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Jesús Mar�́n € Daniel Molina € Francisco Herrera

� Springer-Verlag 2011

Abstract Some theoretical models have been proposed in
the literature to predict dynamics of real-coded evolution-
ary algorithms. These models are often applied to study
very simpliÞed algorithms, simple real-coded functions or
sometimes these make difÞcult to obtain quantitative
measures related to algorithm performance. This paper,
trying to reduce these simpliÞcations to obtain a more
useful model, proposes a model that describes the behavior
of a slightly simpliÞed version of the popular real-coded
CHC in multi-peaked landscape functions. Our approach is
based on predicting the shape of the search pattern by
modeling the dynamics of clusters, which are formed by
individuals of the population. This is performed in terms of
dynamical probability distributions as a basis to estimate its
averaged behavior. Within reasonable time, numerical
experiments show that is possible to achieve accurate
quantitative predictions in functions of up to 5D about
performance measures such as average Þtness, the best
Þtness reached or number of Þtness function evaluations.

Keywords CHC algorithm� Probability distribution�
Real-coded optimization� Algorithm dynamics

1 Introduction

The original CHC algorithm (Cross-generational elitist
selection, Heterogeneous recombination, and Cataclysmic
mutation) was proposed by Eshelman (1990) and extended to
deal with real-coded chromosomes (Eshelman and Schaffer
1992). Its basis is to combine a selection strategy with a very
high selective pressure and several mechanisms inducing a
strong diversity (crossover and incest prevention).

CHC algorithm is an Evolutionary Algorithm (EA) that
has reported very good results (e.g. Cano et al.2003;
Luzo«n et al. 2004; Cordo«n et al. 2006; Huang and Wang
2007; Nebro et al.2007), and it also is used as a repre-
sentative EA in empirical studies of an algorithmÕs per-
formance (Cano et al.2005; Whitley et al. 2006; Herrera
et al.2010). In particular, a speciÞc version for real-coded
optimization, real CHC, was proposed by its authors using
the crossover operator BLX-a (Eshelman et al.1993), and
it has been successfully used in real-life applications (e.g.
Delgado et al.2006; Kesur2009; Santamarõ«a et al.2009).
However, there are no theoretical studies to describe CHC
behavior or to predict its performance when applied to
optimize real-coded functions. A theoretical model could
help us to mathematically understand how the algorithm
works on a speciÞc function.

Many authors consider the EA and the Þtness function
as a system obeying a speciÞc dynamics. Essentially, the
optimization process of an EA can be described by a dif-
ference equation, p.e.uðtþ 1Þ ¼ selðuðtÞ[ reprðuðtÞÞÞwhere
uðtÞ is the population at generationt; selð:Þ is a survival
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selection operator and reprð:Þis a reproduction method as
recombination and/or mutation. Under this approach, the
goal of a mathematical model (Eiben and Rudolph1999;
Beyer et al.2002) is to predict the algorithm dynamics or
alternatively, certain aspects of its behavior.

A global understanding of the behavior of EAs can be
achieved using a detailed description of all population
states and applying MarkovÕs chain to analyze its dynamics
(e.g. Holland1992; Stephens and Waelbroeck1998; Vose
1998). However, this treatment makes it difÞcult to obtain
quantitative measures related to the optimization perfor-
mance. Instead, some models are based on approaches to
modeling nonlinear systems where the average behavior is
described by some macroscopic variables such as expected
average population Þtness and the expected best Þtness.
Therefore, as far from equilibrium systems, dynamics of
EA operators can be described in terms of Þtness distri-
butions (Chellapilla and Fogel1999) that tend to a sta-
tionary state, often under inÞnite population assumptions
(Qi and Palmieri1994a, b). Although the majority of the-
oretical works are mainly focused on combinatorial prob-
lems (e.g. Bornholdt1998; van Nimwegen et al.1999;
Pru¬gel-Bennett and Rogers2001; Schmitt 2004), some
studies include simple real-coded EAs or some particular
operator (e.g. Nomura1997; Poli et al.2007; Witt 2008).

Unfortunately, in the majority of these theoretical works
on real optimization, to keep them computationally trac-
table, there are often considered or very simple real-coded
functions such as the sphere model, the ridge functions
(Beyer et al. 2002), landscapes with one or two peaks
(Wright et al. 2002) or functions of up 2D (Poli et al.
2007). Even more, they usually tackle very simpliÞed
algorithms that only carry several characteristics of EA
applied to real-world problems (Beyer and Schwefel2002).
Hence, it is necessary to bring the mathematical models to
real models of evolutionary algorithms in order to reduce
as much as possible oversimpliÞcations.

This paper, trying to reduce the simpliÞcation, proposes
a model of a slightly simpliÞed version of the popular real-
coded CHC. Also, we seek to extend the focus on harder
real-coded functions such as landscape functions of more
than two peaks for several dimensions.

Like other theoretical models do, the proposed model
describes the dynamics of the algorithm by using proba-
bility distributions on a search space dynamically discret-
ized. Although slightly simpliÞed, our model considers
important components of an EA such as selection and
crossover operators, to capture the characteristics of real
CHC. We believe of interest to analyze whether such a
model is computationally tractable to achieve accurate
quantitative predictions about some performance measures
such as average Þtness, the best Þtness reached or number
of Þtness function evaluations.

Our motivation is based in observations about algo-
rithmÕs behavior. In stationary stage, we observe that
individuals in population tend to be distributed as clusters
around the peaks of Þtness function. By an analysis of
possible cases, we describe dynamics of these clusters
when real operators are applied. This is performed in terms
of dynamical probability distributions as a basis to estimate
its averaged behavior under inÞnite population assumption.
These probability distributions are implemented by matri-
ces which dynamically discretize search space. Several
computational experiments compare the accuracy of the
obtained predictions with the obtained by real-coded
CHC algorithm. These results show the ability of the model
to capture the full dynamics of the shape of the search
pattern, even when the function landscape has an irregular
appearance. We also show the feasibility of using
small matrices to make good predictions in functions of up
to 5D.

The paper is structured as follows. Firstly, in Sect.2, we
describe a real-coded CHC algorithm. In Sect.3, we
present a general approach to describe its dynamics by
using probability distributions. In Sect.4, we propose a
model for elitist replacement and selection. In Sect.5, we
detail how crossover operator and incest prevention
mechanism are modeled. In Sect.6, we propose a formu-
lation for estimating average performance measures. In
Sect.7, we discuss some aspects about model implemen-
tation. In Sect.8, we describe our cases of study. In
Sect.9, we present numerical results that show the feasi-
bility of our approach. Finally, Sect.10 presents the con-
cluding remarks on the present study. Additionally,
Appendix includes a formulation for hypersphere volumes
used in this work.

2 Real-coded CHC algorithm

The CHC algorithm works with a population of individuals
or set of solutions. The population size (denoted byN) is a
constant, usually small. This population (the parent) is
updated at each time step or generation by applying the
following operators:

Crossover operatorAt each generation, a new offspring
is produced by choosing random pairs of individuals from
the parent population and recombining them. CHC pro-
duces new individuals applying a real-parameter crossover
operator as BLX-a (Eshelman and Schaffer1992; Sa«nchez
et al. 2008) or PBX-a (Lozano et al.2004).

Incest prevention mechanismRecombination of mating
pairs is only performed if the pair of individuals is not very
similar, i.e. if the distance between them is higher than a
parameterd, called inhibitory distance of crossoveror
incest threshold.
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Elitist replacement and selectionThe next parent pop-
ulation is created according to an elitist criterion, based on
selecting the best individuals in the old parent population
and their offspring.

The selection elitist criterion makes the population
becomes more homogeneous. To delay this situation, CHC
applies the incest prevention mechanism. But, along time,
the population becomes homogeneous and no new off-
spring are generated. As a consequence, the incest thresh-
old has to be progressively decreased. Incest prevention
mechanism can be adaptive if the incest threshold is
automatically reduced.

Often, individuals are encoded using binary reßected
Gray coding, the distance measure used is the number of bits
(mating threshold or Hamming distance) that differ these
pair of binary-coded individuals. Sometimes, Euclidean
distance is considered, and the adaptive mechanism makes
parameterd automatically decreased from an initial value
dini by multiplying a constant (close to 0.9).

When the incest threshold gets to 0, it is assumed that the
population has converged and the algorithm is stalled.
A mechanism ofrestart is then used to generate new diver-
sity in the population. When restarting, the best individual
remain unchanged, and the rest are randomly generated
(cataclysm). In this paper, cataclysm is not considered.

2.1 BLX-a crossover operator

BLX-a crossover operator (Eshelman and Schaffer1993)
has been successfully used in benchmark studies (Cervone
et al. 2000; Zhao et al.2007) and in real-life applications
such as trafÞc signals (Kesur2009), image processing
(Cordo«n et al. 2006; Santamarõ«a et al. 2009) or Þnancial
predictions (Delgado et al.2006). In the following, we
brießy describe the BLX-a crossover operator.

Let x andy be two real-coded individuals to be crossed,
deÞned asx ¼ ðx1; . . .; xnÞandy ¼ ðy1; . . .; ynÞ; wheren is
the function dimensionality. This operator generates an
individual z ¼ ðz1; . . .; znÞ where eachzi is randomly
(uniformly) generated within the interval

½minðxi; yiÞ � aI ; maxðxi ; yiÞ þ aI �

where I ¼ jyi � xi j: This equation can be reformulated in
terms of random variablesqi 2 ½0; 1�; as follows:

zi ¼ xi þ ðyi � xiÞ � ½qi þ a � ð2qi � 1Þ�; 8i 2 ½1; n� ð1Þ

Instead of generating different values for eachqi; we
simplify BLX-a using the same valueq for all dimensions.
This simpliÞed version called sBLX-a can be deÞned as a
linear combination of vectors, such as

z ¼ x þ ðy � xÞ � ½q þ a � ð2q � 1Þ� ð2Þ

3 Theoretical model for CHC behavior

Initially, the algorithm starts with a uniform distribution of
the individual over the search spaceX � < n; wheren is the
dimensionality of function or also called scale problem.
When we assume the function to maximize is a landscape
and the location of each peak is known, we observe the
next behavior of the algorithm:

1. In stationary stage, individuals in population tend to be
distributed around the peaks of Þtness function, that we
consider as clusters.

2. Crossover is mainly applied to individuals of different
clusters. Due to prevention of incest mechanism,
individuals belonging to the same cluster cannot be
crossed between them.

3. Due to its adaptive mechanism, parameterd is
automatically reduced. This reduction increases the
average Þtness of population. As a consequence, the
size and number of clusters is reduced.

Our approach to model CHC are based in these observa-
tions. In essence, the proposed model makes estimations
about the behavior of these clusters and their contributions
to the current generation of individuals. As a result, we
estimate measures on the average performance each
generationt such as expected average population Þtness

(denoted byf ðtÞ
best), the best ÞtnessðFðtÞÞ or number of

offspring ðNðtÞ
offsÞ:

Although the search spaceX � < n is continuous, for
practical purpose is discretized (Poli et al.2007) and
denoted asX� : This discretized search space is imple-
mented by using hypermatrices of sizekX� k ¼ sn; wheres
is the number of intervals of discretization at each
dimension. This notation is used below for analyzing the
computational complexity of each operation performed
according to the size of hypermatrices.

Hence, the proposed model works with probability dis-
tributions (in statistics, probability mass functions or PMF)
instead of probability density functions. These dynamical
probability distributions denoted byuðtÞðxÞ identiÞes, at
each iterationt; the percentage of population individuals
located atx 2 X� ; or rather, within a particular interval of
discretization ofX� : A PMF or probability distribution can
be understand as the composition of an inÞnite-sized
population limit.

When we compare the results obtained by PMF with
obtained by an actual Þnite-sized population, we observe
differences. Because population size is a discrete value,
probability distributions used by models cannot reßect the
effect of genetic drift that suffer populational algorithms.
However, these differences are reduced when the population
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size is increased. Thus, inÞnite population size is a reason-
able approximation to the Þnite population case usually
made by many theoretical models (Barnett1998) that make
it easier to deal analytically.

PMF is implemented by using hypermatrices that dis-
cretize this search space. Although discretization intro-
duces errors in approximations, we observe experimentally
that is possible to achieve accurate quantitative predictions
using hypermatrices of relatively small size. Moreover,
discretization is often introduced in CHC algorithm to
measure distances such as Hamming distance.

In the beginning, all individuals of population are uni-

formly distributed overX� : We denote this PMF byuð1Þ
par

distribution. At each generationt; the parent PMFuðtÞ
par is

recurrently updated by modeling the algorithmÕs operators.
Therefore, it satisÞes:

8t 2 ½1; G� :
X

x2X�

u ðtÞ
parðxÞ

 !
¼ 1 ð3Þ

whereG is the number of generations or run length.
To model crossover operator, we estimate the offspring

PMF denoted byuoffs using intermediate probability dis-
tributions according to each clusterki ; as well to these
individuals do not belong to any clusterÑdenoted byK:
Each pair of individuals generates an offspring when they
are crossed. This means that the number of offspring is at
most half the size of the population. Formally,

8t 2 ½1; G� :
X

x2X�

u ðtÞ
offsðxÞ

 !
� 0:5 ð4Þ

To simplify the notation, in the following, we will use the
termsu or u ...ðxÞinstead ofuðtÞ

... ðxÞ:
Selection and replacement require calculating the dis-

tribution of Þtness values of the population individuals by
using the hypermatrixupar: To perform this calculation, we
deÞneF� ðxÞas the distribution of Þtness values over the
discretized search spaceX� : This hypermatrix of Þtness
values is used to determine which are the regions within
search space with lower Þtness, where decreases the pres-
ence of individuals into the population. In this way,
selection does reduce its probability in the distributionupar:

Shortly, the procedure of model is summarized in Fig.1
where the steps for modeling crossover, replacement and
performance are detailed in the following sections.

4 Modeling elitist replacement and selection

At each generation, a new parent population incorporates
the offspring generated:

uðtÞ
par0 ¼ uðtÞ

offs þ uðtÞ
par ð5Þ

In order to fulÞll Eq.3 and thereby hold the population size
constant, we need to initialize some positions ofupar0 with
low Þtness to model the selection of individuals for the
next generation.

For this purpose, this probability distribution is sorted
according to its Þtness, and the best are selected by
determining a cutting Þtnessfk: The procedure to deter-
minate this value requires the hypermatrixF� ðxÞ: Each
Þtness value is paired with its probability as follows:

FP¼ fhf ; pij f ¼ F� ðxÞandp ¼ uðtÞ
par0ðxÞ; 8x 2 X� g ð6Þ

and the FP is sorted by Þtness satisfying that:

8i; j 2 ½1; #FP� : fi � fj () i � j ð7Þ

where hfi ; pi i ¼ FP½i�; hfj ; pj i ¼ FP½j� and #FP¼ sn is the
size of FP.

From the ordered set FP, we search the positionk that
meets that the cumulated sum of probabilities of previous
positions is closer to 1, i.e. the cumulated percentage
of individuals completes the entire population. Formally,
k satisÞes

k ¼ max j
Xj

i¼1

pi � 1

�����

( )
ð8Þ

wherehfi ; pi i ¼ FP½i�:
Finally, we usefk to initialized to 0 these positions of

upar0ðxÞwith lower Þtness values:

uðtþ 1Þ
par ðxÞ ¼ uðtÞ

par0ðxÞ; if F� ðxÞ � fk
0; otherwise

�
ð9Þ

wherehfk; pki ¼ FP½k�:

Fig. 1 Procedure for modeling CHC algorithm
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Because of sorting process, the computational com-
plexity of this operation isOðlogðsÞn snÞwheresn is the
size ofn-dimensional hypermatrices.

5 Modeling crossover operator and incest
prevention mechanism

We assume the Þtness function is a landscape withnc peaks
within one local optimum. Each peak of the function is
treated independently as follows. For each peaki; we
consider a clusterki of radiusd=2; whered is the inhibitory
distance of crossover. A clusterki is deÞned by a hyper-
sphere centered at the position of the local optimumxi :

ki ¼ f x 2 X� j kx � xik � d=2g ð10Þ

wherek:k is the euclidean distance. In the practice, the size
of clusters can be smaller whether individuals around the
optima have Þtness lower than the worst one of the
population.

From parent PMF, we deÞne probability distribution of a
clusterki as:

uhpar;ki i ðxÞ ¼
uparðxÞ; if x 2 ki

0; otherwise:

�
ð11Þ

Each cluster is crossed with all locations of parent PMF
that do not belong to this cluster. As a result of this mating
process of probability distributions, a PMF of offspring
denoted byuhoffs;ki i is generated for each cluster.

In a Þrst approximation, a PMF of all offspring is cal-
culated by adding the offspring of each cluster, weighted
by the probability of each cluster. This weight is the
probability of selecting an individual inside this cluster as
the Þrst individual for the crossing, and it is deÞned as:

pki ¼
X

x2ki

uhpar;ki i ðxÞ ð12Þ

and probability distribution of all offspring is estimated
adding the contribution of each cluster as follows:

uoffsðxÞ ¼
Xnc

i¼1

ðpki uhoffs;ki i ðxÞÞ ð13Þ

We observe this simpliÞed model of coarse-grained can
be reÞned by Þlling down some shortcomings. Each case is
discussed below and provides a correction factor to the
contribution in the offspring of each peak. By considering
these cases, the probability distribution for the offspring
becomes:

uoffsðxÞ ¼c1c2c3

Xnc

i¼1

ðpki uhoffs;ki i ðxÞÞ þuhoffs;Ki ðxÞ ð14Þ

wherec1; c2 andc3 are deÞned later in Eqs.20, 21 and22,
respectively; anduhoffs;Ki is the offspring of crossing

individuals outside any cluster, explained in the following
section.

5.1 Crossing each cluster with the rest

uhoffs;ki i is the offspring produced by crossing a clusterki

with parent locations outside of the cluster. At Þrst, the
uhoffs;ki i matrix is initialized to 0. The idea is that the
proportion of individuals in eachx outside the cluster
(denoted byuparðxÞ) is linearly recombined with all posi-
tions xa inside a clusterki : Each one of these crossings
evenly redistributes the proportion ofuparðxÞthroughout all
intermediate locations between pair of recombined parents,
according to thea parameter of sBLX-a operator. Each
crossing is performed with a probabilitywa which is pro-
portional touparðxaÞ: As a result of this process, the per-
centage of individuals inuhoffs;ki i increases for intermediate
locations between each pair of combined parents.

This procedure is accurate but computationally expen-
sive because it must cover all locations of a hypercone of
base hyperspherical. Asd is relatively huge, specially in
Þrst stages of the optimization process, the crossing with
the center of the cluster or with its periphery implies great
differences in redistributions. This restriction makes that
the process cannot be simpliÞed by using a single point as
representative of the whole cluster.

Instead, we propose a hybrid solution that solves this
problem, achieving a less accurate approximation, but
computationally cheaper. Thereby, we combine the current
location x with all locations xa from the periphery of
the cluster in direction toward the center of clusterxi :
Formally, we deÞne

xa ¼ aðx � xiÞ þ xi; 8a 2 ½0; d� ð15Þ

whered ¼ d=ð2kx � xikÞis the relative size of the radius
from the distance of both positions, andd=2 is the radius of
the cluster.

Due to each cross occurs with a given probability,x is
combined with individuals located atxa with probabilitywa

deÞned as:

wa ¼ uparðxaÞ
Xd

c¼0

uparðxcÞ

,
ð16Þ

Crossing process performed by BLX forx and xa

involves a uniform redistribution ofuparðxÞfor intermediate
locations xb: As search spaceX� is discretized, these
locations are adjacent positions of hypermatrixupar

Dynamics of real-coded CHC
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generated by stepDb: By assuming sBLX-a with a ¼ 0; b
can be Þxed within interval½a; 1�: Therefore, these
redistributions are performed along a normalized distance
1 � a: Formally, the proportion of individualsuhoffs;ki i ðxbÞ
increases as follows:

Duhoffs;ki i ðxbÞ ¼uparðxÞwa
1

1 � a
Da; 8b 2 ½a; 1� ð17Þ

where Da is the interval for the discretization ofa also
used to traveling adjacent positions of hypermatrixupar:
Figure2 shows schematically a graphical representation
for the notation used.

One way for optimizing this process is to considerxa

in terms of xb: SpeciÞcally, for each locationxb we
consider all pointsxa that combined withx can generate
individuals in xb: Under this approach, Eq.17 can be

reformulated so thatxb increases its probability depending
on x as follows:

Duhoffs;ki i ðxbÞ ¼uparðxÞ
Zminðb;dÞ

a¼0

wa

1 � a
da; 8b 2 ½0; 1�

ð18Þ

where minðb; dÞis used to avoidxa is outside cluster: in
this section,x can only be crossed with positionsxa within
the cluster.

This reformulation of Eq.18 in terms of continuous
space provides an interpretation for the interval of the dis-
cretizationDa; as appeared in Eq.17. But to work on dis-
cretized spaces, botha and b use the same interval of
discretization such thatDa ¼ Db in order to traveling the
same adjacent positions of hypermatrixupar:

As the search space is discretized by using hypermatri-
ces of sizekX� k ¼ sn; this size is used to deÞne compu-
tational complexity of the whole process. In particular, the
Eq. 18 is computed according to locations betweenx and
the center of the clusterxi : the number of locations is
asymptotically limited byOð

ffiffiffi
n

p
sÞ: This process is applied

to eachx 2 X� to calculateuhoffs;ki i : Thereby,uhoffs;ki i is

computed inOð
ffiffiffi
n

p
snþ 1Þ:

To graphically illustrate the whole process, Fig.3 shows
the result of crossing a cluster with the remaining clusters
for a simple example. In this Þgure, we observe an
attraction effect toward the cluster used in the cross. This
gives the algorithm the ability to explore positions between
clusters. Attraction effect also suggests a competition
between clusters controlled by the percentage of population
that brings.

Fig. 2 Schema of notation used in the crossing of a clusterki with an
external point x by assuming a ¼ 0: Linear redistribution of
uhpar;ki i ðxÞcrossingx with the locations located between the center
of the cluster and on its periphery

Fig. 3 Example of crossing a peak with the others in a search space
2D. Left A parent MPFuparðxÞwhere all positions within the cluster
are equally likely.Right probability distributionuhoffs;k3i obtained by

crossing the central clusterk3 with all external points.Darker regions
represent higher probability
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5.2 Overlapping clusters

When there are overlapping clusters, these individuals
located in overlap regions are considered more than once.
We deÞnepK as the probability of an individual is in any
cluster as:

pK ¼
X

x2K

uhpar;ki i ðxÞ ð19Þ

where K ¼ [ nc
i¼1ki contains the points belonging to any

cluster. Under this overlapping situation,pK may be
different to

P
pki : Although the importance of this gap is

reduced asd decreases, we deÞne a correction factorc1 to
Eq. 14 to remove the proportion of individuals which
should not have been considered:

c1 ¼ pK

Xnc

i¼1

pki

, !2

ð20Þ

where the proportion is squared because the overlap region
has been considered both within and outside the cluster in
the choice of mating pairs.c1 is computationally deter-
mined according to number of clusters inOðnc snÞ:

5.3 Parents chosen from the same cluster

In previous sections, we Þx one order in the choice of the
pair for mating (p.e. a cluster crossed with rest). This fact
requires halving the contribution of each cluster. SpeciÞ-
cally, pki is used to choose an individual inside a cluster
assuming it is the Þrst individual of to cross-pair. As this
can be the second, this probability should be half. More-
over, it also happens that both could belong to the same
cluster. For these reasons, the weight for each PMF in
Eq. 13 requires be adjusted by 0:5pki � pki

2: Due to this
improvement must be introduced after removing the effect
of the overlap, we introduce other correction factorc2 used
in Eq. 14 instead of modifying the weight:

c2 ¼ 0:5 �
pK

nc
ð21Þ

wherenc is the number of clusters andpK=nc is the average
probability of choosing an individual of a cluster.c2 is
computationally determined inOðnc snÞ:

5.4 Nearby clusters that interfere

In previous sections, we have already considered overlap
regions between clusters, but the model allows also to cross
points of different clusters which are closer thand: This
situation is produced when the distanced between centers
of clusters is lower than 2d: In order to remove these
crossings in a way computationally efÞcient, we use some
kind of rough heuristic. For this, we consider a situation

where two average clusters are separated by an distanced:
As shows Fig.4, the idea is to estimate the intersection of
one of these average clusters of radiusrA with a hyper-
sphere of diameterd; whose center is located midway
between the two clusters. This hypersphere represents an
interference region where crossings do not allowed.

On one hand, we approximated by the median of dis-
tances between pairs of cluster centers. On the other hand,
we estimate the average cluster by using the average vol-
ume VA of all clusters:VA ¼

Pnc
i¼1 Vki =nc wherenc is the

number of clusters, andVki is the volume estimated for each
cluster ki : Vki can be estimated considering only pointsx
belonging to clusterki having a probability higher than 0,
i.e. that meetsx 2 ki and uhpar;ki i ðxÞ> 0: Assuming this
volume is of a hypersphere, we calculate its radius using the

formula for volume of a hypersphererA ¼ ðVA=CnÞ1=nÑsee
Appendix for details. Therefore, we consider situations
where a cluster can have an effective radius lower thand=2
because some locations have Þtness values lower than the
worst of population.

As deÞned in Appendix, the intersection between the
average cluster of radiusra and a hypersphere of diameter
d located at a distanced=2 is VI ðrA; d=2; d=2Þ: By assum-
ing the probability of each point belonging to average
cluster is uniform, we estimate the probability inside the
volume of intersection as follows:

pI ¼
P

i pki

nc

VI

VA

wherepki is deÞned in Eq.12. Hence, we deÞne another
factor (see Eq.14) that removing crossings between pairs
of points:

c3 ¼ 1 � nc p2
I ð22Þ

whereVCðrAÞis the average probability of a cluster.c3 is
computationally determined according the number of
clusters inOðnc snÞ:

Fig. 4 Schema of intersection of average cluster of radiusrA with a
hypersphere of diameterd: Here, hyperspheres are represented as
circles. Intersection arearepresents crossings do not allowed

Dynamics of real-coded CHC

123



5.5 Crossings outside the clusters

In previous sections, we have only considered crossings in
which clusters are involved. But in early stages, we expect
many crossings are performed between individuals located
outside the clusters. In order to estimate this impact, we
may consider these points of the parent PMF which are not
in any cluster:

uhpar;Ki ðxÞ ¼uparðxÞ � max
ki

f uhpar;ki i ðxÞg ð23Þ

In order to avoid crossings between neighbor
individuals, we divide this space outside the clusters in
other virtual clusters shaped hypersphere of diameterd:
But for a better estimation of its number, it is more
convenient to consider hypercubes. Therefore, the number
of virtual clusters is given bynvc ¼ VK=dn whereVK is the

volume estimated considering pointsx that meets
uhpar;Ki ðxÞ> 0:

At this point, a Þne-grained formulation involves to
tessellate this space and re-apply all above cases for each
virtual cluster, but computational overhead does not worth
this level of detail. Instead, we assume offspring follows a
parental-like distributionupar and we estimate the extent to
which contributes to overall offspring:

uhoffs;Ki ðxÞ ¼c4uparðxÞ
X

x02X�

u hpar;Ki ðx
0Þ ð24Þ

where the parental distribution is normalized to match the
size of uhpar;Ki ; and c4 is the proportion of individuals of

the offspring generated by crossing.

This factor c4 is then estimated following a similar
reasoning to the previous cases. We deÞnepvc ¼ 1=nvc as
the probability of choosing a virtual cluster. This virtual
cluster is crossed with the other clustersÑthe latter with
probability ðnvc � 1Þ=nvc: The same operation is repeated
for each cluster. By this process, the offspring generated
has the following proportion:

c4 ¼ 0:5nvcðpvc � p2
vcÞ

nvc � 1
nvc

ð25Þ

In terms of computational complexity,uhoffs;Ki is computed
in Oðnc snÞ:

6 Average performance model

By the proposed model, some measures on the average
performance can be estimated at each generationt: These
are the measures used in our study: the number of offspring

ðNðtÞ
offsÞ; mean of the population ÞtnessðFðtÞÞ and Þtness

value of the best solution foundðf ðtÞ
bestÞ: These measures are

estimated on the basis of bothuoffs andupar PMFs.
uoffs is calculated by crossover model as it is described

in Sect.5. In terms of computational complexity, this
hypermatrix is computed inOðnc

ffiffiffi
n

p
snþ 1Þwherenc is the

number of clusters andsn is the hypermatrix size. According
to the complexity of selection model described in Sect.4,
upar is computed inOðlogðsÞn snÞ:

Noffs measure is specially interesting to evaluate the
computational effort because it is an estimator about the

Table 1 Peak features: height, width and location for each functionF1ÐF5

FunctionF1 FunctionsF2ÐF5

hi wi PðiÞ hi wi PðiÞof F2 PðiÞof F3 PðiÞof F4 PðiÞof F5

50 50 25 25 40 80 35 85 35 85 35 35 85 35 85 35 85 35 85 50

30 50 66 66 -55 50 75 75 75 75 75 75 75 75 75 75 75 75 75 30

95 50 30 80 75 65 25 30 25 30 30 25 30 30 25 25 30 30 25 87

70 50 75 15 99 135 45 45 45 45 45 45 45 45 45 45 45 45 45 34

100 10 45 45 85 80 80 55 80 55 55 80 55 55 80 80 55 55 80 67

Ð Ð Ð 95 40 65 55 65 55 65 65 55 65 55 65 55 65 55 72

Ð Ð Ð -85 90 25 65 25 65 25 25 65 25 65 25 65 25 65 12

Ð Ð Ð 65 60 85 15 85 15 85 85 15 85 15 85 15 85 15 34

Ð Ð Ð 92 60 90 90 90 90 90 90 90 90 90 90 90 90 90 24

Ð Ð Ð -35 75 70 10 70 10 10 70 10 10 70 70 10 10 70 78

Ð Ð Ð -10 25 45 45 45 5 45 45 45 45 45 45 45 45 45 69

Ð Ð Ð 30 70 30 30 30 30 30 30 30 30 30 30 30 30 30 76

Ð Ð Ð -45 250 15 15 15 15 15 15 15 15 15 15 15 15 15 45

Ð Ð Ð 85 70 60 35 60 35 60 60 35 60 35 60 35 60 35 12

Ð Ð Ð -50 200 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Ð Ð Ð 85 1,000 50 50 50 50 50 50 50 50 50 50 50 50 50 20
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required number of Þtness function evaluations. Because
uoffs is the percent of population for each location, the sum
of all locations is an estimator for the relative size of the
offspring from parents. Therefore, the number of offspring
Noffs can be calculated as

NðtÞ
offs ¼ N

X

x2X�

u ðtÞ
offsðxÞ

$ %
ð26Þ

whereN is the population size. In terms of computational

complexity,NðtÞ
offs is computed inOðsnÞ:

The expected value for the population ÞtnessF is the
sum of the probability of each location multiplied by its
Þtness:

FðtÞ ¼
X

x2X�

ðuðtÞ
parðxÞF� ðxÞÞ ð27Þ

whereF� is a Þtness-value distribution. According to both

F� andupar hypermatrix sizesF
ðtÞ

is computed inOðsnÞ:
Fitness value of the best solution foundfbest can be

estimated by a method similar to that previously used to
determine cutting Þtness for selection operator. From the
ordered set FP deÞned in Eq.6, we search the locationk
that meets that the cumulated sum of probabilities of pre-
vious locations is closer to 1=N; being N the population
size. Accordingly, it is expected at least one individual with
Þtness greater or equal thanfk: Hence,

f ðtÞ
best ¼ fk ð28Þ

wherehfk; pki ¼ FP½k� and

k ¼ min jj
Xj

i¼1

pi �
1
N

and j 2 ½1; #FP�

( )
ð29Þ

wherehfi ; pi i ¼ FP½i� and #FP the number of pair of FP.
Because of sorting process, the computational complexity
for this measure isOðlogðsÞn snÞ:

Therefore, the computational complexity of whole
model is Oðnc

ffiffiffi
n

p
snþ 1 þ logðsÞn snÞ according to dimen-

sionality of functionðnÞ; number of peaksðncÞand quality
of discretization of search spaceðsÞ:

7 CHC model implementation

The model works with hypermatrices which discretize the
search space to both PMF and Þtness function discretiza-
tion. Due to hypermatrix size scales up with the dimen-
sionality, it is need to discuss several implementation
details which make feasible to apply the model in higher
scale functions. Computational time and memory require-
ment are two key concepts in feasibility of the model.

The number of intervals of discretization (denoted ass)
is the same for each variable of function and each cell of

Table 2 Averaged time measures (s) required by the model (tmodel) and one algorithm runðtrunÞaveraging 100 runs for the set of test functions

F trun #F� tmodel by #u :

15n 18n 19n 20n 25n 50n 100n

F1 0.187 106 Ð Ð Ð 0.252 0.297 1.06 5.59

F2 0.176 106 Ð Ð Ð 0.404 0.555 1.99 13.6

F3 0.177 49,836,032 Ð Ð Ð 4.40 8.96 116 Ð

F4 0.174 49,787,136 Ð Ð 83.9 103 314 Ð Ð

F5 0.174 45,435,424 331 857 1,168 Ð Ð Ð Ð

Model results are shown according to hypermatrices sizes

Fig. 5 Graphical representation for functionsF1 (up) andF2 (down)
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the matrix store a ßoat coded in simple precision. In par-
ticular, the PMF such as parentðuparÞor offspringðuoffsÞ
are implemented by matrices whose size is denoted by
#u ¼ sn:

An initial hypermatrix of Þtness values, denoted byF�
0;

is performed by uniform sampling of the search space. This
matrix size is denoted by#F� has been limited to 5	 107

items. But this matrixF�
0 is a raw matrix that is cropped

and resized dynamically to the size of the probability dis-
tribution hypermatrices, according to the needs of the
model as is shown below. This reduced matrix denoted by
F� is used by the model, as was seen. SpeciÞc values used
in our experiments for#u and #F� are summarized in
Table2.

We observe in early stages of the search that it is not
needed to work with a Þne-course discretization, unlike
what happens in later stages. At the same time, these
regions without presence of individuals unnecessarily
extend the process. Whether these hypermatrices are clip-
ped and dynamic rescaled, we reduce considerably their
sizes. The time overhead for this process is well invested
because it reduces the time consumed by operating
unproÞtable matrix positions.

The process of rescaling is done by following these
steps:

€ For each dimension, it is estimated ranges of the
hypermatrix containing non-empty positions. This
allows you to calculate a new effective domain for
the function.

€ We calculate the percentage of relative volume of new
domain of the function with regard to the old. The
process of rescaling is done if this percentage is less
than a given constant. In our case, 60% achieves better
results in the quality-time trade-off.

€ We construct a new matrixupar that it discretizes the
new domain from old-matrix information. For each
position of the new matrix, we calculate the corre-
sponding position in the former.

€ The same process is used to construct a new matrixF�

of same size and domain thatupar but using the data
from F�

0:

This model has been implemented using Scilab 5.3., and
some low-level critical routines have been built in language
c usingintersci as interfacing tool. These external routines
are mainly cluster crossover and rescaling routines.

Fig. 6 Prediction for
population probability

distributionuðtÞ
par and real

locations of population
individuals by one run of
algorithm usingF1: Each
picture shows the generations
t ¼ 1; 20; 60; 99: Darker
regionsrepresent higher
probability. Individual locations
are marked withstars
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Some other efÞciency improvements for its implemen-
tation have been introduced as well: (a) When it is detected
peaks of cluster without individuals, with probability dis-
tribution equal to 0, these are not considered. (b)pnc is

calculated using a boolean hypermatrix that is used as
mask to select the region of interest from a parent PMF.
(c) Equations16and18are computed as a sum by traveling
of the corresponding discrete locations of hypermatrices.

Fig. 7 Prediction for
population probability

distributionuðtÞ
par and real

locations of population
individuals by one run of
algorithm usingF2: Each
picture shows the generations
t ¼ 20; 40; 60; 99: Darker
regionsrepresent higher
probability. Individual locations
are marked withstars

Table 3 Error measures
achieved by the model and

standard deviation forFðtÞ and

f ðtÞ
best; averaged for all

generations

Values are shown according to
hypermatrices sizes

Func. Measure Values

F1 #u 25n 50n 100n r

DF 0.09575 -0.02224 -0.03923 0.08494

Dfbest 0.01460 -0.01453 -0.01011 0.06897

F2 #u 25n 50n 100n r

DF 0.00098 -0.00413 -0.00113 0.01721

Dfbest -0.00232 -0.00121 -0.00077 0.00527

F3 #u 20n 25n 50n r

DF 0.02275 0.01725 0.01209 0.03612

Dfbest -0.00062 0.00186 0.00364 0.02695

F4 #u 19n 20n 25n r

DF 0.02924 0.03961 0.05195 0.04388

Dfbest 0.00425 0.01533 0.02064 0.04310

F5 #u 15n 18n 19n r

DF 0.01868 0.02179 0.00653 0.03398

Dfbest -0.03411 -0.00737 -0.02292 0.05876
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By a reformulation, partial results can be accumulated
to avoid redundant calculations. (d) Some intermediate
PMF as deÞned in Eq.11 are not calculated. Instead, a
conditional sentence is inserted in the code.

8 Cases of study

We seek out the model behavior with different ruggedness
and scale of the problem. For this purpose, we deÞne the

Table 4 Area of curves for
F; fbest; Noffs : real measures
(mean and standard deviation
using 300 runs) and model
predictions are shown for each
function according to
hypermatrix sizes

All values are normalized

Funct. #u F fbest Noffs

F1 Mean 0.5488 0.9135 0.2270

r 0.0743 0.0510 0.0445

Model 25 0.6374 0.9115 0.1122

Model 50 0.5194 0.9062 0.1520

Model 100 0.5024 0.9032 0.1716

F2 Mean 0.9050 0.9937 0.0661

r 0.0126 0.0036 0.0138

Model 25 0.9064 0.9919 0.0492

Model 50 0.9013 0.9927 0.0498

Model 100 0.9043 0.9929 0.0574

F3 Mean 0.7766 0.9542 0.0530

r 0.0298 0.0193 0.0094

Model 20 0.7960 0.9530 0.0616

Model 25 0.7905 0.9549 0.0564

Model 50 0.7854 0.9569 0.0570

F4 Mean 0.7169 0.9109 0.0500

r 0.0378 0.0287 0.0051

Model 19 0.7454 0.9120 0.0802

Model 20 0.7558 0.9294 0.0724

Model 25 0.7682 0.9320 0.0686

F5 Mean 0.6355 0.8192 0.0520

r 0.0294 0.0415 0.0054

Model 15 0.6541 0.7921 0.1368

Model 18 0.8006 0.8469 0.0914

Model 19 0.6419 0.7945 0.1206

Table 5 p values estimated by
using the Wilcoxon test to
compare real measures and
predictions for the area of
curvesF; fbest andNoffs

Results are shown for each
function and hypermatrix size

Funct. #u F fbest Noffs

F1 25 0.1768 0.7776 0.0875

50 0.5818 0.6787 0.1261

100 0.4155 0.6379 0.1939

F2 25 0.9527 0.4072 0.1764

50 0.6319 0.5063 0.1884

100 0.8636 0.5450 0.4645

F3 20 0.3941 0.7227 0.2309

25 0.5815 0.8127 0.4102

50 0.8290 0.9468 0.3782

F4 19 0.2997 0.8642 0.0870

20 0.1550 0.3806 0.0910

25 0.1088 0.3201 0.0910

F5 15 0.4305 0.3685 0.0851

18 0.0852 0.4370 0.0872

19 0.8852 0.3987 0.0872
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set of functions used to compare model predictions with
measures taken from algorithm runs. A useful approach
(the so-calledÞtness landscape) is to consider the function
as a linear combination of a set of unimodal functions
(peaks).

These functions (Marõ«n and Sole« 1999) called F1� F5

are deÞned as follows:

FnðxÞ ¼
Xm

i¼1

ðhie�k x� PðiÞk2=wi Þ ð30Þ

wherem is the number of peaks,x 2 X ¼ ½0; 100�n; n is the
dimensionality,PðiÞis the location of local optima,hi is the
height of each peak, andwi is its width.

A Þrst example of function denoted byF1 is a bidi-
mensional function with Þve peaks. These peaks have a
regular shape and are clearly distributed within search
space. The functionF2 is also bidimensional but it exhibits
more rugged landscape whose peaks have a more complex
shape. This function has been added input variables to
build functions of 3, 4 and 5 dimensions named asF3; F4

and F5; respectively. Figure5 plots the appearance of
the functionsF1 and F2; and Table1 shows these values
for PðiÞ; wi and hi which deÞne the features of each
function.

9 Numerical results

In the performed experiments, we use as population size
N ¼ 50; number of generationsG ¼ 100; sBLX-a with a ¼
0; the incest thresholdd is an Euclidean distance whose
initial value is dini ¼ 0:25; and the adaptive mechanism
does reduce the parameterd by multiplying by 0:9:

The hypermatrix sizes used by the model are shown in
Table2. SpeciÞcally, third column of this table summa-
rizes hypermatrix sizes with Þtness-value distribution

(denoted by#F� ). These values are calculated asbð5 	

107Þ1=ncn: Hence, we limit its size to 5	 107 cells. Table2
also shows the sizes of probability distribution hyperma-
trices (denoted by#u) which are used in our experiments
to assess their inßuence on model performance.

Time measures of Table2 have been obtained using a
PC with a CPU at 2.0 GHz and 500 MB of RAM memory.
As a result, this table illustrates the proposed model is
computationally tractable. As usual in simulation of theo-
retical models, time required by the modelðtmodelÞis higher
compared to a single run of algorithmðtrunÞ; especially
when using larger matrices and functions of higher
dimensionality. Unlike what happens with the model, the
algorithm performance is worse by increasing population
size. Also, many runs of the algorithm are required to

a

c

b

Fig. 8 Model predictions and real values at each generation for the
functions 2D:F1 (up), F2 using #u ¼ 1002 (middle), andF2 using
#u ¼ 202 (down). Model measures are represented bypoints, and the
curvesrepresent real measures
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statistically estimate its average behavior and to reduce the
effect of genetic drift in results.

In order to illustrate the accuracy of predictions in dis-
tribution of locations of population individuals, we show in
Figs.6 and7 the expected probability mass obtained by the
model and real individual locations achieved by one
algorithm run. Four stages of optimization process are
represented in these Þgures for test functionsF1 (see
Fig. 6) andF2 (see Fig.7).

Figure6 shows that the proposed model is able to make
predictions about which clusters are active in each time
step, locations of these clusters and their sizes. Moreover,
Fig. 7 illustrates ability of the model to capture the
dynamics of the shape of the clusters, although the peaks of
function do not provide such a regular appearance on the
function landscape as shown by the functionF1:

Several experiments have been performed to compare
quantitatively the model predictions with average measures

taken from runs of the CHC algorithm. In particular, we

compare the number of offspringðNðtÞ
offsÞ; mean of the

population ÞtnessðFðtÞÞ and Þtness value of the best

solution found ðf ðtÞ
bestÞ: These experiments are mainly

focused on the inßuence of dimensionality and hypermatrix
sizes on the quality of model predictions. Some results
achieved from these experiments are summarized in
Table3 and plotted in Figs.8 and9Ñdata are collected in
Tables6, 7, 8, 9, 10, 11 and 12 included in Appendix.
In these Þgures, the predictions given by the model are
represented by points and the curves represent real
measures by averaging 300 algorithm runs.

Figure8 shows results for functionsF1 and F2: The
pictures of this Þgure show an accurate quantitative Þt of
model predictions compared to real measures taken from
algorithm runs. Despite the more rugged appearance of the
function F2; the adjustment between real and model

a

c d

b

Fig. 9 Model predictions and real values at each generation for the functions 3D to 5D:F3 andF4 (up), F5 using#u ¼ 195 and#u ¼ 155

(down). Model measures are represented bypoints, and thecurvesrepresent real measures
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measures is also quite accurate. SpeciÞcally, the mean of
population Þtness and the best Þtness values are in the worst
case within the range that provides the standard deviation.

Figure8b and c show the results by using hypermatrices
of sizes #u ¼ 1002 and #u ¼ 202 for function F2: A
lower value for #u introduces errors in estimating the
Þtness average, whose inßuence is more pronounced in
early stages of optimization.

Our model works with real-coded measures to estimate
the averaged number of offspring. Considering only one
algorithm run, this measure is a discrete value that shows
oscillations and it reaches zero more often, but softened
when averaged. Therefore, to make predictions aboutd is
more complicated in Þnal stages, according to the results
shown in Fig.8.

Results for functionsF3� F5 are shown Fig.9. As shown
in Fig. 8, these results also show a quantitative Þt of model
predictions, although we observe a slight worsening with
increasing dimensionality of the function. The reason is

that the matrix size#F� is a constant but the number of
discretization intervals decreases with increasing dimen-
sionality. In Fig.9c and d, we compare the results for
function F5 achieved by using hypermatrices of sizes
#u ¼ 155 and #u ¼ 195; respectively. As in the case of
F2; a lower value for#u introduces an error in estimating
the Þtness average and the best Þtness, but in this function
its inßuence is seen in all stages.

9.1 Statistical analysis

Table3 summarizes average numerical results forFðtÞ and

f ðtÞ
best: SpeciÞcally, this table shows prediction errors cal-

culated as differences between average real measures and
model predictions. These differences are averaged for all
generationst and denoted byDF andDfbest: Each column
in the table shows prediction errors by using different
hypermatrix size#u: The last column shows standard

Table 6 Model predictions and average simulation data at each generation for the functionF1

t Model predictions Averaged measures using real CHC Differences

F fbest Noffs d F fbest Noffs d DF Dfbest

1 0.0554 0.5327 0.36 0.25 0.0612
 0.0198 0.6368
 0.1869 0.36 0.25 0.0058 0.1041

5 0.1066 0.6644 0.18 0.25 0.1410
 0.0369 0.7578
 0.1516 0.29 0.25 0.0344 0.0935

10 0.1761 0.7719 0.22 0.25 0.2414
 0.0539 0.8304
 0.1221 0.28 0.25 0.0652 0.0584

15 0.2472 0.8138 0.22 0.25 0.3248
 0.0645 0.8713
 0.0978 0.28 0.25 0.0775 0.0575

20 0.3134 0.8942 0.22 0.25 0.3930
 0.0705 0.8949
 0.0784 0.27 0.25 0.0796 0.0007

25 0.3690 0.9072 0.22 0.25 0.4458
 0.0733 0.9082
 0.0705 0.26 0.25 0.0768 0.0010

30 0.4174 0.9138 0.22 0.25 0.4893
 0.0759 0.9164
 0.0665 0.25 0.25 0.0719 0.0026

35 0.4605 0.9221 0.22 0.25 0.5257
 0.0784 0.9229
 0.0616 0.24 0.25 0.0653 0.0009

40 0.4980 0.9340 0.22 0.25 0.5563
 0.0818 0.9280
 0.0587 0.24 0.25 0.0583 0.0060

45 0.5278 0.9356 0.18 0.25 0.5818
 0.0846 0.9334
 0.0566 0.23 0.25 0.0541 0.0021

50 0.5546 0.9382 0.16 0.25 0.6052
 0.0880 0.9370
 0.0557 0.22 0.25 0.0506 0.0012

55 0.5792 0.9402 0.16 0.25 0.6260
 0.0899 0.9396
 0.0547 0.21 0.25 0.0467 0.0006

60 0.6016 0.9402 0.16 0.25 0.6448
 0.0917 0.9433
 0.0520 0.21 0.25 0.0433 0.0031

65 0.6223 0.9402 0.16 0.25 0.6621
 0.0939 0.9459
 0.0503 0.20 0.25 0.0398 0.0057

70 0.6445 0.9402 0.16 0.25 0.6779
 0.0956 0.9474
 0.0499 0.19 0.25 0.0334 0.0072

75 0.6651 0.9402 0.14 0.25 0.6927
 0.0970 0.9499
 0.0494 0.19 0.25 0.0275 0.0097

80 0.6752 0.9402 0.10 0.25 0.7060
 0.0983 0.9514
 0.0493 0.18 0.25 0.0308 0.0111

85 0.6932 0.9466 0.10 0.25 0.7186
 0.0992 0.9527
 0.0490 0.18 0.25 0.0254 0.0060

90 0.7064 0.9872 0.10 0.25 0.7295
 0.1001 0.9537
 0.0490 0.18 0.25 0.0231 0.0335

95 0.7283 0.9872 0.10 0.25 0.7402
 0.1009 0.9549
 0.0485 0.18 0.25 0.0119 0.0323

96 0.7324 0.9872 0.10 0.25 0.7423
 0.1010 0.9550
 0.0483 0.18 0.25 0.0099 0.0321

97 0.7345 0.9872 0.10 0.25 0.7444
 0.1009 0.9554
 0.0480 0.18 0.25 0.0100 0.0318

98 0.7361 0.9872 0.10 0.25 0.7463
 0.1010 0.9556
 0.0479 0.18 0.25 0.0102 0.0315

99 0.7383 0.9872 0.10 0.25 0.7483
 0.1012 0.9559
 0.0476 0.18 0.25 0.0100 0.0312

100 0.7400 0.9872 0.10 0.25 0.7501
 0.1010 0.9561
 0.0477 0.17 0.25 0.0101 0.0311

G ¼ 100; N ¼ 50; dini ¼ 0:25; HS ¼ 1002: All values are normalized
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deviations obtained in 300 algorithm runs also averaged
for all generationst: In accordance with previous results,
this table shows numerically that errors obtained by using
these matrix size are within the range of the standard
deviations.

To statistically validate the signiÞcance of these results,

we consider the curves depicted by each measure (FðtÞ;

f ðtÞ
best; andNðtÞ

offs: In particular, these curves are quantiÞed as
the area below them for each algorithm run and model
prediction related. Table4 summarizes areas below curve
for model predictions according to hypermatrix sizeð#uÞ
in comparison to the curve areas by averaging 300 runs of
real-coded CHC algorithm.

We use a non-parametric test to validate if value dis-
tributions of these areas show signiÞcant differences to
areas predicted by the model. Thep values obtained by
applying the Wilcoxon test in each case are collected in
Table5. In all cases,p values are above 0.05. That means
the non-parametric test does not detect a signiÞcant evi-
dence for a difference between actual run measures and

model predictions at thea ¼ 0:05 signiÞcance level.
Therefore, statistical analysis does not prove signiÞcant
differences between actual behavior of real-coded CHC
algorithm and predictions performed by our model.

10 Conclusions

This paper proposes a theoretical model to describe the
behavior of the real-coded CHC algorithm in multi-peaked
landscape functions for several dimensions. The proposed
model works with dynamical probability distributions,
which were implemented by hypermatrices on a search
space dynamically discretized. Several experiments have
shown the ability of the model to capture the full dynamics
of the shape of the individual clusters, even when the
function landscape has an irregular appearance.

We have shown the feasibility of using small matrices to
make good predictions in functions up to 5D, within a time
computationally tractable, where errors in prediction can be

Table 7 Model predictions and average simulation data at each generation for the functionF2

t Model predictions Averaged measures using real CHC Differences

F fbest Noffs d F fbest Noffs d DF Dfbest

1 0.4618 0.9329 0.36 0.25 0.4959
 0.0329 0.9510
 0.0429 0.36 0.25 0.0341 0.0181

5 0.6341 0.9697 0.12 0.25 0.7047
 0.0300 0.9805
 0.0175 0.14 0.25 0.0706 0.0108

10 0.7672 0.9846 0.06 0.25 0.7833
 0.0261 0.9872
 0.0116 0.05 0.25 0.0161 0.0025

15 0.8293 0.9902 0.04 0.25 0.8194
 0.0248 0.9898
 0.0093 0.04 0.23 0.0099 0.0005

20 0.8564 0.9924 0.04 0.23 0.8457
 0.0230 0.9914
 0.0079 0.03 0.22 0.0107 0.0010

25 0.8811 0.9939 0.04 0.23 0.8660
 0.0228 0.9928
 0.0063 0.03 0.20 0.0151 0.0011

30 0.8990 0.9946 0.04 0.20 0.8834
 0.0222 0.9937
 0.0055 0.03 0.18 0.0155 0.0009

35 0.9187 0.9955 0.04 0.20 0.9003
 0.0219 0.9944
 0.0050 0.04 0.16 0.0183 0.0011

40 0.9311 0.9959 0.04 0.20 0.9165
 0.0205 0.9954
 0.0039 0.04 0.16 0.0146 0.0005

45 0.9399 0.9962 0.04 0.20 0.9306
 0.0183 0.9960
 0.0033 0.05 0.15 0.0092 0.0002

50 0.9457 0.9962 0.04 0.18 0.9418
 0.0155 0.9964
 0.0030 0.05 0.14 0.0039 0.0001

55 0.9517 0.9965 0.04 0.18 0.9506
 0.0135 0.9967
 0.0027 0.06 0.14 0.0011 0.0002

60 0.9562 0.9966 0.04 0.18 0.9575
 0.0118 0.9969
 0.0024 0.06 0.14 0.0013 0.0003

65 0.9602 0.9969 0.06 0.18 0.9629
 0.0106 0.9971
 0.0023 0.06 0.13 0.0027 0.0002

70 0.9649 0.9972 0.06 0.18 0.9672
 0.0097 0.9972
 0.0021 0.07 0.13 0.0023 0.0001

75 0.9694 0.9973 0.06 0.18 0.9708
 0.0092 0.9974
 0.0019 0.07 0.13 0.0014 0.0000

80 0.9728 0.9975 0.06 0.18 0.9737
 0.0086 0.9974
 0.0019 0.07 0.12 0.0009 0.0000

85 0.9757 0.9977 0.06 0.18 0.9761
 0.0081 0.9975
 0.0019 0.07 0.12 0.0004 0.0002

90 0.9784 0.9978 0.06 0.18 0.9782
 0.0077 0.9976
 0.0018 0.07 0.12 0.0002 0.0002

95 0.9809 0.9978 0.06 0.18 0.9800
 0.0072 0.9976
 0.0017 0.07 0.12 0.0009 0.0002

96 0.9811 0.9979 0.06 0.18 0.9803
 0.0072 0.9976
 0.0017 0.07 0.12 0.0008 0.0002

97 0.9813 0.9979 0.06 0.18 0.9807
 0.0071 0.9977
 0.0017 0.07 0.12 0.0006 0.0002

98 0.9823 0.9980 0.06 0.18 0.9809
 0.0070 0.9977
 0.0017 0.07 0.12 0.0014 0.0004

99 0.9827 0.9981 0.06 0.18 0.9812
 0.0070 0.9977
 0.0017 0.07 0.12 0.0014 0.0005

100 0.9830 0.9981 0.06 0.18 0.9815
 0.0069 0.9977
 0.0017 0.08 0.12 0.0015 0.0004

G ¼ 100; N ¼ 50; dini ¼ 0:25; HS ¼ 1002: All values are normalized
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controlled by adjusting discretization and population size. Our
results make possible accurate quantitative predictions about
some performance measures such as average Þtness, the best
Þtness reached or number of Þtness function evaluations. We
formulate a model to make quantitative predictions about the
actual behavior of the real-coded CHC algorithm which do not
show statistically signiÞcant differences.

Further work can be focused in two lines: convergence
studies, and to extend the model to a wider set of functions
and algorithms. The former concerns the ability of the
model to estimate probability of Þnding individuals in
clusters. These predictions could be used to study optima
population sizes and as well to predict local optima falling.
For instance, the latter would include to making predictions
in highly ruggedness landscapes. Our approach makes it
possible because the operation of cluster crossing is easily
parallelizable.
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Appendix: A formulation for hypersphere volumes

The volume of a hypersphereVH of radiusr ¼ d=2 is given
by VHðrÞ ¼Cnrn where n is the dimension, Cn ¼
pn=2=Cð1 þ n=2Þis the unit sphere, andCð:Þis the Gamma
function.

The volume for a hypersphere capVC of radiusr and
heighth is given by

VCðr; hÞ ¼Cnrn 1
2

�
r � h

r
C 1 þ n

2

� �

p
1
2C nþ 1

2

� � 2F1ða; b; c; zÞ

 !

ð31Þ

wherea ¼ 1
2 ; b ¼ 1� n

2 ; c ¼ 3
2 ; z ¼ ðr� h

r Þ2: 2F1 is a hypergeo-
metric function deÞned by the next series:

2F1ða; b; c; zÞ ¼
X1

i¼0

ðaÞnðbÞnzn

ðcÞnn!
ð32Þ

when it meetsz that in this case it ish > 0: Therefore,ðxÞn
is given as follows:

Table 8 Model predictions and average simulation data at each generation for the functionF2

t Model predictions Averaged measures using real CHC Differences

F fbest Noffs d F fbest Noffs d DF Dfbest

1 0.4478 0.9396 0.36 0.25 0.4959
 0.0329 0.9510
 0.0429 0.36 0.25 0.0481 0.0114

5 0.5839 0.9612 0.10 0.25 0.7047
 0.0300 0.9805
 0.0175 0.14 0.25 0.1208 0.0193

10 0.6977 0.9793 0.06 0.25 0.7833
 0.0261 0.9872
 0.0116 0.05 0.25 0.0856 0.0079

15 0.7884 0.9870 0.04 0.25 0.8194
 0.0248 0.9898
 0.0093 0.04 0.23 0.0310 0.0028

20 0.8322 0.9864 0.02 0.23 0.8457
 0.0230 0.9914
 0.0079 0.03 0.22 0.0136 0.0050

25 0.8695 0.9922 0.04 0.23 0.8660
 0.0228 0.9928
 0.0063 0.03 0.20 0.0035 0.0006

30 0.8888 0.9870 0.02 0.20 0.8834
 0.0222 0.9937
 0.0055 0.03 0.18 0.0054 0.0067

35 0.9082 0.9959 0.04 0.20 0.9003
 0.0219 0.9944
 0.0050 0.04 0.16 0.0079 0.0015

40 0.9228 0.9969 0.04 0.18 0.9165
 0.0205 0.9954
 0.0039 0.04 0.16 0.0062 0.0015

45 0.9363 0.9969 0.04 0.18 0.9306
 0.0183 0.9960
 0.0033 0.05 0.15 0.0057 0.0009

50 0.9419 0.9949 0.02 0.15 0.9418
 0.0155 0.9964
 0.0030 0.05 0.14 0.0000 0.0015

55 0.9523 0.9970 0.06 0.15 0.9506
 0.0135 0.9967
 0.0027 0.06 0.14 0.0017 0.0003

60 0.9591 0.9970 0.06 0.15 0.9575
 0.0118 0.9969
 0.0024 0.06 0.14 0.0016 0.0001

65 0.9653 0.9968 0.04 0.15 0.9629
 0.0106 0.9971
 0.0023 0.06 0.13 0.0024 0.0003

70 0.9688 0.9977 0.04 0.15 0.9672
 0.0097 0.9972
 0.0021 0.07 0.13 0.0016 0.0005

75 0.9702 0.9977 0.04 0.11 0.9708
 0.0092 0.9974
 0.0019 0.07 0.13 0.0006 0.0004

80 0.9742 0.9966 0.02 0.09 0.9737
 0.0086 0.9974
 0.0019 0.07 0.12 0.0005 0.0008

85 0.9790 0.9977 0.04 0.08 0.9761
 0.0081 0.9975
 0.0019 0.07 0.12 0.0029 0.0002

90 0.9851 0.9982 0.06 0.07 0.9782
 0.0077 0.9976
 0.0018 0.07 0.12 0.0069 0.0007

95 0.9877 0.9966 0.00 0.06 0.9800
 0.0072 0.9976
 0.0017 0.07 0.12 0.0077 0.0010

96 0.9877 0.9966 0.00 0.05 0.9803
 0.0072 0.9976
 0.0017 0.07 0.12 0.0074 0.0010

97 0.9889 0.9984 0.04 0.05 0.9807
 0.0071 0.9977
 0.0017 0.07 0.12 0.0083 0.0007

98 0.9894 0.9984 0.04 0.05 0.9809
 0.0070 0.9977
 0.0017 0.07 0.12 0.0085 0.0007

99 0.9894 0.9966 0.02 0.05 0.9812
 0.0070 0.9977
 0.0017 0.07 0.12 0.0082 0.0011

100 0.9894 0.9966 0.02 0.04 0.9815
 0.0069 0.9977
 0.0017 0.08 0.12 0.0079 0.0011

G ¼ 100; N ¼ 50; dini ¼ 0:25; HS ¼ 202: All values are normalized
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Table 9 Model predictions and average simulation data at each generation for the functionF3

t Model predictions Averaged measures using real CHC Differences

F fbest Noffs d F fbest Noffs d DF Dfbest

1 0.3392 0.6520 0.40 0.25 0.3733
 0.0205 0.7621
 0.1091 0.40 0.25 0.0341 0.1101

5 0.4957 0.8331 0.26 0.25 0.5327
 0.0222 0.8890
 0.0632 0.13 0.25 0.0370 0.0559

10 0.5879 0.9065 0.06 0.25 0.5947
 0.0214 0.9173
 0.0486 0.05 0.24 0.0069 0.0108

15 0.6391 0.9378 0.04 0.25 0.6303
 0.0233 0.9312
 0.0402 0.04 0.23 0.0088 0.0066

20 0.6699 0.9638 0.02 0.23 0.6629
 0.0261 0.9415
 0.0343 0.04 0.21 0.0070 0.0222

25 0.7128 0.9545 0.04 0.23 0.6928
 0.0284 0.9488
 0.0307 0.04 0.19 0.0200 0.0057

30 0.7475 0.9653 0.04 0.23 0.7213
 0.0308 0.9543
 0.0273 0.04 0.18 0.0263 0.0110

35 0.7741 0.9664 0.04 0.23 0.7472
 0.0329 0.9586
 0.0245 0.04 0.17 0.0269 0.0078

40 0.8019 0.9692 0.04 0.23 0.7705
 0.0347 0.9616
 0.0229 0.04 0.16 0.0315 0.0076

45 0.8144 0.9711 0.04 0.18 0.7917
 0.0364 0.9642
 0.0215 0.04 0.15 0.0227 0.0070

50 0.8334 0.9717 0.04 0.18 0.8103
 0.0381 0.9664
 0.0206 0.04 0.14 0.0231 0.0053

55 0.8479 0.9767 0.04 0.18 0.8266
 0.0398 0.9678
 0.0203 0.04 0.13 0.0213 0.0088

60 0.8554 0.9774 0.02 0.15 0.8411
 0.0416 0.9695
 0.0194 0.04 0.12 0.0142 0.0079

65 0.8695 0.9782 0.04 0.15 0.8546
 0.0429 0.9706
 0.0191 0.04 0.12 0.0150 0.0075

70 0.8817 0.9798 0.04 0.15 0.8669
 0.0441 0.9721
 0.0178 0.04 0.11 0.0149 0.0077

75 0.8839 0.9793 0.04 0.11 0.8782
 0.0453 0.9731
 0.0173 0.04 0.10 0.0058 0.0062

80 0.8975 0.9845 0.02 0.10 0.8884
 0.0460 0.9742
 0.0171 0.04 0.10 0.0091 0.0103

85 0.9167 0.9836 0.04 0.10 0.8979
 0.0468 0.9753
 0.0166 0.04 0.09 0.0188 0.0083

90 0.9393 0.9845 0.10 0.08 0.9066
 0.0468 0.9761
 0.0163 0.04 0.08 0.0326 0.0083

95 0.9433 0.9853 0.02 0.06 0.9148
 0.0464 0.9769
 0.0157 0.04 0.08 0.0284 0.0083

96 0.9457 0.9842 0.04 0.06 0.9163
 0.0464 0.9772
 0.0155 0.04 0.08 0.0294 0.0070

97 0.9457 0.9853 0.00 0.05 0.9177
 0.0463 0.9775
 0.0155 0.04 0.08 0.0280 0.0078

98 0.9489 0.9844 0.06 0.05 0.9193
 0.0462 0.9776
 0.0155 0.04 0.07 0.0296 0.0068

99 0.9515 0.9849 0.04 0.05 0.9207
 0.0461 0.9777
 0.0154 0.04 0.07 0.0307 0.0072

100 0.9536 0.9850 0.04 0.05 0.9222
 0.0459 0.9778
 0.0154 0.04 0.07 0.0314 0.0072

G ¼ 100; N ¼ 50; dini ¼ 0:25; HS ¼ 253: All values are normalized

Table 10 Model predictions and average simulation data at each generation for the functionF4

t Model predictions Averaged measures using real CHC Differences

F fbest Noffs d F fbest Noffs d DF Dfbest

1 0.2950 0.4736 0.42 0.25 0.3214
 0.0112 0.5871
 0.0963 0.43 0.25 0.0264 0.1135

5 0.3981 0.6894 0.32 0.25 0.4499
 0.0167 0.7675
 0.0905 0.13 0.25 0.0517 0.0781

10 0.5186 0.8642 0.08 0.25 0.5034
 0.0171 0.8291
 0.0778 0.04 0.24 0.0152 0.0350

15 0.5753 0.8933 0.04 0.25 0.5357
 0.0198 0.8548
 0.0687 0.04 0.22 0.0396 0.0385

20 0.5980 0.9571 0.02 0.20 0.5660
 0.0218 0.8719
 0.0606 0.04 0.20 0.0320 0.0852

25 0.6479 0.9571 0.02 0.18 0.5983
 0.0263 0.8863
 0.0556 0.04 0.18 0.0496 0.0708

30 0.6879 0.9324 0.04 0.18 0.6283
 0.0304 0.9021
 0.0468 0.03 0.16 0.0596 0.0303

35 0.7151 0.9585 0.04 0.18 0.6571
 0.0346 0.9130
 0.0422 0.04 0.15 0.0580 0.0454

40 0.7397 0.9585 0.04 0.15 0.6853
 0.0389 0.9225
 0.0385 0.04 0.14 0.0544 0.0360

45 0.7687 0.9620 0.04 0.15 0.7123
 0.0426 0.9293
 0.0353 0.03 0.13 0.0565 0.0328

50 0.7860 0.9571 0.02 0.13 0.7377
 0.0472 0.9348
 0.0333 0.04 0.12 0.0483 0.0223

55 0.7934 0.9589 0.04 0.12 0.7636
 0.0521 0.9409
 0.0324 0.04 0.11 0.0298 0.0179

60 0.8175 0.9620 0.06 0.11 0.7875
 0.0564 0.9466
 0.0294 0.04 0.10 0.0300 0.0155

65 0.8480 0.9682 0.06 0.10 0.8099
 0.0599 0.9508
 0.0278 0.04 0.09 0.0381 0.0174
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Table 10 continued

t Model predictions Averaged measures using real CHC Differences

F fbest Noffs d F fbest Noffs d DF Dfbest

70 0.8779 0.9714 0.06 0.09 0.8298
 0.0619 0.9537
 0.0278 0.04 0.09 0.0481 0.0177

75 0.8881 0.9780 0.02 0.07 0.8487
 0.0636 0.9561
 0.0279 0.04 0.08 0.0394 0.0219

80 0.9229 0.9780 0.02 0.06 0.8664
 0.0632 0.9587
 0.0273 0.04 0.07 0.0564 0.0193

85 0.9372 0.9765 0.04 0.05 0.8810
 0.0630 0.9604
 0.0269 0.04 0.07 0.0563 0.0161

90 0.9504 0.9774 0.10 0.05 0.8938
 0.0618 0.9618
 0.0269 0.03 0.06 0.0565 0.0156

95 0.9534 0.9774 0.12 0.04 0.9052
 0.0607 0.9636
 0.0266 0.03 0.06 0.0482 0.0138

96 0.9564 0.9774 0.08 0.04 0.9072
 0.0602 0.9639
 0.0267 0.03 0.06 0.0493 0.0134

97 0.9564 0.9780 0.00 0.03 0.9090
 0.0601 0.9641
 0.0266 0.03 0.05 0.0475 0.0139

98 0.9583 0.9798 0.04 0.03 0.9111
 0.0596 0.9645
 0.0265 0.04 0.05 0.0471 0.0152

99 0.9583 0.9780 0.02 0.03 0.9132
 0.0590 0.9649
 0.0265 0.04 0.05 0.0451 0.0131

100 0.9617 0.9798 0.14 0.03 0.9152
 0.0586 0.9651
 0.0265 0.04 0.05 0.0465 0.0147

G ¼ 100; N ¼ 50; dini ¼ 0:25; HS ¼ 204: All values are normalized

Table 11 Model predictions and average simulation data at each generation for the functionF5

t Model predictions Averaged measures using real CHC Differences

F fbest Noffs d F fbest Noffs d DF Dfbest

1 0.2714 0.3759 0.42 0.25 0.2860
 0.0076 0.4701
 0.0757 0.45 0.25 0.0146 0.0941

5 0.3059 0.4555 0.38 0.25 0.3817
 0.0177 0.6249
 0.0807 0.16 0.25 0.0757 0.1694

10 0.3563 0.5056 0.26 0.25 0.4316
 0.0176 0.6974
 0.0820 0.04 0.25 0.0752 0.1918

15 0.4050 0.5507 0.16 0.25 0.4603
 0.0198 0.7204
 0.0738 0.04 0.22 0.0552 0.1698

20 0.4328 0.5736 0.06 0.25 0.4895
 0.0233 0.7465
 0.0754 0.04 0.20 0.0567 0.1729

25 0.4435 0.8662 0.02 0.23 0.5166
 0.0249 0.7669
 0.0736 0.03 0.18 0.0731 0.0992

30 0.5455 0.7159 0.38 0.23 0.5448
 0.0269 0.7852
 0.0678 0.04 0.17 0.0007 0.0693

35 0.6306 0.8273 0.30 0.23 0.5701
 0.0285 0.8014
 0.0661 0.04 0.15 0.0605 0.0259

40 0.6318 0.8662 0.00 0.16 0.5960
 0.0292 0.8192
 0.0644 0.04 0.14 0.0358 0.0470

45 0.6554 0.8338 0.12 0.12 0.6208
 0.0317 0.8326
 0.0595 0.03 0.12 0.0346 0.0012

50 0.7031 0.8666 0.12 0.12 0.6461
 0.0351 0.8463
 0.0557 0.03 0.11 0.0570 0.0203

55 0.7445 0.8905 0.12 0.12 0.6704
 0.0377 0.8594
 0.0525 0.03 0.10 0.0741 0.0311

60 0.7485 0.9049 0.12 0.12 0.6944
 0.0406 0.8684
 0.0512 0.04 0.09 0.0540 0.0365

65 0.7809 0.9044 0.08 0.11 0.7175
 0.0420 0.8772
 0.0497 0.04 0.09 0.0634 0.0273

70 0.8099 0.9161 0.08 0.11 0.7413
 0.0434 0.8855
 0.0474 0.04 0.08 0.0686 0.0307

75 0.8235 0.9161 0.10 0.09 0.7630
 0.0445 0.8940
 0.0459 0.04 0.07 0.0605 0.0221

80 0.8292 0.9352 0.00 0.06 0.7843
 0.0456 0.9005
 0.0440 0.04 0.06 0.0448 0.0347

85 0.8570 0.9329 0.08 0.06 0.8042
 0.0464 0.9062
 0.0424 0.04 0.06 0.0528 0.0267

90 0.8746 0.9336 0.08 0.06 0.8219
 0.0466 0.9103
 0.0429 0.04 0.05 0.0528 0.0233

95 0.8607 0.9329 0.06 0.05 0.8372
 0.0467 0.9134
 0.0427 0.03 0.05 0.0235 0.0195

96 0.8661 0.9329 0.06 0.05 0.8403
 0.0467 0.9140
 0.0425 0.04 0.05 0.0258 0.0189

97 0.8710 0.9336 0.06 0.05 0.8431
 0.0466 0.9148
 0.0422 0.04 0.05 0.0279 0.0188

98 0.8746 0.9336 0.06 0.05 0.8458
 0.0465 0.9152
 0.0422 0.03 0.05 0.0288 0.0184

99 0.8773 0.9336 0.06 0.05 0.8486
 0.0467 0.9161
 0.0422 0.04 0.05 0.0287 0.0175

100 0.8798 0.9336 0.06 0.05 0.8510
 0.0470 0.9165
 0.0425 0.04 0.04 0.0288 0.0171

G ¼ 100; N ¼ 50; dini ¼ 0:25; HS ¼ 155: All values are normalized
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ðxÞn ¼
Yn� 1

i¼0

ðx þ iÞ ð33Þ

The volume of intersection of two hyperspheresVI can
be found by adding the volume of two hyperspherical caps.
Let r1 and r2 be the radius of both hyperspheres that
intersect, andd the distance between their centers. Then,

VI ðr1; r2; dÞ ¼VCðr1; h1Þ þ VCðr2; h2Þ ð34Þ

where the heights of the capsh1 andh2 are

h1 ¼
ðr1 þ r2 � dÞðr2 � r1 þ dÞ

2d
ð35Þ

h2 ¼
ðr1 þ r2 � dÞðr1 � r2 þ dÞ

2d
ð36Þ
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