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AN OPTIMUM CONCEPT FOR FUZZIFIED
LINEAR PROGRAMMING PROBLEMS:
A PARAMETRIC APPROACH

F. HERRERAT — M. KovAcs? — J. L. VERDEGAY'

ABSTRACT. In this paper the optimality concept for (g, p)-fuzzified linear pro-
gramming problems is studied. It is shown that this model can be solved by
means of parametric linear programming problems. Moreover, some results about
the (g, p)-fuzzified linear programming problem are obtained using the parametric
linear programming problem.

1 Introduction

Let us consider the classical linear programming problem

n
Y vjz; — min (1)

J=1
subject to
n
Zaijfﬂjﬁaio, 4= Lo o i 585 (2)
i=1
z; 20, j=1,...,n, (3)

where a;5,v; €ER, ¢e=1,...,s, 7=0,1,...,n.
In the problem (1)-(3) the coefficients «;; and v; are supposed to be well
defined. However, these coefficients are generally known only approximately.

In this paper instead of (1)—~(3) we will examine the fuzzified version of this
problem assuming that the coefficients in the problem formulation are given by
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fuzzy numbers and the relations in the definition of the feasible set are also
fuzzy relations. Specially, we will examine the so called (g, p)-fuzzified linear
programming problems [3,6]. In this approach the side function g of the fuzzify-
ing parameters and the generator function g? of the Archimedean t-norm used
in the extension principle and in the intersection and Cartesian product of fuzzy
sets are defined by the same function g. We present an alternative formulation
of the optimality concept presented by Kovécs [4,5]. This formulation is based
on the parametric programming. The parametric approach has been studied in

[1,2,7].

2 Preliminaries

Let X be a universe and I be the unit interval on the real line R. Let
F(X) ={p | p: X — I} denote the set of all fuzzy subsets on X . The
characteristic function of A C X is a special fuzzy subset, which will be denoted
by xa.

A binary operation T : I x I — I is said to be a t-norm iff it is commu-
tative, associative, non-decreasing and T(a,1) = a for all @ € I. A t-norm
is Archimedean if it is continuous and 7T(a,a) < a for all 0 < a < 1. An
Archimedean t-norm admits the representation T'(a,b) = g(“l)(g(a) + (b)),
where the generator function g : I — R, is continuous, strictly decreasing,
9(1) =0 and ¢\ (z) = g7 (z) if z € [0,9(0)] and ¢(~V(z) =0 if z > ¢(0) =
go (go = oo is also allowed). Every t-norm induces an n-ary operation Tp_; :
I™ — I with the following rule T"~!(ay,...,a,) = T(T"_Z(al yereyGn—1), an) .

If T is Archimedean, then T" (ay,...,a,) = g(‘l)(i g(aj)) .
Jj=1

Let g : I — R4 be afixed function with the properties of a generator function
and let F; denote the subset of F(R) (set of fuzzy numbers over R) containing
the fuzzy numbers with the membership function

(g - a 1
N(a):{g (la—al/d) if d >0, @)

X{a}(a) otherwise,

forall « € R, d € R4 U{0}. The elements of F, will be called quasitriangular
fuzzy numbers generated by g with the center o and spread d, and we will
refer to them by the pair (a,d). Let d be a fixed value and let F,4 denote
the subset of F; containing the quasitriangular fuzzy numbers with the same
spread d.
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Let Ty, be an Archimedean t-norm given by the generator function ¢?, 1 <
p < o0. It is easy to see that lim Tyy(a,b) = min(a,b), therefore we will also
p—od

use the notation Ty, in the case p = co meaning the min-norm for Ty .

Let p; = (aj,d;) € Fy, j = _i,...,n. The T,,-Cartesian product p, =
f1 X ... X pp of these n quasitriangular fuzzy numbers generated by the same
g, will be called (g,p)-fuzzy vector on F'. Shortly we will use the notation
Mo = (a,d) e F} . If dy = ... =d, = d, then p, = (a,d) € 44 - In this case
it is easy to show that

9 (lla ~ ell/d) if d # 0,

Hal )= halas: o) = { X{ar,man}(@15--,an) if d=0,

where

b 1/p .
(ZlajP’) if 1 <p< oo,
J=1

llall, = ()
_max la;] if p=oo.
1=1,...,n

3 Previous results

. In this section we will study the (g, p)-fuzzified linear programming problem
and a possible optimum concept for this fuzzified problem. Qur discussion will
be based on the results of papers [3,4,5,6].

At every fixed x € R™ the (g, p)-fuzzified function value of the parametrical
function f(a,x) = f(ai,-..,an,x) is a fuzzy set on R of which the membership
function is obtained by the extension principle changing the parameter vector a
in the function f(a,x) with the (g,p)-fuzzy parameter vector p, = (a,d) €
Fy . Namely, the membership function of the (g, p)-fuzzified function value is
defined by

5 - sup pa(a) if A(x,y) # 0,
T fmax)(y) = § €4
0 if A(x,y) =10,

where A(x,y) ={a=(a1,...,an) | a;i €R, y= f(a,x)}.
Thus, let the linear function {(e,x) = Xn: ajz; be fuzzified by the (g,p)-
Jj=1

fuzzy parameter vector g, = (a,d) = g3 X ... X pp € Foar #j = (@j,d) €
Fga» 3 =1,...,n. I d >0, then the (g, p)-fuzzified linear function value is the
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fuzzy number £,( g q,x) = (3 ajz;, D(x)) € Fy, ie.
4 =

(1) — 3 QT 3
Zg(ﬂa,X)(y)z gy ]gl jzil/D(x)) if x#0,

X{0} (%) ifx=0,

where D(x) =d||x||; and ||x||; is computed according to (5) with
1 if p= oo,
q == oo ifp=1,
p/(p—1) otherwise.

Let R be an unfuzzy relation on the real line. For every pu,v € F, the
Typ-fuzzification R of R on Fy is a fuzzy set on F,; x F; defined by

R(p,v) = sup Ty (n(z), v(v))-

Let us use this definition for the fuzzified function values and the right hand
sides of the constraint inequalities.

Let the i-th relation in (2) fuzzified by the (g,p)-fuzzy parameter vector
pi=(aid) = poX...pin € Fpi', pj = (aj,d) € Foa, j =0,1,...,n. If
d > 0, then the (g,p)- fuzmﬁed t-th constraint defines the fuzzy constraint with
the membersh.lp function

oi(x) = g™ (max(0, Z aijz; — ao)/Do(x)),

where Dg(x) = d||(x,1)||; and ||x||; and g are defined above.

The fuzzy feasible set is defined as the T,4-intersection of the fuzzified in-
equalities. For its membership function one can obtain

9o(x) = ¢ D(I(Ax~ ao)+]l¢/Do(x)), - (8)
where (Ax — a¢)+ denotes the vector in which the i-th coordinate is defined
by max(0, > aijz; — aip) forevery i=1,...,s

J=1 '
Introducing the notions ¥* = sup J¢(x) and C; = {x € R" : J(x) = 9*}
xeRn

the following statements are valid: if 9* = 1 and C} # 0, then (1)~(3) has
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solution; if ¥* = 0, then there is no consistent perturbation of the constraint
set (2); if 0 < 9* < 1, then there is no solution of (1)~(3) in the classical sense.

The concept of the optimality was introduced as follows: Let us seek the
optimal (g, p)-fuzzified function value as an element of Fyq4. A fuzzy number
vo = (y,d) € Fya is a (g, p)-fuzzy aspiration level for the objective function with
the optimality rate w(x,y), if w(x,y) is the (g, p)-fuzzification of the inequality

(v, x) = ,21 7i%i Sy by (15,d) € Fga, j =1,...5m, (y,d) € Fya, e
J=

w(x,y) = ¢ ((max(0, &(,x) =) /Do(x)) = ¢ (€, x) = y)+/Do(x))

The fuzzy optimum set w*(x,y) with the fuzzy aspiration level is the Ty,
restriction of the optimality rate to the fuzzy feasible set, i.e.

w*(%,y) = Tyq (w(x,y),9c(x)) = 97 (&(x,y)/Do(x)),

where (x,) = [[((€(%x) = ¥)+, (Ax = & o)+l The minimal y = y* and
the corresponding z* are such that w*(x,y) would be as great as possible. To
reach this aim let us find the minimal root of the equation:

sup w*(x,y) = 9", (7)
x€R}

In the following we will study the relation between this approach and the
parametric LP problem, which will be built using the above results.

4 Parametric approach

Let us eonsider the case when p =1, (¢ = co) and the side function in (4) is
linear, i.e. g : I — I, g(a) =1 — a. This function generates the Lukasiewicz t-
norm. Since [[(Ax — a¢)+|y = max (l(ai, x) — ajp)+ the (g,1)-fuzzy feasible

i=1,...,8

set is defined by the membership function
1-— m?x((f(a,,x) = O!io)_;./Do(X))
de(x) = _ if 0 < max(€(ai, x) — aio)+ < Do(x),
0 otherwise .
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Let us modify this membership function of the fuzzy feasible set and the
fuzzy objective function value as follows:

1- m!ax((E(ai,x) —aj)+/d) f0< m?x(é’(a;, X)— ap)y <d,

1§c(x) = {
0

otherwise,

bo(, %)(y) = max{0,1 - |y — (v, x)|/d }.
The modified fuzzy feasible set can be described more explicitly in the form
Je(x) = sup{B : Zaij$j Sap+d(l1-0),z;>20,i=1,...,s B €(0,1]}.
=1

Clearly dc C J¢ since Dy(x) > d.
Let us use the optimum concept described in the previous section for the
modified fuzzy LP problem.

The A-cut of the modified (g,1)-fuzzy feasible set is:
[150])\ ={xeR": 150’(x) > A}

={x€R": ) ayz; Sap+d(l=1), z; >0,i=1,...,s}.
j=1 : .
With a fixed A let x()\) denote the solution of the problem P(A):

n
Z'yjzj — min subject to x € [Jc]x. (8)
j=1

Then the following result holds:

THEOREM 1. The optimal value in (7) is reached from the parametric pro-
gramming problem (8) by

n ' ’
x* =x(6), y* =) vz}~ (1~ 6)d,
J=1
where
6 = sup {): P(X) has optimal solution} . (9)

A€E(0,1]
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Moreover, 9, = 6.

Proof. If x* is a point where &*(x,y) reaches the maximum value, then
do(x*) = 9* and &(x*,y) > 9*. Since §* = de(x*) < do(x(8)) = 6§, we
obtain that ¥* = 6 and the minimal y, for which @(x,y) > * fulfills, is

v =3 yje; — (1 — 6)d. If x* is not optimal for P(6), then there exists
=1

n n
y(0) = y* — (X 757 — 2 viz;j(6)) belonging to x(8) such that y(d) < y* and
)=1 j=1
the pair (x(6),y(0)) satisfies (7). This contradicts to the minimality of y*. O

When the generator function ¢’ : [0,1] — [0,g0], ¢'(1) = 0, ¢'(0) = go is
not linear, then it is easy to show that there exists a stnctlv increasing function
:[0,1] — [0, 0], namely r = g’ 0 g™, such that ¢' = r o g. From the strictly
monotonicity of 7 and the statement of the Theorem 1 it follows that (7) has the
" same solution (x*,y*) independently from the choice of the generator function.
Moreover, if J; and U7, denote the optimal membership value belonging to the

problems using generator functions g and g', respectively, one can prove easily
that

: 9% = "l(r—l(g(ﬁ;))), (10)
(10) means that we can obtain the different degrees for the optimal solution
using different nonlinear generator functions. Clearly, if v; =1, then vy =1
for all generator functions.

5 Numerical example

Let us consider the problem

Ty + T2 — min

subject to
—z; — 3z, < -9
221+ 2, < 2
—4zy - 3z, < —-17
z;> 0

andlet d = 5 be the tolerate margin. The solution of the associated parametrical
programming problem is

() = { (2.666,0.444 + 1.668 for A € (0,0.1838 ],
(4.5-108,156 —2) forf € (0.1838,0.45 ].
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If we use different generator functions we obtain:

g9(z) r(t) 9* x* y*
l1-z t - 045 (0,4.75) 4.75—5-0.55 = 2.0
(1-z)P tP 1-0.55'7 (0,4.75) 4.75—5-0.55!/7
(1—z)? 12 0.2584  (0,4.75) 1.042
—lnz —In(1-¢t) 0577  (0,4.75) 2.635
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