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Abstract
In this contribution, we propose a new method to automatically learn the Knowledge
Base of a Fuzzy Rule-Based System by ®nding an appropriate Data Base using a
Genetic Algorithm and considering a simple generation method to derive the Rule Base.
Our genetic process learns all the components of the Data Base (number of labels,
working ranges and membership function shapes for each linguistic variable) using a
non-linear scaling function to adapt the fuzzy partition contexts. Ó 2001 Elsevier
Science Inc. All rights reserved.
Keywords: Fuzzy rule-based systems; Data base; Learning; Genetic algorithms;
Granularity; Context adaptation; Scaling functions

1. Introduction
The generation of the Knowledge Base (KB) of a Fuzzy Rule-Based System
(FRBS) presents several diculties since the KB depends on the concrete
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application. This makes the accuracy of the FRBS directly depend on its
composition.
Many approaches have been proposed to automatically learn the KB from
numerical information. Most of them have focused on the Rule Base (RB)
learning, using a prede®ned Data Base (DB) [2,7,13,20,25±27,37,39]. This operation mode makes the DB have a signi®cant in¯uence on the FRBS performance. In fact, some studies have showed that the system performance is
much more sensitive to the choice of the semantics in the DB than to the
composition of the RB [5,12,40].
The usual solution to improve the FRBS performance by dealing with the
DB components involves a tuning process of the preliminary DB de®nition
once the RB has been derived [4,5,8,22,30]. This process only adjusts the
membership function de®nitions and does not modify the number of linguistic
terms in each fuzzy partition since the RB remains unchanged. In opposite to
this a posteriori DB learning, there are some approaches that learn the dierent
DB components a priori [9,12,14,17,18,29,36,38].
In this paper, we propose a new process to automatically generate the KB of
a Mamdani FRBS based on a new learning approach [14,18] composed of two
methods with dierent goals:
· A genetic learning process for the DB that allows us to de®ne:
 The number of labels for each linguistic variable.
 The variable domain (working range).
 The form of each fuzzy membership function in non-uniform fuzzy partitions, using a non-linear scaling function that de®nes dierent areas in the
variable working range where the FRBS has a higher or a lower relative
sensibility, i.e., the fuzzy partition contexts.
· A quick ad hoc data-driven method [7] that derives the RB considering the
DB previously obtained. This method is run from each DB de®nition generated by the Genetic Algorithm (GA), thus allowing the proposed hybrid
learning process to ®nally obtain the whole de®nition of the KB (DB and
RB) by means of the cooperative action of both methods.
Besides, we present an extension of the proposed method that changes the
®tness function with the aim of obtaining FRBSs with a better generalization
capability and whose RB is comprised by a lesser number of rules.
In order to do that, this paper is organized as follows. Sections 2 and 3 show
some preliminaries about the KB learning in FRBSs and fuzzy context adaptation, respectively. In Section 4, our method is presented, describing the
context adaptation approach considered and the components of the genetic
process: coding of the solutions, initial population, evaluation function and
genetic operators. Section 5 shows some experimental results. Section 6 presents the extension of the proposed method. Finally, in Section 7, some conclusions are pointed out.
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2. Automatic learning of the KB
Two problems arise when generating the KB of a FRBS:
· The DB learning, that comprises the speci®cation of the universes of discourse and the number of labels for each linguistic variable, as well as the
fuzzy membership functions associated to each label.
· The RB derivation, involving the determination of the number of rules and
of the composition of each one of them (i.e., of the speci®c labels associated
to each linguistic variable).
As said, most of the approaches proposed to automatically learn the KB from
numerical information have focused on the RB learning, using a prede®ned
DB. The usual way to de®ne this DB involves choosing a number of linguistic
terms for each linguistic variable (an odd number between 3 and 9, which is
normally the same for all the variables) and setting the values of the system
parameters by an uniform distribution of the linguistic terms into the variable
universe of discourse. The RB learning methods are based on dierent techniques such as ad hoc data-driven algorithms [2,13,27,39], least square methods
[2], Simulated Annealing [7] and GAs [20,25,26,37]. Fig. 1(a) graphically shows
this type of KB learning.
This operation mode makes the DB have a signi®cant in¯uence on the
FRBS performance. In fact, studies such as the ones developed in [5,40] show,
for the case of Fuzzy PI Controllers, that the system performance is much more
sensitive to the choice of the semantics in the DB than to the composition of
the RB. Considering a previously de®ned RB, the performance of the Fuzzy
Controller is sensitive to four aspects in the following order: scaling factors,
peak values, width values and rules.
In [12], the in¯uence of fuzzy partition granularity (number of linguistic
terms per variable) in the FRBS performance is studied, showing that using an
appropriate number of terms for each linguistic variable, the FRBS accuracy
can be improved with no need to use complex RB learning methods.
With the aim of making the FRBS perform better, some approaches try to
improve the preliminary DB de®nition once the RB has been derived. To do so,
a tuning process considering the whole KB obtained (the preliminary DB and
the derived RB) is used a posteriori to adjust the membership function parameters. Nevertheless, the tuning process only adjusts the shapes of the
membership functions and not the number of linguistic terms in each fuzzy
partition, which remains ®xed from the beginning of the design process. A
graphical representation of this kind of learning is showed in Fig. 1(b). For
some examples of tuning methods based on Simulated Annealing and GAs,
refer to [4,5,8,22,30].
Other approaches try to learn the two components of the KB simultaneously. This kind of learning is depicted in Fig. 1(c). Working in this way,

88

O. Cordon et al. / Information Sciences 136 (2001) 85±107

Fig. 1. Graphical representation of the dierent KB learning approaches.

they have the possibility of generating better de®nitions but they deal with a
larger search space that makes the learning process more dicult and slow. For
some examples, refer to [6,11,16,31±33].
Finally, there is another way to generate the whole KB that considers two
dierent processes to derive both components, DB and RB. A DB generation
process wraps a RB learning one working as follows: each time a DB has been
obtained by the DB de®nition process, the RB generation method is used to
derive the rules, and some type of error measure is used to validate the whole
KB obtained. We should note that this operation mode involves a partitioning
of the KB learning problem. Whilst the learning processes belonging to the
previous family (Fig. 1(c)) look for solutions in a complex global search space
(DB + RB), the processes belonging to the current group are composed of two
dierent (and independent) learning processes looking for solutions in two
simpler search spaces (DB and RB ones) to obtain complete solutions. This
type of KB learning is represented in Fig. 1(d). The following processes are
examples of this kind of KB learning:
· The method proposed in [12] uses Simulated Annealing to learn an appropriate fuzzy partition granularity for each variable and various RB learning
methods to derive the rules.
· In the approach presented in [18], a genetic process that obtains a KB for
simpli®ed TSK rules is proposed.
· The method presented in [29] deals with a GA to design a FRBS for pattern
classi®cation problems.
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· The approach proposed in [17] uses a GA to learn the de®nition points of the
membership functions and the Wang and Mendel's rule generation method
[39] to derive the RB.
· A method that simultaneously adjusts the number of labels per variable and
the membership functions parameters is presented in [14].
Our method will belong to this group. We use a genetic process to learn all
the components of the DB (number of labels, working ranges and membership functions shapes) and a simple ad hoc data-driven algorithm to derive
the RB.
In opposite to the local tuning of the membership functions developed in
many approaches, the method presented in this paper implements a global
tuning of the membership functions (a change in the parameter values origins a
change in the whole fuzzy partition). Besides, the FRBSs obtained are more
readable because strong fuzzy partitions are considered. A fuzzy partition with
l labels A  A1 ; A2 ; . . . ; Al  is called strong if:
l
X
i1

lAi x  1;

x 2 U:

In order to evaluate its performance, the FRBSs obtained from it will be
compared with others designed by the usual way, that is, learning of the RB
using a prede®ned DB, with and without a tuning process of the DB maintaining ®xed the RB previously obtained (Figs. 1(a) and (b) respectively), and
with the ones obtained from another method belonging to the same family [17]
(Fig. 1(d)).
3. Context adaptation in fuzzy processing
The use of contextual transformation functions to adjust membership
functions in Fuzzy Systems can be a good form to ®nd the fuzzy sets that best
represent the linguistic terms they are associated with.
Considering concepts representable by fuzzy sets, the main eect of a context can be related by some sort of ®ltering. That is, the same base concept can
be perceived in dierent situations, provided it is ®ltered to suit the context
particulars [21].
The scaling functions map the input and output variables onto the universe
of discourse of the fuzzy sets de®nitions. From a linguistic point of view, the
scaling function can be interpreted as a sort of context information. While the
membership functions describe the relative semantics (context-independent) of
the linguistic variables contained in the rules, the union of the scaling functions
and the membership functions generates the absolute semantics of the linguistic
variables (context-dependent through the scaling functions).
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Dierent results may be obtained when modifying the scaling function
working on a certain variable, obtaining two kinds of contexts, linear and nonlinear ones. In a non-linear context, the membership function shape can be
adjusted. This is not possible when using linear context adaptation.
As an example of context adaptation, the concept of ¯exible linguistic
variable is introduced in [3]. The linguistic terms of those variables are de®ned
by a ¯exible semantic KB. Considering the ¯exible linguistic variable named
AGE, a possible linguistic value for it is old. Usually, nobody tends to judge his
own age as old. So the meaning of the fuzzy set old is context dependent because it may change according to the speaker age. Hence, the semantic KB to
adapt the fuzzy set old could be a single rule:
lold  own age  5; own age  10; own age  15:
In [21], more details about fuzzy context adaptation can be found, such us a
formalization of the context adaptation procedure, the formal requirements for
the scaling function and some context adaptation approaches.
The next proposals are FRBS learning methods based on context adaptation:
· The approach proposed in [35] adjusts the membership functions of the input variables and the gain for the output variable in the framework of Fuzzy
Control.
· The method presented in [21] is a genetic learning method for the parameters
of a determinated non-linear scaling function, in order to ®nd an adequate
fuzzy partition per variable. A similar study based on Neural Networks is
proposed in [36].
· The approach proposed in [32] uses a GA to adapt the whole KB de®nition
of a Fuzzy Controller. For the learning of the DB, the GA evolves the working ranges of the linguistic variables and the membership functions shapes,
by means a non-linear scaling function that produces high sensibility either
for the medium values or for the extreme values of the linguistic variables.
This approach is re®ned in [33] by adding a new parameter to the non-linear
scaling function that may produce high sensibility in only one of the working
range limits of the linguistic variables.
The learning method proposed in this paper uses a GA to de®ne the parameters
of the non-linear scaling function proposed in [33], including the possibility of
an enlargement of the initial working ranges of the linguistic variables
(translating to the Fuzzy Modelling ®eld the idea proposed in [32] for Fuzzy
Controllers).
The main contribution of our method is that it also evolves the number of
labels per linguistic variable, an information that has not been considered to be
relevant for the context adaptation methods mentioned before. The fuzzy
partition granularity of a linguistic variable can also be viewed as a sort of
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context information. Considered a speci®c label set for a variable, the scaling
functions can adapt the membership functions to a determinated real situation.
However, in other contexts, some labels can result irrelevant, that is, they can
contribute nothing and even can cause confusion. In other cases, it would be
necessary to add new labels to appropriately dierentiate the values of the
variable.

4. Learning the DB of a FRBS using GAs
In this section, we propose a new process to automatically generate the KB
of a Mamdani FRBS based on a new learning approach composed of two
methods with dierent goals:
· A genetic learning process for the DB that allows us to de®ne:
 The number of labels for each linguistic variable.
 The variable domain (working range).
 The form of each fuzzy membership function in non-uniform fuzzy partitions, using a non-linear scaling function that de®nes dierent areas in the
variable working range where the FRBS has a higher or a lower relative
sensibility, i.e., the fuzzy partition contexts.
· A quick ad hoc data-driven method [7] that derives the RB considering the
DB previously obtained. This method is run from each DB de®nition generated by the GA, thus allowing the proposed hybrid learning process to ®nally obtain the whole de®nition of the KB (DB and RB) by means of the
cooperative action of both methods.
The granularity level per variable has a great in¯uence in the ®nal FRBS
performance, as stated in [12]. Our method also evolves the variable working
range, usually considered as a ®xed part of the problem.
4.1. Context adaptation proposal
All the components of the DB will be adapted throughout a genetic
process. Since it is interesting to reduce the dimensionality of the search space
for that process, the use of non-linear scaling functions is conditioned by the
necessity of using parameterized functions with a reduced number of parameters. We consider the scaling function proposed in [32], that has a single
sensibility parameter called a a 2 R. The function used is f :  1; 1 !
 1; 1
a

f x  sign x  jxj

with a > 0:

The ®nal result is a value in  1; 1 where the parameter a produces uniform sensibility a  1, higher sensibility for center values a > 1, or higher
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sensibility for extreme values a < 1. In this paper, triangular membership
functions are considered due to their simplicity. So, the non-linear scaling
function will only be applied on the three de®nition points of the membership
function (which is equal to transform the scaling function in a continuous
piecewise linear function), in order to make easier the structure of the generated DB and to simplify the defuzzi®cation process. Fig. 2 shows a graphical
representation of these three possibilities.
We should note that the previous scaling function is recommended to be
used with symmetrical variables since it causes symmetrical eects around the
center point of the interval. For example, it cannot produce higher sensibility in
only one of the working range extents.
In [15], a genetic learning method for the DB using the previous scaling function is proposed. In the method presented in this paper, we add a
new parameter (called S) to the non-linear scaling function as described in
[33]. S is a parameter in f0; 1g to distinguish between non-linearities with
symmetric shape (lower sensibility for middle or for extreme values, Fig. 2)
and asymmetric shape (lower sensibility for the lowest or for the highest
values).

Fig. 2. Fuzzy partitions with a  1 (top), a > 1 (down left), and a < 1 (down right).
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Therefore, the context adaptation process involves three or four steps to
build the fuzzy partition associated to each variable depending on the value of
the parameter S:
· The ®rst step builds a uniform fuzzy partition considering the number of labels of the variable and its working range vmin ; vmax .
· If S  0 or a  1:
 The second step uses the working range vmin ; vmax  to produce a linear
mapping of the fuzzy partition from vmin ; vmax  to  1; 1.
 The third step introduces the non-linearity through the scaling function
a
f x  sign x  jxj , that maintains the extremes of the interval unchanged
 1; 1.
· If S  1 and a 6 1:
 The second step uses the working range vmin ; vmax  to produce a linear
mapping of the fuzzy partition from vmin ; vmax  to 0; 1.
 The third step introduces the non-linearity through the scaling function:
 a
when a < 1;
jxj
f 0 : 0; 1 ! 0; 1; f 0 x 
1=a
1
1 jxj
when a > 1;
which extends the previously de®ned one by permitting a symmetric eect in
the two interval extremes.
 In the four step, a second linear mapping transforming the resulting fuzzy
partition from 0; 1 to  1; 1 is applied.
The overall result is a non-linear mapping from vmin ; vmax  to  1; 1. A
graphical representation of the fuzzy partitions when S  1 is showed in Fig. 3
4.2. Genetic learning process
GAs [19,34] are search and optimization techniques based on a formalization of natural genetics. The genetic process starts with a population of solutions called chromosomes, that constitutes the ®rst generation G 0, and

Fig. 3. Fuzzy partitions with S  1 (left with a > 1 and right with a < 1).
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undergoes evolution over it. While a certain termination condition is not met,
each chromosome is evaluated by means of an evaluation function (a ®tness
value is assigned to the chromosome) and a new population is created
G t  1, by applying a set of genetic operators to the individuals of generation G t. Dierent proposals that use GAs in order to design FRBSs are
contained in [9,23].
The important questions when using GAs are: how to code each solution,
how to evaluate these solutions and how to create new solutions from existing
ones. Moreover, it is relatively important the choice of the initial population,
because we can obtain good solutions more quickly if an appropriate initial
gene pool is chosen.
In our process, each chromosome represents a complete DB de®nition by
encoding the said parameters. To evaluate a chromosome, we use an ad hoc
data-driven method to learn the RB considering the DB contained in it, generating a complete KB, and then the accuracy of the FRBS obtained on a
training data set is measured.
The next four sections describe the main components of the genetic learning
process.
4.2.1. Encoding the DB
As said, the three main components of the DB are the number of linguistic
terms for variable, the membership functions that de®ne their semantics and
the scaling factors. The latter component allows us to change the variable
working range.
As regards the membership functions, we initially consider triangularshaped functions, symmetrical and uniformly distributed across the variable
working range. Then, we apply the non-linear function described in the
previous section on the three de®nition points of each label. Thus, the
working ranges, the number of labels and the sensibility parameters for
each variable are the only information needed to de®ne the whole fuzzy
partition.
Therefore, each chromosome will be composed of three parts:
· Number of labels C1 : For a system with N variables (including the input
and output ones), the number of labels per variable is encoded into an array
of length N. In this contribution, the possible values considered are the set
f3; . . . ; 9g.
· Sensibility parameters C2 : An array of length N  2, where the sensibility
parameters a; S are stored for each variable. In our case, the range considered for the parameter a is the interval 0; 10.
· Working ranges C3 : An array of N  2 real values stores the variable workmax
ing range rinf ; rsup . If the initial domain of the variable i is vmin
, and
i ; vi
max
min
d is the interval dimension d  vi
vi , the ranges considered for the
variable domain limits are:
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lower limit :
upper limit :
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vmin
1=4  d; vmin
i
i ;
max max
vi ; vi  1=4  d:

Hence, the structure of the chromosome is summarized next (considering that
Ri  friinf ; risup g):
C1  l1 ; . . . ; lN ;
C2  a1 ; . . . ; aN ; S1 ; . . . ; SN ;
C3  R1 ; . . . ; RN ;
C  C1 C2 C3 :
4.2.2. Initial gene pool
The initial population is composed of three parts, the ®rst two having
#val  5 chromosomes, with #val being the cardinality of the term set (in our
case #val  7, corresponding to the seven possibilities for the number of labels,
3; . . . ; 9). Therefore, the number of chromosomes M has to be at least greater
than #val  10. The generation of the initial gene pool is described next:
· The ®rst #val  5 chromosomes will have the same number of labels and the
initial working range in all its variables. For each possible number of labels,
®ve individuals with the main possibilities for the sensibility parameters will
be created: one with a  1, two with a < 1 (one with S  0 and another with
S  1) and the other two with a > 1 (one with S  0 and another with
S  1). The latter four values of parameter a are generated at random.
· The second #val  5 chromosomes are equal to the ®rst group, but randomly changing the variable working range. Each chromosome will have
the same number of labels in all its variables. For each possible number of
labels, ®ve individuals are created as in the ®rst part of the population
(one with a  1, two with a < 1 and the other two with a > 1). For the third
part of the chromosomes, two random values in the variable working range
interval (lower and upper) are selected.
· In the rest of the initial population, the remaining M
#val  10 chromosomes, all the components are selected at random. In our case, this part is
comprised by 30 chromosomes, so, the total population length is 100.
4.2.3. Evaluating the chromosome
There are three steps that must be done to compute the ®tness of each
chromosome:
· Generate the fuzzy partitions for all the linguistic variables using the information contained in the chromosome as introduced in Section 4.1.
· Generate the RB by running a fuzzy rule learning method considering the
DB obtained.
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· Calculate the mean square error (MSE) over the training set using the KB
obtained (genetically derived DB + RB) by means of the expression:
MSE 

1 X i
ey
2jEj ei 2E

S exi 2

with E  fe1 ; . . . ; ei ; . . . ; ep g being the example set (training or test), S exi 
being the output value obtained from the FRBS when the input variable
values are exi  exi1 ; . . . ; exin , and ey i being the known desired value.
4.2.4. Genetic operators
A set of genetic operators is applied to the genetic code of the DBs contained in G t, to obtain G t  1. Due to the special nature of the chromosomes involved in this DB de®nition process, the design of genetic operators
able to deal with it becomes a main task. Since there is a strong relationship
among the three chromosome parts, operators working cooperatively in C1 ,
C2 and C3 are required in order to make best use of the representation
tackled.
Taking into account these aspects, the following operators are considered:
4.2.4.1. Selection. The reproduction operator is Baker's stochastic universal
sampling [1], in which the number of any structure ospring is limited by the
¯oor and ceiling of the expected number of ospring, together with the elitist
selection.
4.2.4.2. Crossover. As regards the recombination process, two dierent crossover operators are considered depending on the two parents' scope:
 Crossover when both parents have the same granularity level per variable: If
the two parents have the same values in C1 (each variable has the same number
of labels in the two parents), the genetic search has located a promising space
zone that has to be adequately exploitated. This task is developed by applying
the max-min-arithmetical (MMA) crossover operator in the chromosome parts
based on real-coding scheme (parameters ai , second part of C2 , and working
ranges, C3 ) and obviously by maintaining the parent C1 values in the ospring.
If the parameter Si is equal in the two parents, this value is also maintained in
the ospring. If it is dierent, both combinations are tested and the best value is
selected. This crossover operator is proposed in [24] and works in the way
shown below.
If Cvt  c1 ; . . . ; ck ; . . . ; cH  and Cwt  c01 ; . . . ; c0k ; . . . ; c0H  are to be crossed,
the following four osprings are generated (with d 2 0; 1)
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C1t1  dCwt  1

dCvt ;

C2t1  dCvt  1

dCwt ;
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0
C3t1 with ct1
3k  minfck ; ck g;
0
C4t1 with ct1
4k  maxfck ; ck g:

If the values for the parameter Si are dierent in the two parents, eight osprings
are generated, the previous four with S  0 and the same four with S  1.
This operator uses a parameter d which is either a constant, or a variable
whose value depends on the age of the population. The resulting descendents
are the two best of the four (or eight) aforesaid osprings.
 Crossover when the parents encode dierent granularity levels: This second
case highly recommends the use of the information encoded by the parents to
explore the search space in order to discover new promising zones. Hence,
when C1 is crossed at a certain point, the values in C2 and C3 corresponding to
the crossed variables are also crossed in the two parents. In this way, an
standard crossover operator is applied over the two parts of the chromosomes.
This operator performs as follows: a crossover point p is randomly generated in
C1 and the two parents are crossed at the pth variable in C1 . The crossover is
developed this way in the three chromosome parts, thereby producing two
meaningful descendents.
Let us look at an example in order to clarify the standard crossover application. Consider:
Ct  l1 ; . . . ; lp ; lp1 ; . . . ; lN ; a1 ; . . . ; ap ; ap1 ; . . . ; aN ;
S1 ; . . . ; Sp ; Sp1 ; . . . ; SN ; R1 ; . . . ; Rp ; Rp1 ; . . . ; RN 
Ct0  l01 ; . . . ; l0p ; l0p1 ; . . . ; l0N ; a01 ; . . . ; a0p ; a0p1 ; . . . ; a0N ;
0
; . . . ; SN0 ; R01 ; . . . ; R0p ; R0p1 ; . . . ; R0N 
S10 ; . . . ; Sp0 ; Sp1

as the individuals to be crossed at point p, the two resulting osprings are:
Ct  l1 ; . . . ; lp ; l0p1 ; . . . ; l0N ; a1 ; . . . ; ap ; a0p1 ; . . . ; a0N ;
0
; . . . ; SN0 ; R1 ; . . . ; Rp ; R0p1 ; . . . ; R0N 
S1 ; . . . ; Sp ; Sp1

Ct0  l01 ; . . . ; l0p ; lp1 ; . . . ; lN ; a01 ; . . . ; a0p ; ap1 ; . . . ; aN ;
S10 ; . . . ; Sp0 ; Sp1 ; . . . ; SN ; R01 ; . . . ; R0p ; Rp1 ; . . . ; RN 
Hence, the complete recombination process will allow the GA to follow an
adequate exploration±exploitation balance in the genetic search. The expected
behavior consists of an initial phase where a high number of standard crossovers and a very small of MMA ones (equal to zero in the great majority of the
cases) are developed. The genetic search will perform a wide exploration in this
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®rst stage, locating the promising zones and sampling the population individuals at them in several runs. At this moment, a new phase begin, characterized by the increase of the exploitation of these zones and the decrease of the
space exploration. Therefore, the number of MMA crossovers rises a lot and
the application of the standard crossover decreases. This way to perform an
appropriate exploration±exploitation balance in the search was successfully
applied in [11,14].
4.2.4.3. Mutation. Three dierent operators are used, each one of them acting
on dierent chromosome parts. A brief description of them is given below:
 Mutation on C1 : The mutation operator selected for C1 is similar to the one
proposed by Thrift in [37]. When a mutation on a gene belonging to the ®rst
part of the chromosome is going to be performed, a local modi®cation is developed by changing the number of labels to the immediately upper or lower
value (the decision is made at random). When the value to be changed is the
lowest (3) or highest one (9), the only possible change is developed.
 Mutation on the ®rst part of C2 (parameters ai ) and C3 : Since both parts are
based on a real-coding scheme, Michalewicz's non-uniform mutation operator
is employed [34].
If Cvt  c1 ; . . . ; ck ; . . . ; cH  is a chromosome and the gene ck was selected for
mutation (the domain of ck is ckl ; ckr ), the result is a vector Cvt1 
c1 ; . . . ; c0k ; . . . ; cH , with k 2 1; . . . ; H , and

ck  D t; ckr ck  if e  0;
c0k 
ck D t; ck ckl  if e  1;
where e is a random number that may have a value of zero or one, and the
function D t; y returns a value in the range 0; y such that the probability of
D t; y being close to 0 increases as t increases:
D t; y  y 1

r1

t=T b

;

where r is a random number in the interval 0; 1, T is the maximum number of
generations and b is a parameter chosen by the user, which determines the
degree of dependency with the number of iterations. This property causes this
operator to make an uniform search in the initial space when t is small, and a
very local one in later stages.
 Mutation on the second part of C2 (parameters Si ): As the possible values of
the parameter S are f0; 1g, a simple binary mutation is developed.
5. Experimental results
We have considered three dierent problems for the experiments developed:
 P1: An electrical network distribution problem in northern Spain [10]. The
system tries to estimate the length of the low voltage line installed in a deter-
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mined village. The problem has two input variables: the population of the village and its radius, and one output variable: the length of the installed line. We
were provided with real data of 495 villages. The training set contains 396
elements and the test set contains 99 elements, randomly selected from the
whole sample.
 P2: A problem with estimations of minimum maintenance costs which are
based on a model of the optimal electrical network for spanish towns [10]. The
problem has four input variables: sum of the lengths of all streets in the town,
total area of the town, area that is occupied by buildings and energy supply to the
town and one output variable: maintenance costs of medium voltage line. These
values are somewhat lower than the real ones, but companies are interested in
an estimation of the minimum costs. Of course, real maintenance costs are
exactly accounted but a model that relates these costs to any characteristic of
simulated towns with the optimal installation is important for the electrical
companies. We were provided with data concerning the four characteristics of
the towns and their minimum maintenance costs in a sample of 1059 simulated
towns. The training set contains 847 elements and the test set contains 212
elements, randomly selected from the whole sample.
 P3: The modeling of a tridimensional function [8] de®ned by:
F x1 ; x2   10

x1

x1 x1 x2
;
2x1 x2  x2

x1 ; x2 2 0; 1; F x1 ; x2  2 0; 10:

Fig. 4 shows its graphical representation. The training set contains 674
uniformly generated elements, and the test set contains 67 randomly generated
elements.
The parameters values used in the experiments are presented in Table 1.
A quick and simple RB generation algorithm, the Wang and Mendel's
rule generation method 1, will be considered. We have chosen this method
due to its simplicity and good performance. Our genetic process is independent of the RB generation method, so any of them can be used to derive
the RB.
For every benchmark, the best results obtained by our genetic learning
process and the other methods considered for comparison purposes are showed
in Tables 2±4, which contains the following columns:
· Method (M): Learning process used to obtain the KB:
 M1: Wang and Mendel's rule generation method [39]. This row shows the
results of the FRBS with best MSE over the training set MSEtra , considering the interval f3; . . . ; 9g as possible values for the number of labels,
with all the variables having the same granularity and uniform fuzzy
partitions.
1

See Appendix A for a brief description of this method.
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Fig. 4. Graphical representation of the mathematical function.
Table 1
Parameter values considered
Parameter

Value

Population size
Crossover probability
Mutation probability
Parameter b (non-uniform mutation)
Parameter d (MMA crossover)
Number of generations

100
0.6
0.1
5
0.35
1000

Table 2
Best result for the low voltage line length problem (P1)
M

DB components

#R

MSEtra

MSEtst

% tra

% tst

M1

gr.

9

9

M2

gr.
gr.

9
9

9
9

9

29

197,613

283,645

±

±

9
9

29
29

141,022
144,831

251,898
223,734

28.6
26.7

11.2
21.1

M3

gr.
gr.

9
7

9
7

9
7

34
25

133,763
152,969

423,639
161,245

32.3
22.5

)49.3
43.1

M4

gr.
a
S
gr.
a
S

9
2.5
1
7
1.1
0

9
0.9
1
8
1.1
0

9
1.1
1
9
0.8
0

37

146,957

180,384

25.6

36.4

19

163,249

147,062

17.3

48.1

 M2: Wang and Mendel's rule generation method + tuning. A genetic tuning process [8] is applied to re®ne the previous FRBS DB.
 M3: Filipic and Juricic's method [17] (mentioned in Section 2). As this
method imposes that the granularity of each variable must be an odd

M

DB components

#R

MSEtra

MSEtst

% tra

% tst

M1

gr.

9

9

9

9

9

130

32,337

33,504

±

±

M2

gr.

9

9

9

9

9

130

13,442

17,585

58.4

47.5

M3

gr.
gr.

9
9

9
9

9
9

9
9

9
9

133
139

17,441
18,654

21,184
19,112

46.1
42.3

36.7
42.9

M4

gr.
a
S

5
0.9
0

6
0.3
0

9
0.8
0

9
0.5
0

9
1.1
0

87

9841

10,466

69.5

68.7
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Table 3
Best result for the optimal electrical network problem (P2)
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Table 4
Best result for the three-dimensional function modeling problem (P3)
M

DB components

#R

MSEtra

MSEtst

% tra

% tst

M1

gr.

9

9

9

81

0.11875

0.03402

±

±

M2

gr.

9

9

9

81

0.03455

0.03156

70.9

7.2

M3

gr.
gr.

9
9

9
9

9
9

80
80

0.04427
0.04656

0.06641
0.04979

62.7
60.7

)95.2
)46.3

M4

gr.
a
S

9
0.3
0

9
0.7
0

9
0.6
0

81

0.01539

0.01422

87.2

58.1

number, the possible values are f3; 5; 7; 9g. All the variables will have the
same granularity.
 M4: The genetic learning process proposed in this paper.
Due to the non-deterministic nature of the latter three methods (M2, M3 and
M4), four runs have been developed for each of them with dierent seeds for the
pseudo-random number generator. This is the reason why two rows appear for
M2, M3 and M4 in the dierent tables presented. The ®rst row corresponds to
the FRBS which obtains the best MSEtra and the other to the FRBS which obtains the best average between the MSEtra and the MSE over the test set MSEtst .
Of course, if these two FRBSs are the same, only one row is shown in the table.
· DB components: This column shows the main components of the DB. It has
three items:
 gr: Granularity of the linguistic variables,
 a: Parameter a,
 S: Parameter S.
Of course, the two latter components only appear in M4.
· #R: The number of rules of the FRBS RB.
· MSEtra : MSE over the training set.
· MSEtst : MSE over the test set.
· % tra: Improvement percentage of the MSEtra obtained respect to the
MSEtra obtained using the Wang and Mendel's method (M1).
· % tst: Improvement percentage of the MSEtst obtained respect to the MSEtst
obtained using the Wang and Mendel's method (M1).
As can be observed, in the majority of cases our method shows a high accuracy
improvement of the ®nal FRBS compared with the usual way to design FRBSs,
using the same RB learning method. As regards the method that considers the
same KB learning approach (M3), it is also clearly overcome by our learning
process. Although some MSEtra results of methods M2 and M3 are better than
the ones obtained with M4 in Table 2, the MSEtst values associated are very
high, that is, the former FRBSs are over-®tted to the training data. Our method
has a better generalization capability.
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Moreover, the FRBSs obtained by our method normally generates RBs with
a lesser number of rules than anyone obtained by the other methods. This
result is of a signi®cant importance since more accurate fuzzy models can be
obtained with a lesser number of rules on the RB (hence, more interpretable
FRBSs) by considering a learning approach dierent than the usual one.

6. An extension to the proposed method
In this section, we propose a new way to calculate the evaluation function of
each chromosome in order to avoid the possible over®tting, thus improving the
generalization capability of the ®nal FRBS. To do that, we will lightly penalize
FRBSs with a high number of rules to obtain more compact linguistic models.
Therefore, once the RB has been generated and its MSE over the training set
has been calculated, the ®tness function is based on the one proposed in [28]:
FC  x1 MSE  x2 #R
We consider x1  1 and x2 is calculated taking two values as a base: the MSE
of the FRBS obtained with the RB generation method considering the DB with
the maximum number of labels per variable and uniform fuzzy partitions
MSEmax lb , and the number of rules of that RB #Rmax lb :
x2  a

MSEmax lb
#Rmax lb

with a being a weighting percentage.
Table 5 shows the best results obtained by the proposed method with this
new evaluation function when solving of the three problems considered in the
Table 5
Best results obtained considering the new evaluation function
B

DB components

P1

gr.
a
S
gr.
a
S

P2

gr.
a
S

P3

gr.
a
S

3
0.1
0

8
1.2
0
7
0.2
0

9
2.3
0
4
1.2
0

8
0.6
0
7
1.1
0

6
0.1
0

9
2.0
1

9
0.5
0

9
0.7
0

9
0.3
0

9
0.5
0

9
0.9
0

#R

MSEtra

MSEtst

% tra

% tst

29

154,722

218,152

21.7

23.1

7

171,137

155,589

13.4

45.1

74

9238

8644

71.4

74.2

81

0.01543

0.01421

87.1

58.2
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previous section. The parameter values for the GA are the same that in the
previous experiments developed (Table 1) and a has been set to three possible
values f0:05; 0:1; 0:2g. For every benchmark, there are two rows (the FRBS
with best MSEtra and the FRBS with best average between the MSEtra and the
MSEtst ). As in the previous tables of results (Tables 2±4), if these two FRBSs
are the same, only one row is showed. All the columns in the table stand for the
same aspects that in the tables collected in the previous section, but column
``method'' (M), that is substituted by column ``benchmark'' (B). The percentages showed in the last two columns are the improvement percentages of the
MSEtra and MSEtst with respect to the corresponding values obtained using the
Wang and Mendel's method (method M1 in Tables 2±4).
Notice that the values highlighted in boldface in Table 5 are those corresponding to the cases when better results are obtained using the new ®tness
function than in the case of the previous experimentation showed in Tables 2.
In view of these results, the consideration of the new ®tness function leads to
obtain, in the most of the cases, a lesser number of rules in the RB and a lesser
MSEtst than those obtained with the original evaluation function. On the other
hand, as supposed, the values obtained for the MSEtra considering this new
evaluation function are, generally, lightly higher than the previous ones. The
only exception to the latter is the FRBS designed for problem P2 which
overcomes both in MSEtra and MSEtst the best fuzzy models obtained with the
remaining techniques.

7. Concluding remarks
This paper has presented the usual ways to automatically obtain the KB of a
FRBS, and has analysed some proposals that try to adapt the fuzzy partition
contexts. A new genetic process has been proposed to automatically learn the
whole KB: the DB being evolved by a GA (adapting the granularity, the
contexts using a non-linear scaling function and a possible enlargement of
the variable domain), and the RB being generated by a simple rule generation
method. It has obtained good results in three dierent applications.
Our genetic process may be applied to any RB learning method, having in
mind its run time since the RB generation method must be run many times
within the DB learning process.

Appendix A. The Wang and Mendel learning method
The ad hoc data covering RB generation process proposed by Wang and
Mendel in [39] has been widely known because of its simplicity and good
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performance. The generation of the RB is put into eect by means of the
following steps:
1. Consider a fuzzy partition of the input variable spaces: It may be obtained
from the expert information (if it is available) or by a normalization process.
If the latter is the case, perform a fuzzy partition of the input variable spaces
dividing each universe of discourse into a number of equal or unequal partitions, select a kind of membership function and assign a fuzzy set to each
subspace.
2. Generate a preliminary linguistic rule set: This set will be formed by the rule
best covering each example (input±output data pair) contained in the input±
output data set. The structure of these rules is obtained by taking a speci®c
example, i.e., an n  1-dimensional real array (n input and 1 output values),
and setting each one of the variables to the linguistic label best covering every array component.
3. Give an importance degree to each rule: Let Rl  IF x1 is A1 and . . . and xn is
An THEN y is B be the linguistic rule generated from the example
el  xl1 ; . . . ; xln ; y l . The importance degree associated to it will be obtained
as follows:
G Rl   lA1 xl1     lAn xln   lB y l 
4. Obtain a ®nal RB from the preliminary fuzzy rule set: The rule with the highest importance degree is chosen for each combination of antecedents.
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