implications. Finally, we present our concluding remarks in Section 7.

2. Open problems and motivation for the MOMCA framework
In this section, we review related literature, explore the main existing problems in non-linear models validation, and
highlight how our proposal can help to face them. A summary of these open problems and MOMCA beneﬁts is shown in
the diagram in Fig. 1.
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Fig. 1. Open problems and contributions of our framework to model validation and calibration.

2.1. Automated calibration methods
Model calibration is the process of estimating the parameters of a model to obtain a match between observed and
simulated structures and behaviors [49,60]. The automated calibration of non-linear models is an optimization problem
where the evaluation criterion is represented by an objective function (deviation function with respect to empirical data).
In other words, it is a black-box optimization process [46] where model parameters are found by confronting the simulated
outputs of the model with empirical data [49].
Among these automated methods, genetic algorithms (GAs) [3] are one of the most used optimization methods, already
proved to be a useful tool for developing calibration and policy analysis in different kinds of non-linear models [21,30].
Miller [42] was the ﬁrst to suggest the use of GAs for model calibration in classical system dynamics development. There is
an extensive literature on the use of GAs and other metaheuristics to calibrate non-linear models from different application
ﬁelds [9,29,31,39,71,72]. GAs show some additional advantages when automatically calibrating non-linear models as their
capability to explore wider ranges of parameters and parameter settings (with a higher resolution) as well as to consider
potentially non-linear interactions between those parameters [63,64].
Framework contribution: The existence of several near optimal answers demands automatically ﬁnding multiple solutions to the same calibration problem [70]. We take this assumption as a base to propose a calibration process in MOMCA
where the modeler can examine and evaluate a set of different calibration alternatives.
Different parameter conﬁgurations, which show the same or very similar aggregated behavior, are thus obtained from
one single run of the optimization method. Our framework uses NGAs, techniques able to ﬁnd diverse existing optima with
different decision variables [18,61], to obtain this set of calibration solutions with similar model behaviors. This is one of
the main novelties of MOMCA. Unlike previous calibration methods based on standard GAs, we aim to exploit this NGA
capability to partially or completely characterize the search space of the model calibration problem by obtaining the highest
possible number of different optima. This phenomenon is called multi-solution-based eﬃcacy [53].
2.2. Sensitivity analysis and parameter exploration
Sensitivity analysis reveals those parameters on which the behavior of the model highly depends. Generally, it is achieved
by exploration of model’s sensitivity to a particular parameter conﬁguration and inputs [59]. Sensitivity analysis together
with calibration are a key ingredient of the study of model’s quality and crucial in deep validation of the model [49]. We
say that the model is robust if the particular outputs are not dramatically affected by changing the parameter value, or if
they are affected in a predictable way. In case the model is very sensitive to any parameter value, then it is necessary to
investigate the underlying reason and analyze the impact on the model integrity.
The exploratory analysis of the input/output variables space of a model is also employed to strengthen trust in the model
realism and to eliminate model factors that have negligible inﬂuence on the output variability. By analyzing the distribution
of the model variables and parameters, the modeler can move forward to a simpler and easier to understand setting. The
use of this exploration together with sensitivity analysis provides information on inﬂuential factors that signiﬁcantly affect
the variability of model’s results and allow modelers to gain a deeper understanding of the complexity of the model, its
uncertainties, interrelationships, and its potential future scenarios [38].
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Thiele et al. [65] showed the powerful use of calibration methods to induce model’s responses departing far from the
empirical, historical values, while constraining the search to a limited parameters range. Also, researchers have used GAs to
search for parameters that yield speciﬁc emergent behaviors and sensitivity analysis [64].
Framework contribution: The above-mentioned approaches reported in literature performed their analysis by an additional experimentation or by sacriﬁcing their calibration results to obtain the outputs’ response. MOMCA promotes the
automatic analysis of a set of alternative calibration conﬁgurations to discover hidden properties (or relationships) between
the model design and its structure. This process is called innovization process. A set of trade-off optimal or near-optimal
solutions, found using metaheuristics such as GAs, are analyzed to uncover useful relationships among problem entities. It
thus provides a better understanding of the problem to a designer or a practitioner [18,19].
The ﬁltering process of MOMCA allows the modeler to adjust the cardinality of the set of returned solutions as well as
the similarity among those solutions to better focus on the posterior analysis. As stated by Ligmann-Zielinska et al. [38], a
distribution of the model inputs and outputs, including the tails and means, provides an opportunity for exploration of extreme system behavior. MOMCA can automatically generate parameter distributions and measures to quantitatively describe
them. Last but not least, all the information from sensitivity analysis and parameter exploration is performed without any
additional computational effort from the set of alternatives in a single algorithm run.
2.3. Integral model validation
The validation and testing of any model or decision support system is a decisive step for ensuring its managerial adoption
[14]. Decision makers are all rightly concerned whether results of each model are correct [49,60,63]. However, the validation
of non-linear models such as system dynamics and their effectiveness for real-world problems is not straightforward. The
validation process can be seen as a learning process where the modeler’s understanding is enhanced through her/his interaction with the formal and mental model [43]. As this process evolves, both the formal and the mental perceptions of the
modelers change, leading to a successive approximation of the formal model to reality.
Model calibration is only a step within model validation and should be considered as part of the model building process.
For instance, Qudrat-Ullah [56] considered the calibration of a model as another structural validity test for checking the
behavioral validity of the model. Sensitivity analysis, extreme cases, and the exploration of input/output variables are also
important assets to model validation [49] but are not suﬃcient, in isolation, to guarantee the conﬁdence and adoption of
the model’s results. Additionally, the utility and effectiveness of many non-linear models and their outputs are often judged
by stakeholders and decision makers. Therefore, it is highly recommended to correctly perform the validation of the models
[6,67].
Framework contribution: We propose an integral methodology where different steps within traditional model validation (i.e., calibration, sensitivity analysis, parameters exploration) are included and automated under the same framework.
MOMCA can assist modelers in obtaining, analyzing, and interpreting information about their models. The three steps of the
framework provide a way to better understand the models, follow a data-driven validation, and promote the participation
of stakeholders.
The main MOMCA objective is to offer an enriched model validation framework to assist the modeler with more information about the problem. The MOMCA framework is an interactive framework and employs both quantitative and qualitative
information because of the existing strong subjective and qualitative considerations when accepting and adopting a model
[6]. Finally, returning a set of alternative calibration solutions as well as having an integrated parameter and sensitivity
analysis will support the deployment of policy scenarios and will increase the conﬁdence on the model’s outputs.
3. Description of the MOMCA framework
In this section we describe the proposed framework and its main three stages (Sections 3.1, 3.2, and 3.3). Fig. 2 shows a
diagram which summarizes the MOMCA framework, their inputs and outputs as well as its iterative validation loop.
3.1. Searching for a set of multiple calibration solutions by niching genetic algorithms
NGAs are multimodal optimization algorithms based on evolutionary computation [3]. These algorithms follow principles inspired in nature, keeping the necessary diversity to achieve a wide search in different promising areas, allowing the
method to reach different optima. The advantage of most of the NGAs is that their population-based structure allows them
to obtain multiple different solutions in a single run. Since the ﬁrst pioneering NGA based on ﬁtness sharing in 1987 [28],
a signiﬁcant number of algorithms have been proposed [61]. NGAs have been widely used in real-world optimization problems. For instance, Elsheikh et al. [22] applied them for the parameter estimation of ﬂow models in an iterative stochastic
ensemble method. de Magalhães et al. [40] used them for structure-based drug design, Will et al. [69] for a problem of
estimation of solar radiation, and Aguilera et al. [2] for multi-classiﬁcation systems, among other diverse application ﬁelds.
In the next sections we ﬁrst describe the clearing method (Section 3.1.1) and later, the GA components and design used
in the experimentation of the paper (from Sections 3.1.2 to 3.1.5). Additionally, reader can ﬁnd the source code of the NGAs
for calibration at http://sci2s.ugr.es/soccer/mcalibration.html.
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Fig. 2. Diagram to illustrate the operation of the MOMCA framework and its three steps within the model validation environment.

3.1.1. Clearing as the niching method
We consider one of the most well-known NGA method: a standard generational GA [3] with a clearing method [54].
Clearing is a classical NGA that shows good trade-off between complexity and performance [52,61]. We follow the original
proposal by Pétrowski [54] which is based on mimicking the concept of limited resources of the environment. This process
allows the biodiversity generation and diminishes the competition among the individuals of the different species permitting
the cohabitation in the same area.
The clearing process is performed after the evaluation and before the selection of the GA. First, the chromosomes of the
population are sorted according to their ﬁtness values, from the best to the worst chromosome. Later, the method removes
those chromosomes showing worse ﬁtness than the κ better chromosomes (called capacity of the niche) and within the
clearing radius distance (R). Therefore, when the clearing process is over, the closer solutions to the best κ solutions are
cleared and the remaining are considered as parents to generate offspring for the next generation.
Let us remark that the goal of this paper is to present and apply the proposed MOMCA framework to solve two disparate
real case studies (presented in Sections 5 and 6). Therefore, we presented a study for several clearing conﬁgurations to
present the usefulness of the framework omitting a comprehensive NGAs comparison for each case, which is out of the
scope of this paper.
3.1.2. Representation scheme
The nature of the parameters to be calibrated in a model can be diverse. A modeler can choose integer (discrete-valued),
real, or binary parameters for the calibration process even for the same non-linear model. There are many proposals where
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Fig. 3. Integer-based representation of the chromosomes of the NGA. For each gene, taking into account the nature of its corresponding calibration parameter, the NGA initially generates a list of valid values and avoids unfeasible genes. Note, that gene values are sorted indices of the valid values of the
corresponding calibration parameter.

integer and binary variables are ﬁrst encoded to real-form and the decoded back after the optimization process. However,
there is a fair possibility of losing vital information on the mapping between different spaces [17]. Additionally, the modeler
normally knows the granularity of these parameters, their maximum, and minimum values. For instance, one can set the
minimum step of the parameter that is valid according to measurement characteristics or practical implications.
Therefore, we adopt a design and representation scheme that allow this generality and facilitate the injection of modelers’ knowledge about the parameters to be calibrated. Particularly, the NGA is designed by using an integer representation
and the framework includes three speciﬁcation input variables for each model parameter i to be calibrated: a) minimum parameter value (mini ), b) maximum parameter value (maxi ), and c) the step (stepi ), that deﬁnes the granularity of parameter
i within its range. Based on these three inputs, the algorithm can a priori calculate the total number of possible values for
each parameter i (ni ), given by Eq. 1.



ni =

maxi − mini
stepi



+ 1.

(1)

The chromosomes of the population have a ﬁxed length and are the subject to the interval-based constraints of the decision variables (one integer gene for each calibration parameter). Every possible feasible value of parameter i, called vi ,
is deﬁned as vi = mini + k · stepi , ∀k ∈ {0, .., ni }. Fig. 3 shows a diagram with the considered representation for the chromosome. The NGA can then be generally based on this framework design and integer-based representation by allowing both
integer/discrete and numerical calibration parameters.1

3.1.3. Fitness function
We use a single-objective ﬁtness function which measures the distance between the model’s outputs and the available
empirical data (model ﬁtting). In order to calculate the output of the model we need to simulate the dynamic system with
the parameters of the corresponding chromosome. There are different error deviation measurements in the literature for
this comparison purposes. However, each type of model and its output variables might have speciﬁc characteristics to select
the most appropriate measurement [10].

3.1.4. Initialization and breeding processes
The initialization process creates a population of chromosomes by generating feasible values for their genes. This process
uses a uniformly distributed random procedure to select the value for each gene. The ﬁrst step of the initialization of the
gene is to create a list of possible values according the mechanism described in Section 3.1.2. Later on, the algorithm selects
one of them at random. We use a generational GA approach with a tournament selection mechanism. Additionally, the
design of the GA has weak elitism: the best parent is always preserved at every generation.

3.1.5. Crossover and mutation operators
Our designed crossover operator generates two offspring by crossing two parents gene by gene according to a probability
pc . We use a modiﬁed version of the BLX-α crossover [23,32] where its general mechanism is adapted for an integer representation scheme. The crossover operator truncates the selected values over the gene set of feasible values after randomly
selecting the new value from interval [cmin − Iα , cmax + Iα ], where cmax = max(v1i , v2i ), cmin = min(v1i , v2i ) and I = cmax − cmin .
We note v1i , v2i as the feasible decoded values from the genes of the parents. Variable α is the exploration parameter of the
operator. When α is set to 0, BLX-α is equivalent to the ﬂat crossover. Fig. 4 shows an example of the application of the
crossover operator.
Additionally, the mutation operator mutates the genes of the chromosomes of the population by a probability pm (per
gene). If a gene is to be mutated, the operator generates a new value for it by running a uniform random distribution over
the feasible values of its corresponding model parameter.

1
If needed, a real coding can be used for higher numerical precision. However, the selected representation presents a better trade-off among precision,
convergence time, and model calibration quality.
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Fig. 4. Diagram to illustrate the generation of offspring genes from two parents by using our modiﬁed version of the BLX-α .

3.2. Evaluating calibration performance and ﬁltering of the solution set
When the NGA ﬁnishes its optimization process, the modeler can inspect, evaluate, and decide the best calibration solutions for the model (i.e., the alternative parameter conﬁgurations obtained). Three different viewpoints are considered for
the performance assessment of the results [53]: eﬃcacy (calibration error), multi-solution based eﬃcacy (capability to ﬁnd
multiple optima), and diversity in the ﬁnal set of parameter conﬁgurations. This performance assessment checks if the calibration algorithm explores well when optima belong to different areas and exploits well an area where there are similar
optimal solutions [52].
We deﬁne a set of quality indicators to measure the calibration performance of the returned set of calibration solutions.
These metrics include the cardinality of the set of calibration solutions (number of solutions with different parameters’
values of the set), the best ﬁtness (model ﬁtting) value of the set, differences between the ﬁtness values of all the solutions
of the set, and a measure of the diversity of the found solutions (e.g. average distance among the calibrated parameters
of the solutions). Also, we use visualization tools such as heat-maps, where the color represents ﬁtness values, to visualize
the parameters search space and place the set of solutions returned by the NGAs on these heat-maps. Modelers can easily
observe distances between solutions as well as possible clusters or unexplored areas and their position with respect to the
ﬁtness space (see Sections 5.2 and 6.2 of our experimentation).
Additionally to the presentation of the calibration performance to the modeler, our framework includes an interactive a
priori and a posteriori processing based on ﬁltering solutions by their ﬁtness values (model ﬁtting) or by the similarity of the
parameter conﬁgurations. This interaction with the modeler permits the framework to show a greater or lesser number of
calibration solutions when the NGA ﬁnishes. Stakeholders might also participate during this stage of the model validation to
ﬁrst, improve the model (allowing a more balanced view of the management issue) and second, to learn about the dynamic
of their system [67]. The goal is ﬁltering the returned NGA solutions with respect to two main criteria:

(a) Fitness ﬁltering: Modelers can ﬁlter the set of solutions by ﬁtness in an a priori or a posteriori way (before or after the
running of the NGA). This ﬁltering is set by deﬁning a minimum ﬁtness threshold (minﬁlt ) and/or a maximum ﬁtness
threshold (maxﬁlt ).
(b) Similarity ﬁltering: This a posteriori ﬁltering reduces the number of solutions dynamically in terms of parameters’
values distances among the set of calibration solutions. A similarity parameter σ ﬁlt is used for this ﬁltering based on
the parameters’ values distances.

By setting these thresholds, modelers can decide the focus of their calibration and better inspect the set of calibration
solutions, which can be unaffordable for some models. In addition to them, the interactive ﬁltering process is also related
with the niching mechanisms of the algorithms. These mechanisms must also be controlled by the modeler to adjust the
NGA behavior and obtain the desired ﬁnal set of solutions with different features (i.e., cardinality and diversity of the solutions with respect to ﬁtting and parameters’ values). For instance, in the case of using a clearing method, niche capacity κ
and radius R control the number of niches (clusters of calibration solutions with similar parameters’ values) [28] and how
similar the calibration solutions of the niches are. Sections 5.2 and 6.2 of the experimentation present a further discussion
on the results of the ﬁltering and NGA variants.
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3.3. Automated quantitative and qualitative analysis on the solutions
One of the main advantages of MOMCA is its use of the set of model calibration alternatives to easily analyze and ﬁnd
relationships among the parameters and variables of the model. Therefore, we propose in this MOMCA step the use of
quantitative measures and visualization tools to analyze the set of solutions in order to better explain and understand the
dynamics.
The information of the parameters’ distribution and their robustness is obtained when analyzing the set of calibration alternatives with equal ﬁtting but different parameter values. First, a pdf is computed (i.e., histogram built from the frequency
values of the parameter) for each parameter of the model by considering all the calibration solutions of the set. Histograms
or box-plots can be used for observing the parameters’ distribution of this set. These visualization techniques are focused
on representing the solution set in terms of parameter conﬁgurations. Quantitative indicators are then computed from the
pdf to numerically summarize each model parameter [6]:
– Median value: Unbiased calculation of middle value to deﬁne the central value of the parameter distribution.
– Spread: Range of the parameter (i.e., their maximum minus minimum values) that achieves good ﬁtting models. It may
be heavily affected by outliers.
– Kurtosis (k) [20]: Also known as the fourth standardized moment, it is an indicator of how peaked the data distribution
is. A high kurtosis value indicates that the distribution has a sharp peak with long and fat tails.
– Skewness [33]: It measures the asymmetry of the distribution and some modality characteristics. A negative skew (left)
has fewer low values and a positive skew (right) has fewer large values.
– Bimodality coeﬃcient (BC) [26]: The computation of the bimodality coeﬃcient can help, together with other measures
such as the skewness, to measure the multimodality of the parameter distribution [55]. Eq. 2 shows its calculation by
using the sample size of the distribution (deﬁned by n), excess kurtosis (k), and skewness. Empirical values of BC > 0.555
can be taken to indicate bimodality: higher numbers point toward multimodality whereas lower numbers point toward
unimodality.

BC =

skewness2 + 1
(n−1 )
k + (n3−2
)(n−3 )
2

.

(2)

The visualization of the parameters with respect to other input/output variables are an integral part of the sensitivity analysis [37]. MOMCA automated sensitivity analysis permits a comparison of the dependencies found from the set of
solutions. For instance, scatter-plots directly and simply show relationships and dependencies between combinations of parameters and variables. As shown by Lee et al. [37], scatter-plots are especially recommended when dependencies are scalar
and the number of enumerations between parameters and variables is manageable. Additionally, global sensitivity analysis
methods such as the variance-based sensitivity analysis can be used to quantitatively measure the effects of some parameters and the outcomes [38,59]. For instance, the variance-based analysis calculates the partial variance of each parameter
with respect to others for a given outcome.
4. Experimental setup
In the experimentation of the paper we compare our MOMCA framework based on NGAs with two traditional calibration
algorithms. The ﬁrst one is the Nelder–Mead simplex [47,50]. The second one is a standard generational GA [3]. The Nelder–
Mead simplex is a classical optimizer previously used in different model calibration experiments [27] due to its ability to
work under low restrictive conditions (e.g., it does not require the objective function to be differentiable). Also, it was used
by Filgueira et al. [24] and Rosland et al. [57] to calibrate the models of our ﬁrst case study. The standard GA follows
the same design as the clearing NGA described in Section 3.1 but without its niching features (i.e. it is not a multimodal
approach). However, the standard GA is also able to provide a set of calibration solutions because it is a population-based
method and therefore, we can analyze their results with respect to the multimodal framework.
We run each GA 30 times with different random seeds given the stochastic nature of the considered GAs. All the algorithms were launched in the same computer: Intel Core i5 2400 (3.10 Ghz), 4 Gbytes of memory, and Windows 7 Professional
(64-bits). We also use the same programming language (C++) for the development of the algorithms. Simile [44] was used
as the software tool for modeling the non-linear model of the ﬁrst case study, the biological growth model, called by the
ﬁtness function of the different calibration algorithms to evaluate the model’s behavior with respect to the historical data
of the model. The source code of the algorithms can be found at http://sci2s.ugr.es/soccer/mcalibration.html.
Table 1 shows the considered parameter values for all the launched algorithms. Preliminary experiments suggested the
values presented in the table as appropriate values for the population size, operators’ probabilities, and α parameter of
the crossover operator. One important decision was to set the stopping criterion of the algorithms. We chose the number
of evaluations (total number of runs of the non-linear model) because other stopping criteria such as execution time or
number of generations are more algorithm-dependent and we could not fairly compare the different types of algorithms
of the experimentation. For instance, the Nelder–Mead simplex is not a population-based algorithm. We set the maximum
number of evaluations to 50,0 0 0 model simulations (ﬁtness function calls).
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Table 1
Parameter values of the calibration algorithms.
Parameter

Value

Common GA design
Number of runs (different seeds)
Stopping criterion (evaluations)
Population size
Crossover probability (pc )
Mutation probability per gen (pm )
k-tournament selection process
α for the BLX operator

30
50,0 0 0
500
0.8
0.05
3
0.5

Clearing mechanism
Capacity of the niche (κ )
Clearing radius for the same niche (R)

1, 3, 7
5, 10

Speciﬁc parameters of the ﬁrst case (biological growth model)
Fitness ﬁltering (min. ﬁtness value minﬁlt )
Similarity ﬁltering (min. Euclidean distance σ ﬁlt )

13
0.05

Speciﬁc parameters of the second case (brand management model of a television show)
Fitness ﬁltering (min. ﬁtness value minﬁlt )
Similarity ﬁltering (min. Euclidean distance σ ﬁlt )

9
0.05

5. First case study: a biological growth model
5.1. Model description
The growth of bivalve species is widely studied due to their role in aquaculture and other ecosystem services such as
water ﬁltration. The need to make growth predictions encourages the creation of modeling tools to carry out prospective
studies, and has promoted the development of individual bivalve growth models. Dynamic energy budget (DEB) is a nonlinear individual-based modeling and one of the main approaches applied to model bivalve growth [35,57].
DEB theory [35] describes the individual in terms of three state variables: reserve(s), structure(s), and maturity/reproduction. The energy assimilated from food is stored as reserves. A ﬁxed fraction of this energy (κ ) is directed
towards maintenance and growth of the structural body, and the remainder (1 − κ ) is directed towards maturation, gamete
production, and/or maintenance of the reproductive system depending on the life cycle stage of the organism. In the DEB
theory, the description of these energetic processes in an organism is a function of its state and the environment [48].
Filgueira et al. [24] proposed various DEB models applied to the growth prediction in culture areas of blue mussels. In
this experimentation we use our MOMCA framework to help modelers with the DEB model validation which was proposed
in Filgueira et al. [24]. Brieﬂy, the description of the model and main modeler’s problems when validating it are summarized
below:
– Calibration parameters: Three real-value parameters, highlighted by Rosland et al. [57] to be auto-calibrated, are deﬁned as the main parameters to calibrate. These parameters are the half-saturation coeﬃcient (Xk ), the maximum energy
ingestion rate ({ p˙ Xm }), and the speciﬁc somatic maintenance rate ([ p˙ M ]). Additionally, the model has a higher number of
parameters which are ﬁxed by modelers. See the complete model diagram in Fig. 5 where the three calibration parameters are framed by red bounding boxes. All the parameters of the model are mathematically deﬁned in Rosland et al.
[57] and Filgueira et al. [24]. We refer the reader to Rosland et al. [57] and Filgueira et al. [24] for further details about
DEB and the speciﬁc model.
– Modeler’s knowledge about the parameters: Practical ranges of the three parameters are Xk ∈ [0, 10], { p˙ Xm } ∈ [50, 500],
and [ p˙ M ] ∈ [5, 50]. As suggested by authors of Filgueira et al. [24], the granularity of the three parameters is deﬁned by
the following numerical steps: stepXk = 0.01, step{ p˙ Xm } = 0.01, and step[ p˙ M ] = 0.1.
– Output of interest: The model has two main output variables: the weight and the length of the mussel shell. We use
an empirical data-set to calculate the deviation of the simulated outputs with respect to the real growth of the mussels.
The data-set is obtained from in situ experiments from commercial mussel farms in southern Norway (Flødevigen, from
March to November, 2007).
– Deviation measure: The mean absolute relative error (MARE) is considered as the deviation measure because of the
need of aggregating errors from the two output variables (shell weight and length) on different scales. This is the method
previously used with DEB models in Filgueira et al. [24]. Eq. 3 deﬁnes MARE for these two output variables.

MARE =

N
1
N
i=1




|VM (i ) − VE (i )| |VM (i ) − VE (i )|
+
,
VE (i )
VE (i )

(3)
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Fig. 5. Model structure for the DEB case study by using the Simile system dynamics tool [44]. We have highlighted the three calibration parameters of the
model by three red bounding boxes. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this
article.)

where N is the number of steps of the model (e.g. days of the historical evolution); and VM , VM and VE , VE are the two
output vectors of the simulated model and the empirical data, respectively.
– Modeler’s objective and concerns: Filgueira et al. [24] already pointed out that the parameter calibration of a given DEB
model for different species is one of the challenges in DEB modeling. In previous studies, DEB models were calibrated
using a simplex optimization method [24,57]. However, these authors noted that, even when achieving low deviation
from historical data, some estimated Xk values were unrealistic, extremely high, and not sensitive. Some Xk values also
generated a negative reproductive buffer in the DEB model. Main concerns and challenges described in Filgueira et al.
[24] were to check the robustness and sensitivity of the three calibration parameters rather than obtaining a higher
model’s output accuracy. DEB modelers also want to verify if different ranges of parameters’ values can obtain similar
good model behavior as already suggested by Filgueira et al. [24].
5.2. Calibration performance of the niching genetic algorithms
Table 2 shows the results of applying the MOMCA framework and the baseline algorithms to this ﬁrst calibration problem.
The table contains the mean (x) and standard deviation (σ ) of 30 runs of the algorithms. Results for the Nelder–Mead
algorithm are obtained by running it 30 different times and changing its initial solution (i.e., initial parameters’ values of
the calibration problem). The values in columns are organized in following order: number of solutions of the returned set,
the best calibration solution, the averaged ﬁtness, and the averaged distance among the set of solutions. The average distance
is obtained by calculating the average Euclidean distance of the three calibration parameters (with min-max normalization
to [0, 1]) for all the possible pairs of solutions of the set.
The ﬁnal sets of calibrated solutions were ﬁltered by ﬁtness not to have a ﬁtness function value higher than 13 which
is considered by the modelers of this case as the minimum acceptable ﬁtting value (ﬁtness ﬁltering minﬁlt ). Table 2 also
contains two versions of each NGA variant. The ﬁrst one does not ﬁlter the set of ﬁnal calibration solutions while the
second version includes the similarity ﬁlter σ ﬁlt to clean similar solutions within the ﬁnal set of solutions. This parameter

M. Chica et al. / Information Sciences 375 (2017) 79–97

89

Table 2
Calibration results of the baseline and NGA methods for the DEB model in 30 independent runs of the algorithms.

Calibration algorithm

Number of
returned solutions

Nelder–Mead
Standard GA

Best solution
ﬁtness

Average ﬁtness all
solutions

Average distance
among solutions

x(σ ) statistics for baseline methods
1 (0)
12.85 (0.45)
135.77 (88.89)
12.65 (0)

12.85 (0.45)
12.78 (0.02)

0 (0)
0.18 (0.04)

Niche radius R = 10
Filtered, niche radius R = 10
Niche radius R = 5
Filtered, niche radius R = 5

x(σ ) statistics for clearing κ = 1
14.47 (3.18)
12.65 (0)
9.13 (2.08)
12.65 (0)
14.3 (4.01)
12.65 (0)
9.6 (2.13)
12.65 (0)

12.78
12.77
12.78
12.78

(0.02)
(0.02)
(0.03)
(0.03)

0.26
0.28
0.23
0.26

(0.03)
(0.02)
(0.04)
(0.02)

Niche radius R = 10
Filtered, niche radius R = 10
Niche radius R = 5
Filtered, niche radius R = 5

x(σ ) statistics for clearing κ = 3
15.07 (3.33)
12.65 (0)
9.13 (1.98)
12.65 (0)
15.43 (4.03)
12.65 (0)
9.10 (1.94)
12.65 (0)

12.79
12.78
12.8
12.79

(0.02)
(0.03)
(0.03)
(0.03)

0.24
0.27
0.22
0.24

(0.03)
(0.02)
(0.02)
(0.02)

Niche radius R = 10
Filtered, niche radius R = 10
Niche radius R = 5
Filtered, niche radius R = 5

x(σ ) statistics for clearing κ = 7
16.9 (3.82)
12.65 (0)
9.6 (2.13)
12.65 (0)
16.07 (5.3)
12.65 (0)
9.9 (1.75)
12.65 (0)

12.80
12.78
12.8
12.78

(0.03)
(0.03)
(0.02)
(0.02)

0.23
0.26
0.21
0.24

(0.03)
(0.02)
(0.02)
(0.02)

σ ﬁlt is set to 0.05 which is the minimum Euclidean distance among the normalized parameter values of a solution to be
considered as a ﬁnal solution.
We analyze the performance results of the calibration algorithms in Table 2 from two points of view: the ﬁtting results
(measured by the ﬁtness) and the diversity and cardinality of the solutions set. The most signiﬁcant results are the following:
– Calibration solutions found by the GA design (both standard and all the NGA variants) are better than those obtained by
the Nelder–Mead algorithm. The Nelder–Mead algorithm has no diversity in its ﬁnal set of solutions (i.e. the cardinality
of the set of solutions is always 1).
– The NGA variant with a clearing mechanism of κ = 1 and R = 10 is the best performing algorithm in terms of averaged
ﬁtness of the solutions (12.77 and 12.78) and good diversity in the set of calibration solutions (average distances of 0.26
and 0.28).
– The NGA variants and the GA always, i.e., in all the 30 runs (σ = 0), obtain a solution with a ﬁtness ﬁtting value of 12.65.
– The standard GA returns a set of solutions with high cardinality (135.77 averaged number of solutions in the 30 runs).
However, the standard GA solutions are more similar among them (averaged Euclidean distance of 0.18) than those
returned by all the NGA variants.
We can see that differences between NGA variants are low both in ﬁtting performance and diversity within the set
of calibration solutions. In fact, the behavior of the clearing mechanisms are coherent. The number of returned solutions
(cardinality) increases when clearing uses a higher capacity value κ (with and without ﬁltering). When clearing makes use of
a higher niche radius R, the clearing process keeps less niches and therefore, the similarity of the solutions decreases (higher
averaged distance among them). On the other hand, the results of Table 2 show that the number of returned solutions is
not affected by changes on the clearing niche radius R. As expected, the ﬁltered variants of the NGAs have a lower number
of solutions in the ﬁnal set of calibration solutions and their averaged distance is higher after applying the ﬁltering.
Finally, we visualize, in Fig. 6, the solutions found by the best performing NGA (clearing κ = 1 and R = 10, with and
without ﬁltering). A grid search was used to systematically sample the parameters’ values [37] and obtain the cell values by
combining pairs from the three calibration parameters while the remaining is ﬁxed to ease the graph understanding. The
six plots of Fig. 6 show that the NGA can get good calibration solutions partially distributed through the best ﬁtting area
of the search space (blue cells of the heat-map). The similarity ﬁltering (second row of plots) cleans quite similar solutions
without removing the insights coming from the analysis.
5.3. Sensitivity analysis and validation implications when using the framework
In this section we take the set of calibrated solutions of the best performing NGA, clearing κ = 1 and R = 10, and we use
MOMCA to analyze the parameters’ distribution and run a direct sensitivity analysis. Table 3 shows quantitative indicator
values for each of the three calibration parameters ([ p˙ M ], Xk , and { p˙ Xm }), obtained from the set of solutions. Fig. 7 presents
the direct sensitivity analysis performed on two parameters, [ p˙ M ], Xk , with respect to the model sensitivity of { p˙ Xm }. Please
notice that sensitivity can be measured with respect to any other parameter or input/output variable of the DEB model.
Fig. 7 also shows the histograms and computed pdfs of the parameters distribution based on the set of solutions.
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Fig. 6. Representation of the set of clearing NGA (κ = 1, R = 10) calibration solutions on the 2D plots of the multimodal search space of the DEB model.
The three plots of the ﬁrst row correspond to the non-ﬁltered version of the NGA and the second row to the variant ﬁltered by similarity. Blue cells repres
ent the best calibrated models in terms of historical ﬁtting. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to
the web version of this article.)
Table 3
Analysis of the calibration parameters of the DEB model by using quantitative indicators from the set of calibration solutions (statistics
obtained from 30 runs of clearing with κ = 1 and R = 10).
x(σ ) for the 30 runs of clearing κ = 1, R = 10
Parameter

Median

Spread

Max

Min

k

Skewness

BC

[ p˙ M ] ∈ [5, 50]
Xk ∈ [0, 10]
{ p˙ Xm } ∈ [50, 500]

38.68 (1.8)
1.81 (0.25)
439.51 (29.87)

21.96 (2.73)
1.92 (0.28)
184.09 (18.29)

49.34 (1.34)
2.81 (0.24)
499.91 (0.47)

27.38 (1.96)
0.89 (0.14)
315.82 (18.2)

−1.05 (0.41)
−0.9 (0.41)
−1.06 (0.79)

0.02 (0.33)
0.02 (0.42)
−0.37 (0.47)

0.53 (0.10)
0.51 (0.09)
0.63 (0.16)

Columns of Table 3 summarize the NGA results of the 30 runs by mean (x) and standard deviation (σ ). These values
and the histograms of Fig. 7 show that [ p˙ M ] can be set to a wide range of values without inﬂuencing the ﬁtting of the
model. The distribution of this parameter does not have skewness and it is unimodal according to its kurtosis k, skewness
measure, and BC. In contrast, parameters Xk and { p˙ Xm } have a narrower relative spread and their histograms and quantitative
values suggests more modes (i.e., more than one frequent value for the parameters in the set of solutions). { p˙ Xm } has a BC
value greater than 0.55 and a skewness of −0.37 and therefore, its distribution is clearly right-skew and bimodal, at least.
Parameter Xk presents the majority of its acceptable values around its median (x = 1.81, σ = 0.25 ).
The scatter-plot of Fig. 7 shows a clear linear dependence between the three parameters being evaluated. This fact could
suggest the modeler a re-design of the DEB model or a simpliﬁcation in the number of parameters used to control the
growth of the biological process. A modeler can, for instance, inspect if this linear dependence is correct from the biological
point of view and if one parameter can be given by the other two in order to better deﬁne the model. Let us again remark
that this additional analysis of the third MOMCA step permits a better understanding of how the model and its dynamics
works.
6. Second case study: a brand management model of a television show
6.1. Model description
A concrete case of strategic management is brand value management [1]. Brand value management is a complex, adaptive, and dynamic environment. This environment is usually a system with a high number of variables and contains non-
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Fig. 7. Scatter-plot with a sensitivity analysis of parameters [ p˙ M ] and Xk on { p˙ Xm }. Histograms and computed pdfs are also shown based on the set of
solutions of the 30 runs of clearing with κ = 1 and R = 10.

Fig. 8. Structure of the system dynamics model for the television show case study (from Mukherjee and Roy [45]).

linearities, inertia, delays, and bi-directional network feedback loops. System dynamics is an ideal methodology for complex
feedback systems like brand management where all brand related components are treated as resources, which grow or erode
over time [45]. As pointed out by Crossland [16], system dynamics allows brand managers to evaluate both the structure
and the dynamic relationships between components of a brand management system.
The brand management case study published in [45] is a good example of this system dynamics application. In this work,
authors modeled the management of the equity of the Indian television show Who wants to be a millionaire?. Fig. 8 shows
the system dynamics diagram of the brand management model. We have adopted the latter model but using an extension
of the sensitivity model [66] to allow managers to easily model the effects or relationships between the variables of the
model structure [5,13]. Within this type of modeling, effects between variables are given by their temporal delay, intensity,
and values of change; and variables are deﬁned by some attributes such as their initial, optimum, and current value. Main
description about this calibration problem is given below:
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Table 4
Calibration results of the baseline and NGA methods for the brand management model in 30 independent runs of the algorithms.

Calibration algorithm

Number of
returned solutions

Nelder–Mead
Standard GA

Best solution
ﬁtness

Average ﬁtness all
solutions

Average distance
among solutions

x(σ ) statistics for baseline methods
1 (0)
9.36 (1.78)
436.53 (39.47)
7.80 (0.02)

9.36 (1.78)
7.98 (0.11)

0 (0)
0.05 (0.01)

Niche radius R = 10
Filtered, niche radius R = 10
Niche radius R = 5
Filtered, niche radius R = 5

x(σ ) statistics for clearing κ = 1
245.80 (60.27)
7.75 (0.03)
44.2 (14.58)
7.75 (0.03)
104.17 (10.94)
7.81 (0.02)
98.67 (10.68)
7.81 (0.02)

7.88
8.28
8.51
8.53

(0.13)
(0.1)
(0.03)
(0.03)

0.12
0.14
0.08
0.08

(0.02)
(0.01)
(0)
(0)

Niche radius R = 10
Filtered, niche radius R = 10
Niche radius R = 5
Filtered, niche radius R = 5

x(σ ) statistics for clearing κ = 3
295.33 (42.25)
7.76 (0.02)
48.27 (10.72)
7.76 (0.02)
111.00 (8.75)
7.82 (0.02)
106.90 (7.79)
7.82 (0.02)

8.05
8.32
8.53
8.54

(0.07)
(0.08)
(0.03)
(0.03)

0.1
0.13
0.07
0.07

(0.01)
(0.01)
(0)
(0)

Niche radius R = 10
Filtered, niche radius R = 10
Niche radius R = 5
Filtered, niche radius R = 5

x(σ ) statistics for clearing κ = 7
335.40 (34.34)
7.75 (0.02)
47.83 (10.2)
7.75 (0.02)
114.13 (10.25)
7.84 (0.02)
110.63 (10.04)
7.84 (0.02)

7.92
8.24
8.54
8.55

(0.08)
(0.07)
(0.03)
(0.03)

0.08
0.12
0.06
0.06

(0.01)
(0.01)
(0)
(0)

– Calibration parameters: 25 parameters that deﬁne the intensity of those system effects (relationships between the
variables) which have the lowest modeler’s conﬁdence level. These parameters Pi are integer values and referred to
P0 , . . . , P24 .
– Modeler’s knowledge about calibration parameters: The 25 calibration parameters can have 50 possible discrete values
(Pi = {1, . . . , 50}). Therefore, their granularity is stepPi = 1.
– Output of interest: The goal of this calibration problem is to adjust the evolution of one of the main variables of the
system, the interest level, which can be considered as the brand equity of the television show. This variable ranges from
0 to 100 and has a set of historical values during the last two years (with a periodicity of 1 month).
– Deviation measure: We use the root-mean-square error (RMSE), deﬁned in Eq. 4, as the ﬁtness function which calculates
the deviation between the historical data and the model’s output of the variable.


RMSE =

N
1
|VM (i ) − VE (i )|2,
N

(4)

i=1

where N is the number of months of the historical evolution, VE the empirical data, and VM the output vector of the
model.
– Modeler’s objective and concerns: Modelers want to know the best calibration results to match the brand equity of the
model with respect to reality. Their goal is also to understand the most important correlations between the values of
the effects that obtain the best accuracy. These correlations can help modelers to ﬁnd strong dependencies between the
effects and variables of the system dynamics model. The sensitivity analysis and robustness of the effects’ parameters
are also useful for them to locate those effects that do not affect the output of the system, i.e., brand equity of the
show.

6.2. Calibration performance of the niching genetic algorithms
Table 4 shows the calibration results obtained by the baseline algorithms and six NGA variants with and without similarity ﬁltering. As done in Section 5.2, the table presents the number of solutions of the ﬁnal set, the best ﬁtness value,
and the average ﬁtness and average distance among the solutions of the set. The values of the table are the mean (x) and
standard deviation (σ ) for the 30 runs of the algorithms. We have independently run the Nelder–Mead algorithm 30 times
by changing the initial parameter values randomly (stochastically). The ﬁnal solutions of the 30 runs of the algorithm were
grouped and considered as the set of calibration solutions.
The set of solutions shown in the table are those with a ﬁtness value lower than 9 (a priori ﬁtness ﬁltering minﬁlt according to the modeler’s acceptable ﬁtting). Additionally, we have used a similarity ﬁlter σ f ilt = 0.05 which is the minimum
Euclidean distance among the 25 normalized calibration parameter values of a solution to be considered a ﬁnal solution.
Again in this case study, we compute the averaged distance by calculating the Euclidean distance between the 25 normalized parameter values of the solutions of the set.
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Fig. 9. Representation of the set of solutions obtained by clearing κ = 1 and R = 10) on the 2D plots of the multimodal search space of the brand management model. The three plots of the ﬁrst row correspond to the non-ﬁltered version of the NGA and the second row to the variant ﬁltered by similarity.
Blue cells represent the best calibrated models in terms of historical ﬁtting. (For interpretation of the references to colour in this ﬁgure legend, the reader
is referred to the web version of this article.)

The analysis of the calibration performance results obtained by this experimentation suggests the following ﬁndings:
– NGA variants using a niche radius R = 10 get the best calibrated models for this brand management case. Independently
from the capacity κ of the niche, their ﬁtness results are better than the standard GA (which shares a common design
but the multimodal component). The Nelder–Mead algorithm obtains the worst calibration results with a ﬁtting of 9.36.
– The number of valid calibration solutions returned by the NGAs and the standard GA is high and all of them have better
ﬁtting than the solutions obtained by the Nelder–Mead (all show a ﬁtness value lower than 9).
– The standard GA obtains the least diverse set of solutions (average distance of 0.05) while the clearing NGA with κ = 1
and R = 10 obtains very diverse solutions (average distance of 0.12 and 0.14).
– Averaged ﬁtness of the solutions provided by the clearing variant with κ = 1 and R = 10 is slightly better than the standard GA and the rest of the NGA variants. However, the averaged ﬁtness deteriorates when ﬁltering the NGAs solutions
and the number of solutions drastically falls (e.g., from 245.8 to 44.2). This is a common trade-off the modeler has to
deal with in some cases: to get more diverse solutions with respect to the calibration parameters or to get a higher
number of very similar solutions with respect to the calibration parameters.
With respect to the NGA variants we can see that the number of returned solutions increases without an important ﬁtness loss when increasing the capacity of the niche (κ value). On the other hand, the averaged distance among the solutions
of the set (fourth numerical column of Table 4) increases when the niche radius R increases as well.
The number of returned solutions when ﬁltering is lower if we set the niche radius to R = 10 although a worse averaged
ﬁtness is obtained (third numerical column). However, if the NGA niche radius is set to R = 5, the similarity ﬁltering does
not practically affect the number of returned solutions, ﬁtness values, and distances among the solutions. The reason is
the use of a higher similarity ﬁlter σ ﬁlt value than the niche radius R. As stated in Section 3.2, the ﬁltering process and
niching mechanisms of the NGA must be jointly used by modelers to adjust the cardinality and features of the returned set
of calibration solutions.
Finally, Fig. 9 highlights, on six 2D search space plots, the solutions obtained by one run of the clearing NGA with κ = 1
and R = 10. We again ran a grid search to sample the parameters of the model and plot 2D plots of combinations of three
arbitrary calibration parameters (P08 , P13 , and P23 ) and its model ﬁtting with respect to the historical data. To ease and
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Table 5
Analysis of the calibration parameters of the television show model by using quantitative indicators from the set of calibration
solutions (statistics obtained from 30 runs of clearing with κ = 1 and R = 10).
x(σ ) for the 30 runs of clearing κ = 1, R = 10
Pi ∈ {1, . . . , 50}

Median

Spread

Max

P0
P1
P2
P3
P4
P5
P6
P7
P8
P9
P10
P11
P12
P13
P14
P15
P16
P17
P18
P19
P20
P21
P22
P23
P24

16.86
13.31
13.1
13.38
10.50
11.79
14.24
9.66
33.14
7.31
12.52
9.03
12.9
31.21
12.86
12.28
7.62
36.72
5.83
7.91
12.76
13.48
14.24
6.52
7.03

9.31
9.90
9.66
9.69
9.52
9.72
9.31
9.76
7.41
9.52
9.62
9.9
9.9
9.41
9.62
9.9
9
29.03
32.41
9.38
9.76
9.69
9.79
30.07
9.17

17
16.97
16.86
17
16.62
16.83
16.79
16.83
36.69
16.52
16.79
16.93
16.97
36.69
16.86
16.97
16
37
36.55
16.38
16.93
16.93
16.9
34.38
16.17

(0.73)
(2.79)
(3.04)
(3.07)
(2.34)
(3.03)
(2.25)
(2.4)
(3)
(0.59)
(3.01)
(2.51)
(3.21)
(3.19)
(3.46)
(3.11)
(1)
(0.94)
(3.5)
(1.8)
(2.9)
(3.08)
(2.48)
(2.86)
(0.18)

(1.09)
(0.3)
(0.6)
(0.83)
(1.45)
(0.64)
(1.09)
(0.68)
(3.7)
(0.81)
(0.89)
(0.3)
(0.3)
(4.07)
(0.81)
(0.3)
(1.39)
(6.16)
(2.19)
(1.1)
(0.5)
(0.53)
(0.41)
(7.13)
(1.21)

Min
(0)
(0.18)
(0.43)
(0)
(1.3)
(0.53)
(0.66)
(0.46)
(1.32)
(0.81)
(0.66)
(0.25)
(0.18)
(0.91)
(0.43)
(0.18)
(1.39)
(0)
(1.89)
(1.1)
(0.25)
(0.25)
(0.3)
(6.48)
(1.21)

7.69
7.07
7.21
7.31
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(1.09)
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(0)
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26.18
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18.33
6.2
9.23
15.94
22.28
36.99

(37.64)
(12.72)
(21.43)
(12.89)
(62.2)
(10.04)
(15.81)
(15.08)
(55.04)
(21.17)
(17.67)
(8.04)
(15.96)
(74.17)
(20.44)
(6.85)
(12.08)
(49.35)
(12.75)
(20.71)
(11.66)
(18.19)
(42.42)
(60.59)
(24.76)

Skewness

BC

−4.98
−0.93
−0.58
−0.38
0.35
0.16
−0.87
1.16
0.19
3.96
0.32
1.38
−0.42
−0.29
−0.81
−0.30
3.22
−4.06
2.23
3.27
−0.31
−0.87
−2.11
3.21
5.55

0.87
0.61
0.61
0.65
0.62
0.57
0.57
0.67
0.66
0.78
0.61
0.69
0.69
0.71
0.65
0.65
0.71
0.89
0.87
0.77
0.59
0.64
0.67
0.86
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(2.8)
(2.46)
(2.7)
(2.34)
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(2.32)
(2.2)
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(0.1)
(0.21)
(0.25)
(0.22)
(0.19)
(0.24)
(0.25)
(0.19)
(0.24)
(0.15)
(0.2)
(0.19)
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(0.19)
(0.18)
(0.2)
(0.07)
(0.18)
(0.16)
(0.26)
(0.2)
(0.2)
(0.19)
(0.08)

Fig. 10. Sensitivity analysis of parameters P6 /P15 , P14 /P20 on P12 and P7 are shown in two scatter-plots. A jittering method (i.e., adding random noise to
the integer data points) was used to prevent overplotting. Histograms and computed pdfs are also shown based on the set of solutions of the 30 runs of
clearing with κ = 1 and R = 10.

simplify the visualization, the ﬁtness values of the cells of the plots are obtained by ﬁxing the values of the remaining 22
calibration parameters.
6.3. Sensitivity analysis and validation implications when using the framework
Table 5 shows the values of the quantitative indicators presented in MOMCA for exploring the parameters of the television show model. As presented in Section 5.3, we show statistics of the 30 runs for the best performing NGA, clearing
with κ = 1 and R = 10. Fig. 10 shows two scatter-plots for direct sensitivity analysis on variables P7 and P12 as well as the
histograms and computed pdfs of parameters P6 , P15 , P14 and P20 .
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The modeler can identify those parameters with higher variability, more modes, and skew distributions by observing the
values of Table 5 and histograms of Fig. 10. P17 , P18 , and P23 are parameters with high spread. From a modeler point of
view it means their values do not have an important effect to obtain good calibrated models. On the contrary, P8 and P13
are parameters with more restrictive ranges. Therefore, their values must be strictly set to integer values close to 33 and
31 to have a calibrated model with respect to the brand equity of the television show. Table 5 suggests that the majority
of the parameters have either positive or negative skewness and their distributions are, at least, bimodal (BC values greater
than 0.55). Histograms and pdfs shown in Fig. 10 also visualize the existence of more than one mode in the parameters’
distributions.
Jittered scatter-plots of Fig. 10 show a sensitivity analysis on P12 and P7 . These variables were chosen at random and
any other sub-sets of input/output variables of the model can be visualized and analyzed directly from the set of solutions
of the NGA. In the ﬁrst scatter-plot we can see a cluster of yellow points when P6 = 15. This fact reﬂects a relationship
between P12 and P6 . The same occurs in the second plot when P20 = 15 and P12 = 15. All these dependencies between those
parameters can help the modeler to identify effects between the variables of the system dynamics model that are strongly
related. The modeler must check the model design and the observed reality to validate if these dependencies, pointed out
by the automated sensitivity analysis of the framework, are correct.
7. Concluding remarks
In this work we have presented MOMCA, a novel framework for applying multimodal optimization to the calibration
of non-linear models. The framework is based on NGAs and has three different stages: the search of a set of calibration
solutions, an interactive ﬁltering process, and an automated analysis of the set of solutions for a model sensitivity and
parameters’ understanding. The main goal of the presented MOMCA framework is to assist modelers with an integral set of
methods for model validation in order to increase the conﬁdence and acceptance of the model’s results by decision makers
and stakeholders.
We have applied the framework to two different case studies: a biological process using DEB and a television show brand
management using system dynamics. The results and beneﬁts of the proposed framework for both case studies were consistent even if they belong to different application ﬁelds and modeling methodologies. The proposed multimodal optimization
accomplished by GA-based methods obtained better results than the Nelder–Mead algorithm in terms of the model ﬁtting
ability (the ﬁnal goal of the calibration problem). In addition, NGAs based on the clearing method outperformed the standard GA for calibrating the television show brand case, while they obtained the same results in the DEB model. Clearing
variants with κ = 1 and R = 10 were the best algorithms for both case studies in terms of ﬁtting and diversity of the set of
solutions.
The exploitation of the set of valid returned solutions, after the NGA running, and the interactive nature of MOMCA (e.g.,
its ﬁltering process) is an important toolbox for validation purposes. It allows a general view of the model behavior at ﬁrst,
and in a second place, a focus on the more interesting modeler’s concern. The sensitivity analysis performed on the set of
results showed the range of valid values for the model’s parameters and how other variables respond to changes in the
parameters. We think that this information, directly obtained from the results of the calibration method, is useful for the
modeler as it can increase her/his knowledge and understanding of the system and its dynamics. It can also generate rich
insights about the model behavior by identifying the possible alternative calibration solutions and their input parameters’
distributions. The use of both quantitative and visualization tools are complementary and help when understanding the
model and its validity.
Our framework could present several limitations with respect to the number of the parameters to be calibrated and
outputs of the model. Although NGAs do not have a limitation to the number of parameters to calibrate, more evaluations
(i.e., computational time), number of niches, population size, and/or additional GA mechanisms might be required. Other
limitations related to the inspection and sensitivity analysis can also appear taking into account the psychological nature
and human-effort aspects while analyzing the indicators and visualization tools. In the case of a high number of parameters, modelers cannot control the model itself and cannot quickly analyze the parameters behavior and their dependencies.
However, we must state that dealing with many calibration parameters at the same time when validating a model is not a
convenient approach and modelers must focus and reduce the problem to different calibration sub-problems in an iterative
way [49].
Our future research may ﬁrst focus on proposing more advanced visualization techniques and extending the innovization
process on the set of solutions with data science methods to analytically summarize dependencies between the model’s
components [18,19] in order to overcome the above-mentioned limitations. We would also like to broaden our study by
using multiobjective GAs [12,15] and robust optimization mechanisms [7,11] to calibrate several output variables at the same
time and consider their inherent uncertainty. Finally, it is our aim to apply MOMCA to other modeling methodologies such
as agent based modeling [8,14].
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