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Abstract

In this paper we present a general
procedure to complete fuzzy pref-
erence relations with missing val-
ues. Based on a consistency prin-
ciple characterized by the transitiv-
ity property, this procedure estimate
those missing values of an incom-
plete fuzzy preference relation. Dif-
ferent properties have been proposed
to model the concept of transitivity.
For each one of these, we present
a corresponding measure of consis-
tency of the opinions provided by an
expert. Keywords: Fuzzy Prefer-
ence Relations, Missing Information,
Consistency, Transitivity

1 Introduction

Consistency and lack of information are seri- .

ous challenges when dealing with Group Deci-
sion Making problems. The first one refers to
the capability of the experts to express their
preferences in a consistent way, that is, with-
out contradiction. The second one appears
when experts are not able to properly give
all the information that they are asked for.
There may be many different motives why an
expert could not be able to give some of his or
her preference opinions about the alternatives
on a problem. For example, the expert may
not have a precise or sufficient level of knowl-
edge about some of the alternatives; the ex-
pert may not able to discriminate the degree
to which some options are better than others;
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the expert cannot give his/her pref
a consistent manner. In those situs {
expert may have/want to give in
formation.

portant to properly characterize wh
tency properties the preferences sh
ply with [2, 5]. Also, it would be

~to have a measurement of consisten

sures to develop complete models
decision making problems that ob
tions by giving different importan
according to the level of consisten
preferences. In these models the co

In the literature we can find diff m;
proaches to deal with lack of ‘infor
[1, 6, 8, 9, 13]. In particular, in [1]-we

oped a procedure which was able to
missing preference values in mcomplete
preference relations. This proced was
based on the additive transitivity property;

In this paper we generalize our proct
estimate missing values in mcomplete
preference relations. This general proced
is also guided by consistency, but with
main difference of being able to be chara
ized by using any of the different tra,nmtwf A
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properties proposed in the literature. In such
s way, we can freely choose the transitivity
property that the preference relations should
comply with, and present a more flexible es-
timation procedure [1, 5, 6].

To do so, the paper is set out as follows: In
Gection 2 we present our preliminaries. In sec-
tion 3 we define consistency measures for in-
complete fuzzy preference relations, each one
of them associated to one of the known dif-
ferent transitivity properties. In section 4
we present the general estimation procedure
for incomplete fuzzy preference relations. Fi-
nally, in section 5 we point out our conclu-

sions.
9 Preliminaries

In this section we present the concepts of
complete and incomplete fuzzy preference re-
lations, as well as those of {ransitivity, consis-
tency and completeness for fuzzy preference
relations that will be needed throughout the
rest of the paper.

2.1 Fuzzy Preference Relations

In Group Decision Making, experts have to
express their preferences about a set of given
alternatives X = {z1,..,Zn}, (n > 2) in
order to find the best of those alternatives.
There exist several different formats which
can be used to represent experts’ preferences,
with Fuzzy Preference Relations being one the
most widely used in the literature.

Definition 1 ( [7, 10] ) A fuzzy preference
relation P on e set of alternatives X is a fuzzy
set on the product set X x X, i.e., it is char-
acterized by a membership function

pp: X x X — [0,]1]

When cardinality of X is small, the prefer-
ence relation may be conveniently represented
by the n x n matrix P = (p;), being py. =
pe(zi,z) (Vik € {1,...,n}) interpreted as
the preference degree or intensity of the alter-
native x; over Tx: pi = 1/2 indicates indif-
ference between x; and xx (T ~ Tt), pir = 1

indicates that x; is absolutely preferred to zy,
and pix > 1/2 indicates that z; is preferred to
. (zi = Tk). Based on this interpretation we
have that p; = 1/2 Vi€ {1,...,n} (z;i ~ =)

Although fuzzy preference relations are very
expressive and easy to use, and despite of the
fact that individual fuzzy preference relations

- can be easily aggregated into group prefer-

ences [4, 5, 7, 11, 12], they also present some
drawbacks. One of them refers to the prob-
lems of lack of information. It is not unusual
to find that some experts could have difficul-
ties in expressing every preference degree be-
tween every pair of alternatives. These dif-
ficulties appear due to different reasons: the
expert does not have a precise or sufficient
level of knowledge about some of the alterna-
tives, the expert is not able to discriminate
the degree to which some options are better
than others or maybe there are too many al-
ternatives and the expert cannot give every
prefereng}e degree in a consistent manner. In
these sitations the experts may choose not to
provide every preference degree that they are
required to, and thus, we have to deal with
incomplete fuzzy preference relations: '

Definition 2 A function f: X — Y is par-
tial when not every element in the set X nec-
essarily maps onto an element in the set Y.
When every element from the set X maps
onto one element of the set Y then we have a
total function. :

Definition 3 ( [6] ) An Incomplete Fuzzy
Preferenice Relation P on a set of alternatives
X is a fuzzy set on the product set X x X
that is characterized by a partial membership
function.

When an expert does not provide a particular
py we will call it a missing value and we will
represented it as p;; = z. We also introduce
the following sets:

A={(,k) |i,ke{l,...,n}Ai £k}
MV = {(i,k) € A| pi =z}
EV = A\ MV
EV; = {(i,k),(k,i) € EV}
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where MV is the set of pairs of alternatives
for which the preference degree of the first
alternative over the second one is a missing
value; EV is the set of pairs of alternatives
for which the expert provides preference val-
ues; and E'V; is the set of pairs of alternatives
involving alternative z; for which the expert
provides preference values. We do not take
into account the preference value of one alter-
native over itself as this is always assumed to
be equal to 0.5.

2.2 Transitivity, Consistency and
Completeness Concepts

We define the consistency of a fuzzy prefer-
ence relation as a degree to which the infor-
mation on the relation is not contradictory.
Because the preference degrees expressed in a
preference relation can be freely chosen by the
experts, we cannot directly assume that they

comply with any particular consistency prop-

erty. However, it is obvious that an inconsis-
tent source of information should not be con-
sidered as useful as a consistent one. There-
fore, to study the consistency of the preference
relations to correctly solve decision problems
we may face is quite important.

Consistency is usually characterized by transi-
tivity, which represents the idea that the pref-
erence value obtained by directly comparing
two alternatives should be equal to or greater
than the preference value between those two
alternatives obtained using an indirect chain
of alternatives [3], i.e., i == xj, = .. = Tj, =
I => T; >~ Tg.

In the literature, different properties to model
the concept of transitivity have been sug-
gested, as for example [2]:

e Triangle Condition
pij + o5k = P Y45k,

o Weak Transitivity:
min{p;j, pjx} > 0.5 = pix. > 0.5 V4,5, k,

e Maz-Min Transitivity:
pix = min{ps;, pir} Vi, ik,

o Maz-Maz Transitivity:
pix = maz{pij, Pix} Vi, 5.k,
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* Restricted Maz-Min Transitivity
min{py,pjx} = 0.5 = ;
P > min{p;,pi} Vi, jk,

mm{pu,pjk} >0.5=
Pik > maz{p‘l_?lpjk} Vi j: k,

e Additive Transitivity:
(pij—0-5)+(pjx—0.5) = (p—0. 5)

grees pij, Pik, pix fulfil one of the.pf‘
presented transitivity properties we

sistent. For example, a preference T
will be considered as additive consistent
preference values comply with the ad
transitivity property, or Maz-Min co T

volving those alternatives in the fuzzy p
ence relal:xon increases. If all the pref_

In [6] we investigated and developed a
plete decision making model which is able
handle incomplete information situations
that investigation, we made use of th
ditive transitivity property to define const
tency measures of fuzzy preference relatlon_s
Because additive transitivity may not be. il
most appropriate property to model con
tency for certain problems (it can be a very
restrictive property), in this section we will
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« seralize OUr consistency measures to accom-
f::date any of the above transitivity proper-
ties-
o transitivity properties presented in 2.2
be used to test whether a fuzzy prefer-
ence relation is consistent {according to that
ransitivity property) or not. However, they
capnot directly be used to measure the level
of consistency the preference relation is, ie,
.ven two inconsistent fuzzy preference rela-
fions we cannot discern which one is the most
inconsistent one.

As the preference relations that we are deal-
ing with could be incomplete, it may be also
pecessary to rewrite the particular transitiv-
ity properties we are studying to be able to
check that for every given pi in the prefer-
ence relation the property is satisfied or not,
and in the latter case, to measure how incon-
gistent every value is with respect to the rest
of information in the relation.

Example 1 The additive transitivity prop-
erty for a particular preference relation can
be rewritien as as:

- pg = pij +pjr — 0.5 Vi, gk (exp. 1) (1)

and from that expression, end knowing that
edditive transitivity implies reciprocity (pix =

1-ppi) we can also deduce that:
 pa=pik—pii+05 Vi,0k (exp.2) (2)
- and that:

P = pij — Drj + 0.5 Vi, 5,k (ezp.3) (3)
Example 2 Max-Min trausitivity property:
pik = min{pij, P} Vijk (ezp.1) (4)

. cannot be rewritten in any other form.

In order to check whether a particular value
P given by the expert is consistent or not,
preference values relating both alternatives ;
and x;. with other different alternatives are to
be known or provided by the expert. The sets
of alternatives (z;) that can be used to check
the consistency of a preference value pi. are
represented as HY, (I is the number of expres-
sions that a particular transitivity property
implies):

Example 3 The Hj sets for the additive
transitivity property are:
o For (ezp. 1) (1):
Hijjc = {.7 ?{;ilk l (7'r.7):(,7:k) € EV}

o For (exp. 2) (8):
HY = {j #i,k | (3,1),(G.k) € EV}

e For (exp. 3) (3):
Hj = {j #i,k | (), (k.5) € EV}

Exarﬁple 4 For Maz-Min transitivily prop-
erty there is only one ka set corresponding

to (ezp. 1) (4):
Hilk = {J ‘—Iézrk i ('Ia,j),(],k) € EV}

Once that we know the alternatives that can

be used to check_sthe_—consistency of a prefer-

ence value p; we define a partial consistency

degree according to every expression I as fol-

lows:

it

> ik

1 JEHY, . .

=4 —g— if (#Hyg #0)

#Hjy *
0

otherwise

where dffc is a normalized distance function

between the value pj and the value that
would be obtained by applying expression l.
Note that if ka = B-then expression [ cannot
be applied, and we assign cl;’fc =0).

Example 5 If the additive transitivity prop-
erty is used we have:

For (ezp. 1) (1):

ety = (2/3) - Ipix — (pis + Pk — 0.5)]
For (exp. 2) (8):

i} = (2/3) - pix — (psk — pji + 0.5)]
For (ezp. 3) (3):

B} = (2/3) - |pix — (pi; — Prj + 0.5)|
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Example 6 For Maz-Min transitivity prop-
erty we have:

For (ezp. 1) (4):
il = ) P mm| if (pi < mm)
ik 30 otherwise

with mm = min{pij, Pjk}-

Finally, the consistency level of the preference
value pj;, is obtained as a combination of the
partial consistency degrees and the complete-
ness measure presented in section 2.2:

CLi = or - (1 — ¢(clle))
where ¢ corresponds to the arithmetic mean.

C Ly = 1 means that the preference value py
is completely consistent with the other infor-
mation in the preference relation.

4 Generalized Procedure to
Estimate Missing Values

In [1, 6] we developed an iterative procedure
that allows the estimation of missing values
in incomplete fuzzy preference relations by
means of the application of the additive tran-
sitivity property. In this section we will gener-
alize that procedure to be able to use any of
the transitivity properties in the estimation
process, and thus to provide a more flexible
procedure in terms of its applicability.

In order to develop the procedure two differ-
ent tasks have to be carried out:

A) Establish the elements that can be esti-
mated in each step of the procedure, and

B) produce the particular expression that
will be used to estimate a particular miss-
ing value.

A) Elements to be estimated in step h

The subset of missing values MV that can be
estimated in step h of our procedure is de-
noted by EMV}, (estimated missing values)
and defined as follows:

EMV;, = {(7. k) € RMV}, |3j € {H] k}}
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where EMVy = @ (by definition),
stands for Remaining Missing Values

A1
RMV, = MV '\ U EMV,
=0
h—1
and where Hj} = U H!, where the e

=0
are computed in every iteration as in sectig
3 with the known and estimated values in{§
relation from the previous iteration. -

Example 7 For the Maz-Min transitiv
property, in iteration h of the procedure.
H; set is:

Hy = Hj = {7 | (i,7).0, k)eA\RMVh

When EMViaziter = 8 with mazlter:
the procedure will stop as there will no
any more mjssing values to be estimated;

pl -
B) Expression to estimate a partmu];'ir
value py. in step h

In order to estimate a particular value
with (i,k) € EMV}, we propose the a.pp
cation of the following function:

function estimate_p(i,k)
1. K=0

2. for every expression [ to evaluate:

3. o =0

ot
4. H#HL #0=cpl= —W;—';xt}
5. end for

6. Calculate cpig =

-3 cply
)

end function

T e

cply. is the minimum value that would be ob-
tained by the application of expression aﬂd
cpix is the final estimated value.
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} (by definition), ;, .E _ample 8 For the additive transitivily

erty we have that:

MV \ U | cply = pij + i — 0.5,
14 EMV, ;
=0 ‘ cply = pik — psi + 0.5,

Pl = pij — pij + 05,

gxample 9 For the Maz-Min transitivity

-1
_J H} where the HL
‘ Pmpgr!,y we have that:

=0
ery iteration as in séctig
nd estimated values in%j;
revious iteration,

" .
CI’.?k = min{pij, Pjk}-

Finally, the iterative estimation procedure

the Maz-Min transi pseudo-code is as follows:

on h of the procedure;;

(i,5), Go k) € A\ RMV; ESTIMATION PROCEDURE

0. EMVp=0

stop as there will not’h 1.h=1
ral i :
ues to be estimated; 0. while EMVh £ 0 {

for every (i,k) € EMV} {

4, estimate.p(i,k)

ate a particular valu

Vi, we propose the app 5}
ring function: 1 6. h++
7.}

’(i.k)

‘5 Conclusions

assion I to evaluate:

In this paper we have presented a general con-
sistency based procedure which allows the es-
timation of missing values in incomplete fuzzy
preference relations. This general procedure
allows the use of different transitivity prop-
erties to model the consistency concept to
implement in the particular decision making
problem to solve. Different consistency mea-
sures for the different transitivity properties
bave been defined. The proposed procedure
generalises those presented in [1, 6].

>

jeH!,
)= eply = R

==‘,|1c'ZCP5k
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