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Abstract
In decision making, in order to avoid misleading solutions, the study of consistency when the decision makers
express their opinions by means of preference relations becomes a very important aspect in order to avoid misleading
solutions. In decision making problems based on fuzzy preference relations the study of consistency is associated with
the study of the transitivity property. In this paper, a new characterization of the consistency property deﬁned by the
additive transitivity property of the fuzzy preference relations is presented. Using this new characterization a method
for constructing consistent fuzzy preference relations from a set of n  1 preference data is proposed. Applying this
method it is possible to assure better consistency of the fuzzy preference relations provided by the decision makers, and
in such a way, to avoid the inconsistent solutions in the decision making processes. Additionally, a similar study of
consistency is developed for the case of multiplicative preference relations.
Ó 2002 Elsevier B.V. All rights reserved.
Keywords: Decision making; Fuzzy preference relations; Multiplicative preference relations; Consistency; Reciprocity

1. Introduction
As it is known, most decision processes are based on preference relations, in the sense that processes are
linked to some degree of preference of any alternative over another. The use of preference relations is usual
in decision making [2,6,11,15,16]. Therefore, to establish properties to be veriﬁed by such preference relations is very important for designing good decision making models.
One of these properties is the so-called consistency property. The lack of consistency in decision making
can lead to inconsistent conclusions; that is why it is important, if not crucial, to study conditions under
which consistency is satisﬁed [5,6,11,16]. On the other hand, perfect consistency is diﬃcult to obtain in
practice, specially when measuring preferences on a set with a large number of alternatives.
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Clearly, the problem of consistency itself includes two problems [4,8]:
i(i) when an expert, considered individually, is said to be consistent and,
(ii) when a whole group of experts are considered consistent.
In this paper we will focus on the ﬁrst problem, assuming that expertÕs preferences are expressed by means
of a preference relation deﬁned over a ﬁnite and ﬁxed set of alternatives.
In a crisp model, where an expert provides his/her opinion on the set of alternatives, X ¼ fx1 ; x2 ; . . . ;
xn ; n P 2g, by means of a binary preference relation, R, the concept of consistency has traditionally been
deﬁned in terms of acyclicity [13], that is the absence of sequences such as x1 ; x2 ; . . . ; xk ðxkþ1 ¼ x1 Þ with
xj Rxjþ1 8j ¼ 1; . . . ; k.
In a fuzzy context, where an expert expresses his/her opinions using fuzzy preference relations, a traditional requirement to characterize consistency is using transitivity, in the sense that if an alternative xi is
preferred to alternative xj and this one to xk then alternative xi should be preferred to xk . Stronger conditions have been given to deﬁne consistency, for example max–min transitivity property or additive transitivity property [6,14,15,17]. However, the problem is the diﬃculty to check and to guarantee such
consistency conditions in the decision making processes.
In this paper we present some issues to study and to guarantee consistency in the decision making
problems under fuzzy preference relations. We give a new characterization of fuzzy consistency based on
the additive transitivity property which facilitates the veriﬁcation of consistency in the case of fuzzy
preference relations. Using this new characterization we present a method to construct consistent fuzzy
preference relations from n  1 given preference values. Additionally, making use of the transformation
function that relates multiplicative preference relations and fuzzy preference relations [3] we develop a
similar study of consistency in the case of multiplicative preference relations [11,12].
In order to do that, the paper is organized as follows. Section 2 presents the use of the preference relations in decision making. Section 3 studies the diﬀerent characterizations of consistency of fuzzy preference relations. Section 4 deﬁnes a new characterization of consistency and the constructing method of
consistent fuzzy preference relations. Finally, some concluding remarks are pointed out in Section 5.
2. The use of the preference relations in decision making
Preference relation is the most common representation of information used in decision making problems
because it is a useful tool in modelling decision processes, above all when we want to aggregate expertsÕ
preferences into group preferences [6,11,12,14,16]. In a preference relation an expert associates to every pair
of alternatives a value that reﬂects some degree of preference of the ﬁrst alternative over the second one.
Many important decision models have been developed using mainly two kinds of preference relations:
Multiplicative preference relations [11,12]: A multiplicative preference relation A on a set of alternatives
X is represented by a matrix A X X , A ¼ ðaij Þ, being aij interpreted as the ratio of the preference intensity of alternative xi to that of xj , i.e., it is interpreted as xi is aij times as good as xj . According to MillerÕs
study [10], Saaty suggests measuring aij using a ratio scale, and precisely the 1–9 scale [11,12]: aij ¼ 1
indicates indiﬀerence between xi and xj , aij ¼ 9 indicates that xi is absolutely preferred to xj , and
aij 2 f1; . . . ; 9g indicates intermediate preference evaluations. In this case, the preference relation, A, is
usually assumed multiplicative reciprocal, i.e.,
aij aji ¼ 1 8i; j 2 f1; . . . ; ng:
Saaty means by consistency what he calls cardinal transitivity in the strength of preferences which is a
stronger condition than the traditional requirement of the transitivity of preferences. Thereby, the deﬁnition of consistency proposed by Saaty is the following [11,12].
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Deﬁnition 2.1. A reciprocal multiplicative preference relation A ¼ ðaij Þ is consistent if
aij ajk ¼ aik

8i; j; k ¼ 1; . . . ; n:

Fuzzy preference relations [2,6,15]: A fuzzy preference relation P on a set of alternatives X is a fuzzy set
on the product set X X , that is characterized by a membership function
lP : X

X ! ½0; 1:

When cardinality of X is small, the preference relation may be conveniently represented by the n n matrix
P ¼ ðpij Þ being pij ¼ lP ðxi ; xj Þ 8i; j 2 f1; . . . ; ng. pij is interpreted as the preference degree of the alternative
xi over xj : pij ¼ 1=2 indicates indiﬀerence between xi and xj ðxi  xj Þ, pij ¼ 1 indicates that xi is absolutely
preferred to xj , and pij > 1=2 indicates that xi is preferred to xj (xi  xj ). In this case, the preference matrix,
P , is usually assumed additive reciprocal, i.e.,
pij þ pji ¼ 1

8i; j 2 f1; . . . ; ng:

In [3] we studied the transformation function between reciprocal multiplicative preference relations with
values in the interval scale ½1=9; 9 and reciprocal fuzzy preference relations with values in ½0; 1. This study
can be summarized in the following proposition.
Proposition 2.1. Suppose that we have a set of alternatives, X ¼ fx1 ; . . . ; xn g, and associated with it a reciprocal multiplicative preference relation A ¼ ðaij Þ with aij 2 ½1=9; 9. Then, the corresponding reciprocal
fuzzy preference relation, P ¼ ðpij Þ with pij 2 ½0; 1, associated with A is given as follows:
pij ¼ gðaij Þ ¼ 12



1 þ log9 aij :

With such a transformation function g we can relate the research issues obtained for both kinds of preference relations.
In this paper, we focus on the consistency of the decision models based on the fuzzy preference relations.
In the following section, we study brieﬂy the diﬀerent proposals to characterize consistency of the fuzzy
preference relations existing in the literature.

3. On consistency of the fuzzy preference relations
For making a consistent choice when assuming fuzzy preference relations a set of consistency properties
to be satisﬁed by such relations have been suggested. Transitivity is one of the most important properties
concerning preferences, and it represents the idea that the preference value obtained by comparing directly
two alternatives should be equal to or greater than the preference value between those two alternatives
obtained using an indirect chain of alternatives [5,9,15]. Some of the suggested properties are given:
1. Triangle condition [9]: pij þ pjk P pik 8i; j; kf
This condition can be geometrically interpreted considering alternatives xi , xj , xk as the vertices of a
triangle with length sides pij , pjk and pik [9], and therefore the length corresponding to the vertices xi , xk
should not exceed the sum of the lengths corresponding to the vertices xi , xj and xj , xk .
2. Weak transitivity [15]: pij P 0:5; pjk P 0:5 ) pik P 0:5 8i; j; k
The interpretation of this condition is the following: If xi is preferred to xj and xj is preferred to xk , then xi
should be preferred to xk . This kind of transitivity is the usual transitivity condition that a logical and
consistent person should use if he/she does not want to express inconsistent opinions, and therefore it is the
minimum requirement condition that a consistent fuzzy preference relation should verify.
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3. Max–min transitivity [5,17]: pik P minðpij ; pjk Þ 8i; j; k
The idea represented here is that the preference value obtained by a direct comparison between two
alternatives should be equal to or greater than the minimum partial values obtained when comparing both
alternatives with an intermediate one. This kind of transitivity has been the traditional requirement to
characterize consistency in the case of fuzzy preference relations [17], although it is a very strong concept
that it could not be veriﬁed even when a fuzzy preference relation is considered perfectly consistent from a
practical point of view. For example, let us consider a set of three alternatives X ¼ fx1 ; x2 ; x3 g, such that
x1  x2  x3 . Suppose that the opinions about these alternatives are given by the following reciprocal fuzzy
preference relation
0
1
0:5 0:1 0
P ¼ @ 0:9 0:5 0:4 A:
1 0:6 0:5
On the one hand, this matrix reﬂects the fact that x1  x2  x3 ; it veriﬁes weak transitivity and the triangle
condition. On the other hand, it does not veriﬁes max–min transitivity because p13 < minfp12 ; p23 g.
4. Max–max transitivity [5,17]: pik P maxðpij ; pjk Þ 8i; j; k
This concept represents the idea that the preference value obtained by a direct comparison between two
alternatives should be equal to or greater than the maximum partial values obtained when comparing both
alternatives using an intermediate one. This is a stronger concept than max–min transitivity and therefore if
a reciprocal fuzzy preference relation does not verify the latter neither veriﬁes the former.
5. Restricted max–min transitivity [15]: pij P 0:5; pjk P 0:5 ) pik P minðpij ; pjk Þ 8i; j; k
When a fuzzy preference relation veriﬁes this condition it is modelled the concept that when an alternative xi is preferred to xj with a value pij and xj is preferred to xk with a value pij , then xi should be preferred
to xk with at least an intensity of preference pik equal to the minimum of the above values. The inequality
should becomes equality only when there exist indiﬀerence between at least two of the three alternatives. A
consistent fuzzy preference relation has to verify this condition, which goes a step further than weak
transitivity because add an extra requirement about the degrees of preferences involved. This transitivity
condition is therefore stronger than weak transitivity but it is milder than max–min transitivity. It is easy to
prove that the above fuzzy reciprocal preference relation P veriﬁes restricted max–min transitivity.
6. Restricted max–max transitivity [15]: pij P 0:5; pjk P 0:5 ) pik P maxðpij ; pjk Þ 8i; j; k
In this case it is modelled the concept that when an alternative xi is preferred to xj with a value pij and xj
is preferred to xk with a value pij , then xi should be preferred to xk with at least an intensity of preference pik
equal to the maximum of the above values. As in the previous case, the equality should hold only when
there exist indiﬀerence between at least two of the three alternatives, in which case, restricted max–max
transitivity and restricted max–min transitivity coincide. It is clear that this concept is, on the one hand,
stronger than restricted max–min transitivity and, on the other hand, milder than max–max transitivity.
This concept has been considered by Tanino [15] as a compulsory condition to be veriﬁed by a consistent
fuzzy preference relation. It is easy to prove that the fuzzy reciprocal preference relation P , given above,
veriﬁes restricted max–max transitivity.
7. Multiplicative transitivity [15]: ðpji =pij Þ ðpkj =pjk Þ ¼ pki =pik 8i; j; k
Tanino [15] introduced this concept of transitivity only in the case of being pij > 0 8i; j, and interpreting
pij =pji as a ratio of the preference intensity for xi to that of xj , i.e., xi is pij =pji times as good as xj . Multiplicative transitivity includes restricted max–max transitivity [14,15], and rewritten as pij pjk pki ¼
pik pkj pji 8i; j; k can be extended to the whole set of reciprocal fuzzy preference relations, i.e., when values
of pij can be equal to 0.
8. Additive transitivity [14,15]: ðpij  0:5Þ þ ðpjk  0:5Þ ¼ ðpik  0:5Þ 8i; j; k, or equivalently pij þ pjk þ
pki ¼ 32 8i; j; k
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This type of transitivity has the following interpretation: suppose we do want to establish a ranking
between three alternatives xi , xj , and xk . If we do not have any information about these alternatives it is
natural to start assuming that we are in an indiﬀerence situation, that is, xi  xj  xk , and therefore when
giving preferences this situation is represented by pij ¼ pjk ¼ pik ¼ 0:5. Suppose now that we have a piece of
information that says alternative xi  xj , that is pij < 0:5. It is clear then that pjk or pki have to change
otherwise there would be a contradiction because we would have xi  xj  xk  xi . If we suppose that
pjk ¼ 0:5 then we have the situation: xj is preferred to xi and there is no diﬀerence in preferring xj to xk . We
must conclude then that xk has to be preferred to xi . Furthermore, as xj  xk then pji ¼ pki , and so
pij þ pjk þ pki ¼ pij þ pjk þ pji ¼ 1 þ 0:5 ¼ 1:5. We have the same conclusion if pki ¼ 0:5. In the case of being
pjk < 0:5, then we have that xk is preferred to xj and this to xi , so xk should be preferred to xi . On the other
hand, the value pki has to be equal to or greater than pji , being equal only in the case of pjk ¼ 0:5 as we have
seen. Interpreting the value pji  0:5 as the intensity of preference of alternative xj over xi , then it seem
reasonable to suppose that the intensity of preference of xk over xi should be equal to the sum of the intensities of preferences when using an intermediate alternative xj , that is pki  0:5 ¼ ðpkj  0:5Þ þ ðpji  0:5Þ.
The same reasoning can be applied in the case of pjk > 0:5. The reciprocal fuzzy preference relation P , given
above, veriﬁes additive transitivity. It is easy to prove that additive transitivity is a stronger concept than
restricted max–max transitivity [14,15].
From the above list, the additive transitivity seems to be an acceptable property to characterize consistency in the case of fuzzy preference relations given that: the weak transitivity is the minimum requirement condition that a consistent fuzzy preference relation should verify. The max–min transitivity has
been the traditional requirement to characterize consistency in the case of fuzzy preference relations. The
max–max transitivity is a stronger concept than max–min transitivity. Both transitivity concepts are too
strong in the sense that they could not be veriﬁed even when a fuzzy preference relation is considered
perfectly consistent from a practical point of view (as was shown in the above example). Restricted max–
min and restricted max–max transitivity concepts seem good alternatives to them, being restricted max–
max transitivity even more adequate from a practical point of view than restricted max–min transitivity;
moreover, restricted max–max transitivity implies restricted max–min transitivity. The multiplicative
transitivity concept is valid only in the case of being pij > 0 8i; j. The additive transitivity is a stronger
concept than restricted max–max transitivity and it implies restricted max–max transitivity. If we want to
include a some kind of measure of strength of preference in the concept of transitivity then additive
transitivity includes this idea of ordinal strength of preferences. Furthermore, as it is shown in the next
result, the consistency deﬁnition in the case of the multiplicative preference relations via the above transformation function g (given in Proposition 2.1) is equivalent to the additive transitivity property.
Proposition 3.1. Let A ¼ ðaij Þ be a consistent multiplicative preference relation, then the corresponding
reciprocal fuzzy preference relation, P ¼ gðAÞ verifies additive transitivity property.
Proof. For being A ¼ ðaij Þ consistent we have that aij ajk ¼ aik 8i; j; k, or equivalently aij ajk aki ¼
1 8i; j; k. Taking logarithms on both sides, we have
log9 aij þ log9 ajk þ log9 aki ¼ 0

8i; j; k:

Adding 3 and dividing by 2 both sides then
1
2

ð1 þ log9 aij Þ þ 12 ð1 þ log9 ajk Þ þ 12 ð1 þ log9 aki Þ ¼ 32 8i; j; k:


The fuzzy preference relation P ¼ gðAÞ, being pij ¼ 12 1 þ log9 aij , veriﬁes
pij þ pjk þ pik ¼ 32

8i; j; k:

We conclude that P ¼ gðAÞ veriﬁes additive transitivity property.
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In such a way, in this paper we consider the following deﬁnition of the consistent fuzzy preference relation:
Deﬁnition 3.1. A reciprocal fuzzy preference relation P ¼ ðpij Þ is consistent if
pij þ pjk þ pki ¼ 32 8i; j; k ¼ 1; . . . ; n:
In what follows, we will use the term additive consistency to refer to consistency for fuzzy preference
relations based on the additive transitivity property.

4. Additive consistency
In this section we present a new characterization of the additive consistency condition given by Deﬁnition 3.1, which states that for checking additive consistency of a fuzzy preference relation P , it is only
necessary to check those triplets of values ði; j; kÞ verifying i 6 j 6 k. As a consequence of this equivalent
condition, we design a method to construct consistent fuzzy preference relations from a set of n  1
preference values which guarantees consistency of the fuzzy preference relations provided by the experts.
We conclude this section by exporting the above research issues on additive consistency to the multiplicative decision models [11,12], i.e., decision models based on multiplicative preference relations.
4.1. Characterization of additive consistency
Proposition 4.1. For a reciprocal fuzzy preference relation P ¼ ðpij Þ, the following statements are equivalent:
(i) pij þ pjk þ pki ¼ 32 8i; j; k.
(ii) pij þ pjk þ pki ¼ 32 8i < j < k.
Proof. ðiÞ ) ðiiÞ. Obvious.
ðiiÞ ) ðiÞ. It is clear that if two of the indexes i, j, k are equal, or the three of them, (i) reduces to the
reciprocity condition which we are assuming. Therefore, we have to prove that condition (i) is veriﬁed for
indexes i, j, k taking diﬀerent values. There are six possible cases:
Case 1. i < j < k. In this case (i) reduces to (ii), and therefore (i) is true.
Case 2. i < k < j. Using reciprocity property and the fact that it is veriﬁed that pik þ pkj þ pji ¼ 32,


3 3
pij þ pjk þ pki ¼ 1  pji þ 1  pkj þ 1  pik ¼ 3  pik þ pkj þ pji ¼ 3  ¼
2 2
Case 3. j < i < k. We have that pji þ pik þ pkj ¼ 32, and by reciprocity property:


3 3
pij þ pjk þ pki ¼ 1  pji þ 1  pkj þ 1  pik ¼ 3  pji þ pik þ pkj ¼ 3  ¼
2 2
3
Case 4. j < k < i. pij þ pjk þ pki ¼ pjk þ pki þ pij ¼ 2
Case 5. k < i < j. pij þ pjk þ pki ¼ pki þ pij þ pjk ¼ 32
Case 6. k < j < i. In this case pji þ pik þ pkj ¼ 32, and using reciprocity property, we have that:


3 3

pij þ pjk þ pki ¼ 1  pji þ 1  pkj þ 1  pik ¼ 3  pkj þ pji þ pik ¼ 3  ¼ :
2 2
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Proposition 4.1 can be rewritten as follows:

Proposition 4.2. A fuzzy preference relation P ¼ ðpij Þ is consistent if and only if
pij þ pjk þ pik ¼ 32;

8i 6 j 6 k:

Proof. We only have to demonstrate that pij þ pjk þ pki ¼ 32; 8i 6 j 6 k implies that P is reciprocal.
Let i < j, we will show ﬁrstly that pii ¼ 12; 8i, and secondly that pij þ pji ¼ 1; 8i; j. If we take i ¼ j ¼ k
then we have that:
pii þ pii þ pii ¼ 32
and therefore
pii ¼ 12;

8i

On the other hand, if we take j ¼ k, then
pij þ pji ¼ pij þ pjj þ pji  12 ¼ 32  12 ¼ 1:



The following result characterizes additive consistency.
Proposition 4.3. For a reciprocal fuzzy preference relation P ¼ ðpij Þ, the following statements are equivalent:
i(i) pij þ pjk þ pki ¼ 32 8i < j < k,
(ii) piðiþ1Þ þ pðiþ1Þðiþ2Þ þ
þ pðj1Þj þ pji ¼ jiþ1
8i < j.
2
Proof. ðiÞ ) ðiiÞ. Let i < j and k ¼ j  i. The expression (ii) can be rewritten as follows:
kþ1
8i < j:
2
We will use mathematical induction to prove this part of the proposition. The base clause it is obviously
true for k ¼ 1, because it is reduced to the reciprocity property, which we are assuming. The recursion
clause requires us to show that if the hypothesis is true for k ¼ n
piðiþ1Þ þ pðiþ1Þðiþ2Þ þ

þ pðiþk1ÞðiþkÞ þ pðiþkÞi ¼

piðiþ1Þ þ pðiþ1Þðiþ2Þ þ

þ pðiþn1ÞðiþnÞ þ pðiþnÞi ¼

then it is true for k ¼ n þ 1:
piðiþ1Þ þ

nþ1
2



þ pðiþn1ÞðiþnÞ þ pðiþnÞðiþnþ1Þ þ pðiþnþ1Þi
þ pðiþnÞðiþnþ1Þ þ pðiþnþ1Þi ¼ piðiþ1Þ þ


nþ1
¼
 pðiþnÞi þ pðiþnÞðiþnþ1Þ þ pðiþnþ1Þi
2
n1
n1 3 nþ2
þ piðiþnÞ þ pðiþnÞðiþnþ1Þ þ pðiþnþ1Þi ¼
þ ¼
¼
2
2
2
2

so the result is established.
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ðiiÞ ) ðiÞ. Let i < j < k
pij þ pjk þ pki ¼ 1  pji þ 1  pkj þ pki
 


jiþ1
kjþ1
¼ 2 þ piðiþ1Þ þ
þ pjðjþ1Þ þ
þ pki
þ pðj1Þj 
þ pðk1Þk 
2
2
 2kþi kiþ1 3
2kþi 
þ piðiþ1Þ þ
þ
¼ :

þ pðk1Þk þ pki ¼
¼
2
2
2
2
4.2. A method to construct consistent fuzzy preference relations
The result presented in Proposition 4.3 is very important because it can be used to construct a consistent
fuzzy preference relation from the set of n  1 values fp12 ; p23 ; . . . ; pn1n g. In such a way, we can facilitate
experts the expression of consistent preferences in the decision processes.
Example 1: Suppose that we have a set of four alternatives fx1 ; x2 ; x3 ; x4 g where we have certain
knowledge to assure that alternative x1 is weakly more important than alternative x2 , alternative x2 is more
important than x3 and ﬁnally alternative x3 is strongly more important than alternative x4 . Suppose that this
situation is modelled by the preference values fp12 ¼ 0:55; p23 ¼ 0:65; p34 ¼ 0:75g. Applying Proposition
4.3, we obtain:
p31 ¼ 1:5  p12  p23 ¼ 1:5  0:55  0:65 ¼ 0:3;
p41 ¼ 2  p12  p23  p34 ¼ 2  0:55  0:65  0:75 ¼ 0:05;
p42 ¼ 1:5  p23  p34 ¼ 1:5  0:65  0:75 ¼ 0:1;
p21 ¼ 1  p12 ¼ 0:45; p13 ¼ 1  p31 ¼ 0:7; p14 ¼ 1  p41 ¼ 0:95;
p32 ¼ 1  p23 ¼ 0:35;
and therefore:
0
0:5
B 0:45
P ¼B
@ 0:3
0:05

p24 ¼ 1  p42 ¼ 0:9;

0:55 0:7
0:5 0:65
0:35 0:5
0:1 0:25

p43 ¼ 1  p34 ¼ 0:25;

1
0:95
0:9 C
C:
0:75 A
0:5

We make note that, if the primary values are diﬀerent then we would have obtained a matrix P with entries
not in the interval ½0; 1, but in an interval ½a; 1 þ a, being a > 0. In such a case, we would need to
transform the obtained values using a transformation function which preserves reciprocity and additive
consistency, that is a function f : ½a; 1 þ a ! ½0; 1, verifying
1.
2.
3.
4.

f ðaÞ ¼ 0.
f ð1 þ aÞ ¼ 1.
f ðxÞ þ f ð1  xÞ ¼ 1; 8x 2 ½a; 1 þ a.
f ðxÞ þ f ðyÞ þ f ðzÞ ¼ 32 ; 8x; y; z 2 ½a; 1 þ a such that x þ y þ z ¼ 32.

The linear solution verifying 1 and 2 takes the form f ðxÞ ¼ u x þ b, being u; b 2 R. This function is
1
a
xþa
xþ
¼
f ðxÞ ¼
1 þ 2a
1 þ 2a 1 þ 2a
which veriﬁes 3
xþa 1xþa xþaþ1xþa
þ
¼
¼1
f ðxÞ þ f ð1  xÞ ¼
1 þ 2a
1 þ 2a
1 þ 2a
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and when x þ y þ z ¼ 32
f ðxÞ þ f ðyÞ þ f ðzÞ ¼

xþa
yþa
zþa
x þ y þ z þ 3a 3=2 þ 3a 3
þ
þ
¼
¼
¼
1 þ 2a 1 þ 2a 1 þ 2a
1 þ 2a
1 þ 2a
2

veriﬁes 4.
Summarizing: The method to construct a consistent reciprocal fuzzy preference relation P 0 on
X ¼ fx1 ; . . . ; xn ; n P 2g from n  1 preference values fp12 ; p23 ; . . . ; pn1n g presents the following steps:
1. Compute the set of preference values B as
B ¼ fpij ; i < j ^ pij 62 fp12 ; p23 ; . . . ; pn1n gg;
pij ¼

jiþ1
 piiþ1  piþ1iþ2
2

 pj1j :

2. a ¼ j minfB [ fp12 ; p23 ; . . . ; pn1n ggj.
3. P ¼ fp12 ; p23 ; . . . ; pn1n g [ B [ f1  p12 ; 1  p23 ; . . . ; 1  pn1n g [ :B.
4. The consistent fuzzy preference relation P 0 is obtained as P 0 ¼ f ðP Þ such that
f : ½a; 1 þ a ! ½1; 0;
f ðxÞ ¼

xþa
:
1 þ 2a

4.3. Exporting the issues on additive consistency to the multiplicative decision models
In this subsection we apply the above issues on additive consistency in the decision models based on
multiplicative preference relations by means of the transformation function g given in Section 2. We use the
term multiplicative consistency to refer to consistency for multiplicative preference relations. Thereby, we
state an equivalent condition to multiplicative consistency given by Deﬁnition 2.1, which states that for
checking multiplicative consistency it is only necessary to check those triplets of values ði; j; kÞ verifying
i < j < k. Then, as a consequence, we design a method to construct consistent multiplicative preference
relations from a set of n  1 preference values.
Proposition 4.4. For a reciprocal multiplicative preference relation A ¼ ðaij Þ, the following statements are
equivalent:
i(i) aij ajk ¼ aik 8i; j; k.
(ii) aij ajk ¼ aik 8i < j < k.
Proposition 4.4 can be rewritten as follows:
Proposition 4.5. A multiplicative preference relation A ¼ ðaij Þ is consistent if and only if aij ajk ¼
aik ; 8i 6 j 6 k.
The following result characterizes the multiplicative consistency.
Proposition 4.6. For a reciprocal multiplicative preference relation A ¼ ðaij Þ, the following statements are
equivalent:
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i(i) aij ajk ¼ aik 8i < j < k.
(ii) aij ¼ aiiþ1 aiþ1iþ2 . . . aj1j 8i < j.
The above propositions reduce to the Propositions 4.1, 4.2, 4.3, using the transformation function g,
respectively.
The result presented in Proposition 4.6 can be used to construct a consistent multiplicative preference
relation from the set of n  1 values fa12 ; a23 ; . . . ; an1n g. In such a way, we can facilitate experts the expression of consistent preferences in the multiplicative decision processes.
Example 2: Suppose that we have a set of four alternatives fx1 ; x2 ; x3 ; x4 g where we have certain
knowledge to assure that alternative x1 is weakly more important than alternative x2 , alternative x2 is
strongly more important than x3 and ﬁnally alternative x3 is very strongly more important than alternative
x4 . Applying SaatyÕs scale this situation is represented by the set of values fa12 ¼ 3; a23 ¼ 5; a34 ¼ 7g, and
therefore when constructing the consistent multiplicative preference relation we have that:
a13 ¼ a12 a23 ¼ 3 5 ¼ 15;
a14 ¼ a12 a23 a34 ¼ 3 5 7 ¼ 105;
a24 ¼ a23 a34 ¼ 5 7 ¼ 35;
a21 ¼ 1=a12 ¼ 1=3;
a32 ¼ 1=a23 ¼ 1=5;

a31 ¼ 1=a13 ¼ 1=15;
a42 ¼ 1=a24 ¼ 1=35;

and the consistent multiplicative
0
1
3
15
B 1=3
1
5
A¼B
@ 1=15
1=5
1
1=105 1=35 1=7

a41 ¼ 1=a14 ¼ 1=105;
a43 ¼ 1=a34 ¼ 1=7;

preference relation obtained is the following:
1
105
35 C
C:
7 A
1

The problem here, as we can observe, is that the ratio scale for comparison ½1=9; 9 is not preserved, as we
get values greater that 9. Nevertheless, we can always assure that the values we get will belong to a ratio
scale of the form ½1=a; a. At this point, if we want to preserve the use of the scale ½1=9; 9 we do have to
transform the values using a transformation function which preserves reciprocity and consistency, that is a
function f : ½1=a; a ! ½1=9; 9 verifying
1. f ðaÞ ¼ 9,
2. f ðxÞ f ð1=xÞ ¼ 1; 8x 2 ½1=a; a, and
3. f ðxÞ f ðyÞ ¼ f ðzÞ; 8x; y; z 2 ½1=a; a such that x y ¼ z.
With property 2 we assure that function f maintains reciprocity, while property 3 means that function f
preserves multiplicative consistency.
In property 2, if we take the particular value x ¼ 1 we have that f ð1Þ ¼ 1, and therefore this property can
be rewritten as follows: f ðxÞ f ð1=xÞ ¼ f ð1Þ, which implies
1. f ðxÞ f ð1=xÞ f ðyÞ f ð1=yÞ ¼ 1 1 ¼ 1,
2. f ðx yÞ f ð1=ðx yÞÞ ¼ 1,
that is
f ðx yÞ f ð1=ðx yÞÞ ¼ f ðxÞ f ð1=xÞ f ðyÞ f ð1=yÞ;
and by symmetry, only one of the following four functional equations is true [7]:
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1.
2.
3.
4.
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f ðx
f ðx
f ðx
f ðx

yÞ ¼ f ðxÞ f ðyÞ 8x; y 2 ½1=a; a.
yÞ ¼ f ðxÞ f ð1=yÞ 8x; y 2 ½1=a; a.
yÞ ¼ f ð1=xÞ f ðyÞ 8x; y 2 ½1=a; a.
yÞ ¼ f ð1=xÞ f ð1=yÞ 8x; y 2 ½1=a; a.

We are going to demonstrate that the only possible functional equation is the ﬁrst one.
1. If we suppose that f ðx yÞ ¼ f ðxÞ f ð1=yÞ, then from property 2 we have that f ð1=yÞ ¼ 1=f ðyÞ and therefore f ðx yÞ ¼ f ðxÞ=f ðyÞ 8x; y 2 ½1=a; a. Taking the value x ¼ 1 we have that f ðyÞ ¼ 1=f ðyÞ 8y 2
½1=a; a, which implies that f ðyÞ ¼ 1 8y 2 ½1=a; a.
2. If f ðx yÞ ¼ f ð1=xÞ f ðyÞ then f ðx yÞ ¼ 1=ð f ðxÞ f ðyÞÞ 8x; y 2 ½1=a; a. In this case we have for y ¼ 1
that f ðxÞ ¼ 1=f ðxÞ 8x 2 ½1=a; a, which implies that f ðxÞ ¼ 1 8x 2 ½1=a; a.
3. If f ðx yÞ ¼ f ð1=xÞ f ð1=yÞ then f ðx yÞ ¼ f ðxÞ=f ðyÞ 8x; y 2 ½1=a; a. For x ¼ 1 we have that
f ðyÞ ¼ 1=f ðyÞ 8y 2 ½1=a; a, which implies again that f ðyÞ ¼ 1 8y 2 ½1=a; a.
We conclude that in Cases 2–4 the one possible solution is f ðyÞ ¼ 1 8y 2 ½1=a; a, which contradicts
property 1. So, function f veriﬁes the ﬁrst relation, i.e.,
f ðx yÞ ¼ f ðxÞ f ðyÞ 8x; y 2 ½1=a; a:
It is well-known that the general solution of this functional equation is f ðxÞ ¼ xc , c > 0 [1]. From f ð1Þ ¼ 9,
it results that the function we are looking for is
f ðxÞ ¼ x1= log9 a :
We note that we did not use property 3 to obtain function f , although it is veriﬁed
1= log9 a

8x; y; z 2 ½1=a; a such that x y ¼ z ) ðx yÞ

¼ z1= log9 a ) x1= log9 a y 1= log9 a ¼ z1= log9 a

) f ðxÞ f ðyÞ ¼ f ðzÞ:
Example 3: Applying function f to the above consistent multiplicative preference relation A with values
in ½1=105; 105 we have the also consistent multiplicative preference relation f ðAÞ ¼ A0 with approximated
values in ½1=9; 9
0

1
B 25=42
0
A ¼B
@ 5=18
1=9

42=25
1
50=107
25=134

18=5
107=50
1
2=5

1
9
134=25 C
C:
5=2 A
1

Summarizing: The method to construct a consistent multiplicative preference relation A0 on X ¼
fx1 ; . . . ; xn ; n P 2g from n  1 preference values fa12 ; a23 ; . . . ; an1n g presents the following steps:
1. Compute the set of preference values B as
B ¼ faij ; i < j ^ aij 62 fa12 ; a23 ; . . . ; an1n gg;
aij ¼ aiiþ1 aiþ1iþ2 . . . aj1j :
2. a ¼ max B
3. A ¼ fa12 ; a23 ; . . . ; an1n g [ B [ fa12 ; a23 ; . . . ; an1n g1 [ B1 .
4. The consistent multiplicative preference relation A0 is obtained as A0 ¼ f ðAÞ such that
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f :
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1
1
;a !
;9 ;
a
9

f ðxÞ ¼ x1= log9 a :

5. Concluding remarks
We have studied consistency conditions to be veriﬁed in the decision making processes in the case of
working with fuzzy preference relations. We have given a new characterization of consistency based on the
additive transitivity property of fuzzy preference relations. This new characterization of consistency allows
us to check easily the consistency in the expertsÕ opinions. Furthermore, we have presented a method to
construct consistent preference relations by using a set of speciﬁc n  1 preference data obtained by
comparing an alternative only just with the next one. In such a way, we have presented a proposal to
facilitate to the experts the expression of consistent opinions in order to overcome the inconsistencies that
can appear in the decision processes based on fuzzy preference relations. Finally, we have shown that this
consistency study of fuzzy preference relations is exportable to the case of multiplicative preference relations via the transformation function presented in [3].
In the future, we will focus on the second problem of consistency in decision making, i.e., when a whole
group of experts are considered consistent [4,8].
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