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1. Introduction

Woeginger (2008a, 2008b) characterizes the Hirsch (2005) index for indices taking values in the set of non-negative
integers. This note suggests another characterization of the Hirsch index but for indices taking values in the set of non-negative
real values.

One of the axioms postulated in Woeginger’s characterizations is monotonicity: more citations or papers do not lower
the index. This note axiomatizes the Hirsch index in terms of monotonicity and another two axioms. To a certain extent,
both axioms also express some form of monotonicity. The first axiom establishes upper and lower bounds to the index. The
lower bound grows monotonically with the number of cited papers and the smallest number of citations. The upper bound
grows monotonically with the number of papers and the largest number of citations. The second axiom states that, for two
outputs with the same index, a certain change should generate the same qualitative effect on both outputs.

2. Definitions and axioms

Let N be the set of non-negative integers and R the set of non-negative real numbers. Members of N represent both the
number of papers of a given researcher and the number of citations that a paper canreceive. Define X to be the set of all vectors
x=(X1,X2,...,Xp)suchthatn e N\{0} and x; > x5 >...>x,. For x € X: (i) dx is the number of components of vector x (the dimen-
sion of x); (ii) cx is the number of components of vector x different from 0; and (iii) forie {1, . . ., dx}, x; is the ith component of
vector x and stands for the total number of citations of paper i. With ¢ designating the empty vector, a researcher’s output will
be represented by a member of D=XU {¢}. For x= the convention is that ¢y =dx=min{xq, ..., Xgq, } =max{xy, ..., Xq, } =0.

Definition 2.1. An index is a mapping f: D — R.

Woeginger (2008a, p. 225) defines an index as a mapping f: D — N. This definition appears restrictive because there is no
obvious reason to exclude average indices.
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Definition 2.2. The Hirsch index is the index h such that h(#)=0 and, for all xe X, h(x)=max{ne {0, 1, ..., dx}: x, > n}.

Al For all xe D, min{min{xy, ..., Xg, }, cx} <flx) <min{max{x1, ..., x4}, dx}.

A1 sets upper and lower bounds to the index. Since min{x, ..., Xq, } =X4, and max{xy, ..., Xq, } =X1, Al is equivalent to
min{xg,, ¢x} <f(x) <min{xy, dx}. Hence, the index is limited above by the smallest of two numbers: the number of citations
of the most cited paper and the number of papers. And it is limited below by the smallest of two numbers: the number of
citations of the least cited paper and the number of cited papers.

The fact that the inputs of f are citations and papers suggests considering the possibility of measuring the output
of f in citations or papers. If one interprets that f{x) defines a representative or average number of citations in x then
min{xy, ..., Xg, } <flx)<max{xq, ..., Xy, } is a reasonable requirement. On the other hand, if one interprets that f{x) defines
the number of “quality” papers in x then f(x) <dy also appears reasonable. A1 can be viewed as the result of adopt-
ing an ambiguous position with respect to the question of the units of measure of the index by adapting the condition
min{xq, ..., xq,} <flx)<max{xq, ..., x4} to take into account the effect of the number of papers (or of cited papers). The
Hirsch index is characterized by this ambiguity: h(x) is not only the maximum number h of papers in x having h citations
each but also the maximum number h of citations obtained by h papers in x.

Specifically, f(x) > min{min{x,, ..., x4}, cx} means that neither a large number of cited papers nor a large number of
citations of the least cited paper are enough for the index to be large: both must be large enough and the smallest of the
two determines the exact representative value. Hence, if f is measured in citations then it is good to increase the number of
citations of the least cited paper, but up to a point, represented by the number of cited papers. Conversely, if f is measured
in papers then it is good to increase the number of cited papers, but up to a point, given by the number of citations of the
least cited paper.

The condition f{x) <min{max{x, ..., X4}, dx} can be interpreted analogously. If f is measured in citations then it is good
to increase the number of citations of the most cited paper, but up to a point, defined by the number of papers. And if fis
measured in papers then it is good to increase the number of papers, but up to a point, which corresponds to the number of
citations of the most cited paper. Recapitulating, by A1, it can be interpreted that f is measured in representative citations,
but facing a paper constraint, or measured in representative papers, but facing a citation constraint.

For all xeX and y € X, x>y holds if, and only if, dy > dy and, for allie{1, ..., dy}, x;>y;. ForxeD and aeN, (x®a) is the
vector y e X such thatdy=dx+1,y4,=aand, forallie{1,..., d}, yi=x;.

A2.ForallxeXand y € X, x>y implies f(x) > f{y).

A2 is Woeginger’s (2008a, p. 225) monotonicity axiom: more citations or papers do not reduce the index.

A3.There is * € {>, =} such that, forall xe X,y e Xand ae N such that (x@a) e Xand (y® a) e X, if f{x)=f(y) and fix® a) * f(x)
then fly ®a) * fiy).

To motivate A3 when is “=", suppose that the index does not distinguish between two outputs x and y, in the sense
that both x and y are assigned the same value. Suppose as well that another paper with a <min{x,,, Ya, } citations is added
to x. Suppose finally that this paper produces no effect on x; that is, f{x ® a)=f(x). Then consistency seems to demand that
the addition of that paper to y should cause no effect: f{y @ a)=f(y). For the case in which “*” is “>”, A3 can be viewed as a
monotonicity property: if the index is strictly monotonic in passing from x to (x @ a), it should also be strictly monotonic in
passing from y to (y @ a), provided that the new outputs are members of X and the index attributes the same value to outputs
x and y. This property expresses some sort of consistent monotonicity.

wk

3. Result

Theorem 3.1. An indexX fsatisfies A1, A2 and A3 if, and only if, fis the Hirsch index.

Proof. “&” Step 1: h satisfies Al. Let x e X. If x=¢ then, by definition of the Hirsch index, h(#)=0, so min{min{xq, ..., Xg,},
cx} <h(x) <min{max{xq, ..., x4}, dx}. If x # ¢ then, by definition of the Hirsch index, h(x) <dx and h(x) <x;. Therefore,
h(x) < min{max{x, ..., x4, },dx}.To prove that h(x) > min{min{x,, ..., x4, }, Cx}, observe that min{x, . . ., Xq, } =Xq,. If min{xg,,
Cx} =X4, then there are x4, papers in x with at least x4, citations each, so h(x) > x4,.. If min{xg,, cx} = cx then there are cx papers in
xwith atleast x4, > ¢ citations each and, accordingly, h(x) > cx. Step 2: h satisfies A2.If x > y then y has at least h(x) papers with
h(x) citations each. This implies h(y) > h(x). Step 3: hsatisfies A3.Let (x ®a) e X, (y ® a) e Xand h(x) = h(y). Case 1: h(x ® a) > h(x).
Then a> h(x). Since (x ® a) € X, xq, >h(x). This implies h(x)=dx. Hence, h(y)=dx. Therefore, a> h(y). Given this and (y @ a) € X,
h(y @ a)> h(y). Case 2: h(x® a)=h(x). In this case, a < h(x) and, accordingly, a < h(y), which implies h(y @ a)=h(y).

“=" Let f be an index satisfying A1, A2 and A3. Choose x € D. It must be shown that f{x)=h(x). Case 1: h(x)=0. If x=¢
then, since min{xq, ..., xg,} =cx=max{xq, ..., xq,} =dx=0, by Al, f{x)=0. Otherwise, cx=max{xq, ...,xg,} =0 and, by Al,
0<flx)<0.

Case 2: h(x)>1.Let h=h(x). Forke {1, ..., dy}, define x* to be the vector consisting of the k first components of x. Formally,
x is the member z of X such that: (i) d,=k; and (ii) for all ie {1, .. ., k}, z;=x;. Observe that, for ke {2, .. ., dx}, X =(x*"1 @ x;).
Forke{h,..., dy},letyk e X satisfy: (i) y¥ has k components; (ii) forallie {1,..., h},y;* = h; and (iii) if k> h then, for all i e {h + 1,
..., dx},yi*=x;. The fact that h(x) = h guarantees that each y¥ is a member of X, because, forallie {h+1, ..., dx}, x; < h. Observe
as well that, for ke {h+1, ..., dx}, y¥* = (% 1@ xp).
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By A1, min{h, h} <fly") <min{h, h}, so f{y")=h. By A1, min{min{x, ..., x,}, h} <flx") <min{max{x, ..., x,}, h}. Since
h(x)=h>1, min{xy, ..., X,} >h and max{xy, ..., x,} > h. Therefore, f(x")=h=f(y"). The proof is complete if dy=h. Other-
wise, consider x*1, By A1, fly"™1)<h. By A2, iy"1)>f(y")=h. As a consequence, f{[y"*1)=h. If “*” is “=” in A3 then, by A3,
fiy"™ 1y =flyh) implies flx™1)=f(x")=h. If “*” is “>” in A3 then, by A3, fx"*1)> f(x") would imply f{y"*1)> fiy"): contradiction.
Thus, fx"*1) < fix"). By A2, flx"*1) > fix"). Hence, in both cases, f{x"*1)=fix")=fiy")=fiy"*1)=h.

The proof is complete if dy=h+ 1. Otherwise, taking fix"*1)=f(y"*1)=h as the base of an induction argument, choose
ke{h+2, ..., dy} and assume that, for all ie{h+1, ..., k—1}, fix})=f(y')=h. It must be shown that f{x*)=f{y*)=h. By Al,
fiy¥) <h. By A2, fly*)>fiy*=1). By the induction hypothesis, f{y*~1)=h. Accordingly, fly¥)=h. If “*” is “=" in A3 then, by A3,
fiy¥)=flyk=1) implies fixk)=fixk~1)=h. If “*” is “>” in A3 then, by A3, fix¥)> fix*¥~1) would imply f{y*)>fiy*~!): contradiction.
Hence, flx¥) < flxk-1). By A2, fix¥) > fixk=1). As a result, flxX)=fixk-"1)=h=fy*). O

The following examples show that no axiom in Theorem 3.1 is redundant.

Example 3.2. WithneN, let fbe the index such that, for all x € D, f{x)=n. Then f: (i) satisfies A2 and A3; (ii) does not satisfy
A1; and (iii) is not the Hirsch index.

Example 3.3. Let fbe the index such that, for all x e D, f{x)=min{min{xq, ..., Xg,}, cx}. Then f: (i) satisfies A1 and A3; (ii)
does not satisfy A2 (because f{2)=1 and f(2, 0)=0); and (iii) is not the Hirsch index.

Example 3.4. Let fbe the index such that, for all xe D, flx)=min{max{xy, ..., Xq,}, dx}. Then f: (i) satisfies A1 and A2; (ii)
does not satisfy A3 (because f(8, 8, 8)=f(3, 3,3)=3,4=£(8, 8, 8, 1)>f(8, 8, 8) and f(3, 3, 3, 1)=£(3, 3, 3)); and (iii) is not the
Hirsch index.

4. Comments
Two of the reviewers pointed out the close relationship between Theorem 3.1 and the characterizations of the Hirsch

index in Quesada (in press). One of those characterizations is based on axioms B1, B2 and B3 below, where: (i) Do = {¢} and,
for n e N\{0}, Dy = {x € D: dy=n}; (ii) for x e X, x= =x1 + X3 +. .. +Xgy; (iii) for x e Xand y € X, 8(x, y) = max{x=, y=} — min{x%Z, y*}

is the distance between x and y; and (iv) for ne N\{0} and xe Dy, x_n = (X1, . . ., Xn—1) is the member of D,_; obtained from x
by deleting the last component x; of x.
B1. For all x € X, if cx =dx then min{min{x1, ..., X4, }, dx} <f(x) < dx.

B2.ForallneN, xe Dy, and y € D41, if y > x and max {f(z)}zeDn+1 = f(y) > f(x) then &(x, y) > cx.

B3. For all n e N\(0} and x € Dy, if f(x) # max {f(y)}y cp, then fx)=fx_n).

B1 is weaker than Al. On the one hand, the condition f{x) < dx is less restrictive than the condition f{x) <min{xy, dx}. On
the other hand, the constraint min{min{x, ..., x4, }, dx} <f(x) < dx only applies when all the papers have citations, whereas
in A1 the upper and lower bounds always apply.

B2 deals with the following situation. Let output x be given. Suppose that output y is obtained from x by adding another
paper not having more citations that the least cited paper in x and by, possibly, increasing the number of citations of existing
papers. Suppose also that y is assigned a higher index than x and, moreover, that y achieves the maximum index within the
set of outputs having the same dimension as y. Then the distance between x and y, measured in citations, must be larger than
the number of cited papers in x. This number can be viewed as a measure of the effort necessary to increase the index of x.
Neither B2 implies A2 nor vice versa: f{x)=1/(1+h(x)) satisfies B2 (because h satisfies B2) but not A2; and f(x)=min{x>, 4dy}
satisfies A2 but not B2. Neither B2 implies A3 nor vice versa: f{x)=x> +dxcx satisfies B2 (since, for n> 1, f has no maximum
on Dy) but not A3 (because f(8, 0)=£(3,3)=10 but 11=f(8, 0, 0)<f(3, 3, 0)=12); and f(x) = ¢ satisfies A3 but not B2.

B3 states that if output x does not achieve the maximum index within the set of outputs having the same dimension as x
then the output obtained by removing the least cited paper in x is attributed the same index as x. B3 does not imply, nor is
implied, by A2: the average citation index satisfies A2 but not B3 (since 2=£(3, 1) # f(3)=3); and fix)=1/(1 + h(x)) satisfies
B3 (because h satisfies B3) but not A2. B3 does not imply, nor is implied, by A3: an index in which no two outputs have the
same value satisfies A3 but not B3; and f{x)=x> + dycx satisfies B3 (for n> 1, f does not reach a maximum on D;,) but not A3.
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