
E = {e1, . . . , em}

X =
{x1, . . . , xn}

R
xi xj

xk xi

xk



R
X

X × X
µR : X × X −→ [0, 1]

X

n × n R = (rij) rij =
µR(xi, xj) ∀i, j ∈ {1, . . . , n}

(0.5, 1]

•
xi

•
xi xj ,

xj xi.

•
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X
R

x1, x2, . . . , xk(xk+1 = x1) xjRxj+1∀j =
1, . . . , k

xi

xj xk

xi xk

• rik ≥ min{rij , rjk}

•
min{rij , rjk} ≥ 0.5 ⇒ rik ≥ min{rij , rjk}

• rik ≥ max{rij , rjk}

•
min{rij , rjk} ≥ 0.5 ⇒ rik ≥ max{rij , rjk}

• rji

rij
· rkj

rjk
=

rki

rik

•
(rij − 0.5) + (rjk − 0.5) = rik − 0.5

0.5

rii = 0.5 ∀i

rij + rji = 1 ∀i, j

R = (rij)

∀i, j, k : rki = 1 − rik

≤ 1 − max{rij , rjk}
= min{1 − rij , 1 − rjk}
= min{rji, rkj}

∀i, j, k : rki ≥ max{rkj , rji}

∀i, j, k : rik = rij = rjk = 0.5.

∀i, j, k : rik = 1 − rki

≤ 1 − min{rkj , rji}
= max{1 − rkj , 1 − rji}
= max{rjk, rij}

∀i, j, k : min{rij , rjk} ≤ rik ≤ max{rij , rjk}.
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{xi, xj , xk} (rij + rjk >
1.5) ∨ (rij + rjk < 0.5) ⇒ rik 	∈ [0, 1]

{0, 1}

xi, xj , xk

rik = f(rij , rjk) ∀i, j, k

xi xk

xj

������� ���������
rik = f(rij , rjk)

rjkrij

f f : [0, 1] × [0, 1] → [0, 1].

f
f

rij , rjk

rik

f(x, y) ≥ f(x′, y′) if x ≥ x′ and y ≥ y′

f(rij , rjk) =
f(ril, rlk) ∀i, j, k, l.
rij = f(ril, rlj) rlk = f(rlj , rjk).

f(f(ril, rlj), rjk) = f(ril, f(rlj , rjk)) ∀i, j, k, l.

f

f(f(x, y), z) = f(x, f(y, z)) ∀x, y, z ∈ [0, 1]

∀i, j, k : rki = f(rkj , rji) = f(1 − rjk, 1 − rij)
rki = 1 − rik = 1 − f(rij , rjk)

f(1 − rjk, 1 − rij) = 1 − f(rij , rjk) ∀i, j, k.

f(x, y) + f(1 − y, 1 − x) = 1 ∀x, y ∈ [0, 1]

y = 1 − x x = y = 0.5
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f(x, 1 − x) = 0.5 ∀x ∈ [0, 1]

f(0.5, 0.5) = 0.5

∀i, k : f(0.5, rik) = f(f(rik, 1 − rik), rij)
= f(rik, f(1 − rik, rik))
= f(rik, 0.5)

∀i, k : rik = f(rij , rjk)
= f(rij , f(rji, rik))
= f(f(rij , rji), rik).

f(rij , rji) = 0.5

rik = f(0.5, rik) ∀i, k.

f.

f(0.5, x) = f(x, 0.5) = x ∀x ∈ [0, 1]

min{rij , rjk} ≥ 0.5 ⇒ f(rij , rjk) ≥ max{rij , rjk}

max{rij , rjk} ≤ 0.5 ⇒ f(rij , rjk) ≤ min{rij , rjk}
rij ≤ 0.5 ≤ rjk ⇒ rij ≤ f(rij , rjk) ≤ rjk

x ≥ 0.5 ⇒f(x, 1) = f(1, x) = 1

x ≤ 0.5 ⇒f(x, 0) = f(0, x) = 0

f(0, 0) = 0 ∧ f(1, 1) = 1

(x, y) ∈
{(0, 1), (1, 0)}.

f(0, 1) = f(1, 0) = 0.5.

x ≥ 0.5 ⇒ x =f(0.5, x) = f(f(0, 1), x)

=f(0, f(1, x)) = f(0, 1) = 0.5

x ≤ 0.5 ⇒ x =f(x, 0.5) = f(x, f(0, 1))

=f(f(x, 0), 1) = f(0, 1) = 0.5

f(0, 1) = f(1, 0) = 0.5
0.5 = x ∀x ∈ [0, 1].

(x, y) ∈
[0, 1]2\{(0, 1), (1, 0)}.

f(0, 1) (f(1, 0))

f(0, 1) = f(0, f(1, x)) = f(f(0, 1), x) ∀x ≥ 0.5

f(0, 1) = f(f(x, 0), 1) = f(x, f(0, 1)) ∀x ≥ 0.5

0.5. f(0, 1) > 0.5 f(0, 1) =
f(f(0, 1), 1) = 1 f(0, 1) < 0.5
f(0, 1) = f(0, f(0, 1)) = 0.

f(0, 1), f(1, 0) ∈ {0, 1}

f

(rij , rjk)
rik.

(0, 1) (1, 0).

lim
x→0

f(x, 1−x) 	= f(0, 1) ∧ lim
x→0

f(1−x, x) 	= f(1, 0).

f
xj , xk xl

f(rij , rjk) = f(rij , rjl) ∀i

rjk =f(0.5, rjk) = f(f(rji, rij), rjk)

=f(rji, f(rij , rjk)) = f(rji, f(rij , rjl))

=f(f(rji, rij), rjl) = f(0.5, rjl) = rjl
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f(rkj , rji) = f(rlj , rji) ∀i
rkj = rlj .

f (x, y) ∈
{(0, 1), (1, 0)},

f(x, y) = f(x, z) ∀x ∈]0, 1[⇒ y = z

f(y, x) = f(z, x) ∀x ∈]0, 1[⇒ y = z

f : [0, 1]× [0, 1] −→ [0, 1]

• f

[0, 1]2\{(0, 1), (1, 0)}.

• f(0, 1), f(1, 0) ∈ {0, 1}.

• f 0.5

[0, 1]

f

f

f

I

F : I2 −→ I
I2

F (F (x, y), z) = F (x, F (y, z))∀x, y, z ∈ I

F (x1, y) =
F (x2, y) F (y, x1) = F (y, x2) x1 =
x2 y ∈ I

φ : J −→ I

F (x, y) = φ
ˆ
φ−1(x) + φ−1(y)

˜
∀x, y ∈ I

J

]−∞, γ], ]−∞, γ[, [δ,∞[, ]δ,∞[, ]−∞,∞[

γ ≤ 0 ≤ δ I

φ(x)
φ(Cx) C 	= 0

F

F

[0, 1]

f

U
]0, 1[

[0, 1]2\{(0, 1), (1, 0)}.

φ−1 : [0, 1] −→ [−∞,∞] h(0) =
−∞, h(1) = ∞.

N e,

U(N(x), N(y)) =N(U(x, y))

N(e) =e

[0, 1]
N(x) = 1 − x.
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N(x) = 1 − x.

rji

rij
· rkj

rjk
=

rki

rik
∀i, j, k.

rij > 0 ∀i, j

∀i, j, k :rij · rjk · (1 − rik) = rik · rkj · rji ⇔
rij · rjk − rij · rjk · rik = rik · rkj · rji ⇔
rik · rkj · rji + rij · rjk · rik = rij · rjk ⇔
rik · (rkj · rji + rij · rjk) = rij · rjk ⇔

rik =
rij · rjk

rij · rjk + rji · rjk
⇔

rik =
rij · rjk

rij · rjk + (1 − rij) · (1 − rjk)

[0, 1]2\{(0, 1), (1, 0)}

U(x, y) =

8<
:

0, (x, y) ∈ {(0, 1), (1, 0)}
xy

xy + (1 − x)(1 − y)
,

N(x) =
1−x φ−1(x) =
ln x

1−x

[0, 0.5]× [0, 0.5] [0.5, 1]× [0.5, 1]
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