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Abstract—There are many metrics available to measure the
goodness of a classifier when working with ordinal datasets.
These measures are divided into product-moment and associ-
ation metrics. In this paper, the behavior of several metrics is
studied in different situations. In addition, two new measures
associated with an ordinal classifier are defined: the maximum
and the minimum mean absolute error of all the classes. From
the results of this comparison, a pair of metrics is selected
(one associated to the overall error and another one to the
error of the class with lowest level of classification) to guide the
evolution of a multi-objective evolutionary algorithm, obtaining
good results in generalization on ordinal datasets.

Keywords-mean absolute error; multi-objective evolutionary
algorithm; ordinal measures;

I. INTRODUCTION

Although classification and regression metric problems
have been thoroughly investigated in the literature, the ordi-
nal regression problems have not received as much attention
as nominal (binary or multiclass) classification. Nonetheless,
the applications of ordinal regression frequently occur in
domains where human-generated data plays an important
role. Thereby, many of the performance measures that
researchers use are ordinal. For example, people can be
classified by considering whether they are high, medium,
or low on some attribute or in a set of categories varying
from strong agreement to strong disagreement with respect
to some attitude item. Hodge and Treiman [1], to analyze
social class identification, scored responses as follows: “Re-
spondents identifying with the lower, working, middle, upper
middle, and upper class were assigned the scores 1, 2, 3,
4, and 5, respectively”. Though sequential numbers may
be assigned to such categories, the numbers assigned serve
only to identify the ordering of the categories. In contrast to
metric regression problems, these ranks are finite types and
the metric distances between the ranks are not defined, in
general; in contrast to classification problems, these ranks
are also different from the labels of multiple classes due to
the existence of the ordering information [2].

On a first consideration, various measures of ordinal asso-
ciation and product-moment correlation and regression seem
to rely on very different foundations. This is, the ordinal
measures are developed from a) the notion of comparing
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pairs of cases, or b) the product-moment system, which is
considered in terms of measures of individual cases.

If methodology a) is used, and there is an ordering of
the categories but the absolute distances among them are
unknown, an ordinal categorical variable is obtained. In that
respect, in order to avoid the influence of the numbers cho-
sen to represent the classes on the performance assessment,
we should only look at the order relation between “true”
and “predicted” class numbers. The use of Spearman’s rank
correlation coefficient, rg, [3] and specially Kendall’s, 73,
[4] is a step forward in that direction. Moreover other coef-
ficients are frequently used to describe association between
ordinal measures as Goodman and Kruskal’s v [5], and
Somers’s d [6]. Each one of these four measures has several
advantages and disadvantages in terms of interpretation, ease
of computation, and suitability to the data under discussion.
They seem to satisfy the necessity of measures of ordinal
association in the bivariate case. For instance, in order to
get rg, we start by defining two rank vectors of length n,
corresponding to the size of the dataset, which are associated
with the variables C' and C*, corresponding respectively to
the numbers representing the true and predicted classes.

More recently, various measures of association for ordered
variables have been developed [7], and models useful for
analyzing square tables with ordinal variables are diagonal-
parameter models, quasi-uniform association models [8] and
conditional symmetry models [9].

If methodology b) (product-moment system) is used, the
most common considered measures in Machine Learning
are the Mean Absolute Error (here denoted as M AE) [10],
[11]; Root Mean Square Error (RMSE) [11], and Mean
Zero-One Error (more frequently known as Error Rate) [11],
being 1-CCR, where CCR is the Correct Classification
Rate. However, these three measures are not very good when
used to measure the performance of classifiers on ordinal
unbalanced datasets because they assume a metric on the
output space [10].

In this preliminary study, we define two new measures as-
sociated with an ordinal classifier. The first one is associated
to the highest M AFE value for of all the classes (maximum
MAE) and the second one to the lowest M AFE value
(minimum M AF). Then, we study these ordinal metrics,
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together with other measures, in order to determine the
best pair of ordinal metrics, which will be used to guide
a Multi-Objective Evolutionary Algorithm (MOEA) for the
generalization improvement of classifiers.

The rest of paper is organized as follows: Section II
shows a comparison of measures of ordinal classification;
Section III describes the method used; Section IV describes
the experimental design and the results obtained, while
conclusions and future research are outlined in Section V.

II. MEASURES OF ASSOCIATION IN ORDINAL
CLASSIFICATION

A ordinal classification problem with J classes and n
patterns is considered with g as a classifier obtaining a J x J
contingency or confusion matrix (M = M(g)):

J
M = M(g) = {ni;; Z ni; =n},
ij=1

where n;; represents the number of times the patterns are
predicted by classifier g to be in class 7 when they really
belong to class ¢ and n is the total number of patterns.

There are many ordinal measures to determine the ef-
ficiency of the ¢ classifier, but not all pairs formed by
these metrics are valid to guide a MOEA. Before describing
the ordinal metrics, accuracy and minimum sensitivity are
presented, since they are conflicting [12]:

e CCR: The Correct Classification Rate or Accuracy is
the percentage of correctly classified patterns:

1
CCR = E j; nj 79
where CCR values range from O to 1.

e M S: The Minimum Sensitivity is the lowest percentage
of patterns correctly predicted as belonging to each
class, with respect to the total number of examples in
the corresponding class:

MS =min{S; = 2,5 =1,...J},
nj

where n; is the number of patterns in the j-th class, S;
is the sensitivity of the j-th class and M .S values range
from O to 1.

On the other hand, there are other product-moment ordinal

metrics used in ordinal classification:

e MAE: The Mean Absolute Error is the average devi-
ation in absolute value of the predicted class from the
true class [10]:

n

MAE = 1 Ze(a:,;),

n -
=1

where e(z;) = |C; — CF| is the distance between the
true (C) and the predicted (C*) rank, assuming that the
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J classes are integer numbers from 1 to J and, then,
M AFE values range from 0 to J — 1.

o MMAE: The Maximum MAFE value of all the
classes. MMAE is the M AFE value of the class with
higher distance from the true values to the predicted
ones:

MMAE =max{MAE;;j=1,...,J},

where M AE; is the M AE value for the j-th class.
MM AE values range from O to J — 1.

o mMAE: The minimum M AFE value of all the classes.
mMAE is the M AE value of the class with smaller
distance from the true values to the predicted ones:

mMAE =min{MAE;;j =1,...,J},

where mM AE values range from O to J — 1.

o AMAE: The Average M AFE is the mean of the clas-
sification errors across classes (M AEM = AMAE)
[10]:

J 5 J
1 1 1
AMAE = ;:1 ” ;:1 ¢j(zi) = 5 ;:1 MAE;,

where AM AF values range from 0 to J — 1.
Finally association metrics are presented, which are also
used in ordinal classification:
e Tp: The Kendall’s 7 is a statistic used to measure the
association between two measured quantities. Specifi-
cally, it is a measure of rank correlation [4]:

> CiiCij

I )
\/ Z c;}? Zczg_j

where c7; is +1 if C7 is greater than C7, 0 if C7 and
C’j are the same, and -1 if C} is less than Cj* for
i,7 = 1,...,n, and similar for C, and 7, values range
from -1 to 1.

e 7g: The Spearman’s rank correlation coefficient is a
non-parametric measure of statistical dependence be-
tween two variables [3]:

o X(C-ONC =T
V(€ =02y (0 - Ty

where C' and C* are the average of C' and C* respec-
tively, ¢ = 1,...,n and rg values range from -1 to 1.

e Tint: The 75, is a metric to measure the performance
of ordinal classifiers introduced by Pinto da Costa et
al. [13]:

Ty —

card(S1 () S2)
/card(Sy)card(Sz)’

where card(S1) and card(Ss) are defined as follows:

JJ
card(Sy) = ZannJ —n,

i=1 j=1i

Ting = —1
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Table I: Confusion matrices for the study.

Table II: Results obtained by the different metrics.

10 0 0 O 10 0 0 0
20 0 0 O 0 20 0 0
M; = M, =
30 0 0 O 0 0 30 0
40 0 O O 0 0 0 40
0 0 0 10 0O 0 0 10
0 20 O 0O 0 0 20
Ms; = My =
0 30 O 0 30 0 0 O
40 O 0 0 40 0 O O
0 100 O 0 40 0 0 O
2
M — 0 0 0 0 My = 30 0 0 O
0 0 0 30 20 0 0 O
0 0 40 O 10 0 0 O

J o J
card(Ss) = E g NN — N,
j=i

J J o
where n;. = > ng; and ny = Y7 ny; for i, j =

.,J. And card(Sy () S2):

J J J J
= E E E E nijni'j’ —n,

i=1 j=14'=i j'=j

card(Sy ﬂ Sa)

where 7;,,; values range from -1 to 1.

o W Kappa: The Weighted Kappa is a modified version
of the Kappa statistic calculated to allow assigning
different weights to different levels of aggregation
between two variables [14]:

W Kappa = Po(w) — Pe(w)
1- Pe(w)
where
1.2
Po(w) = = Z Z WijMig,
i=1 j=1
and

1 J J
Pe(w) = n2 Z Z WijN5. 1.5,
=1 j=1

where the weight w;; quantifies the degree of discrep-
ancy between the true (C;) and the predicted (C’;-‘)
categories, and W Kappa values range from -1 to 1.
While the 7, and g measures are dependent on the values
chosen for the ranks that representing the classes, the M AFE,
MMAE, mMAE and AMAFE depend on the distance
between ranking of two consecutive classes.

A. Comparison of the Ordinal Metric

The purpose of analyzing these metrics is to determine
which ones could be suitable as fitness functions in a MOEA.
To study the performance of these metrics, we will use
the 6 confusion matrices shown in Table I. These matrices
are designed to cover all possible situations: all patterns
classified in the same class (M and Mg), perfect classifica-
tion (M), inverse association (M3) and other problematic
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M, My M3 My M; M
CCR 0.1 1.0 0.0 0.0 0.0 0.4
MS 0.0 1.0 0.0 0.0 0.0 0.0
MAE 2.0 0.0 2.0 2.5 1.0 1.0
MMAE 3.0 0.0 3.0 3.0 1.0 3.0
mMAE 0.0 0.0 1.0 2.0 1.0 0.0
AMAE 1.5 0.0 2.0 2.5 1.0 1.5
Th 0.0 1.0 -0.9354 -0.7200 0.1972 0.0
rs 0.0 1.0 -1.0 -0.8728 0.5570 0.0

Tint 0.6080 1.0 -0.0937 0.2171 0.5625 0.6080
W Kappa 0.0 1.0 -0.4084 -0.4705 0.1228 0.0

classifications (M4 and Mj5). Matrices M; — M5 follow the
same distribution patterns per class. The distribution pattern
of the matrix My is different to compare with the matrix
M,;.

Table II shows the results obtained after applying all
the metrics on the confusion matrices. These results show
that the matrix M, obtains optimal values. For the other
matrices, the values of the metrics are between their expected
ranges. The worst results are obtained for M3 and My.
Matrices M; and Mg get the same results on all metrics
less in CC and M AE. This indicates that all metrics (except
CCR and M AFE) are not dependent on the distribution of
patterns per class.

In [15], the CC R and M AE measures (and other metrics)
are analyzed and compared. In our case, and preliminary
manner, we analyze the pair formed by the MM AFE and
AMAFE measures from a multi-objective point of view.
These metrics are conflicting, since AM AFE seeks to mini-
mize the overall error rate of the classifier, while M MAFE
intends that all classes have an acceptable value of M AE.

B. Study of AMAE-MMAFE pair

To analyze the relationship between the two metrics we
propose the following procedure.

Proposition: Let us consider a J-class classification prob-
lem. Let AMAFE and MMAFE be respectively the two
measures associated with an ordinal classifier g, then:

MMAE
ngMAEgMMAE. 1
Proof: We begin by proving the upper bound. The class
with M M AFE is denoted without loss of generality by j =
J, and the class with mMAE is denoted by 7 = 1. In
general 0 < MAE; < MMAFE < J —1, so:
J J
Z MAE; < = Z MMAE = MMAE.
j 1
Thus, AMAE < MMAE.
On the other hand, the lower bound can be obtained:

AMAE—JZ ;ej z;) =

AMAE =
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J—1 nj

1 1 11 &
== — ej(xz;))+ =— es(x;),
J]:l j i=1 ’ Jng:Zl
but I _
1m 1 (J —1)mMAE
72 e 2
j=1 7 i=1
and N
li Je (2:) MMAE
N A A
then
1 J 1 n;
j=1""7 i=1
> mMAE + MMAE;mMAE > M%AE’
for all nM AE. But since 0 < mMAE < MAE; < J -1,
we have AMAFE > M. [ |

1) Graphical Representation of AMAE-MMAE: The
AMAE-MM AE point of view allows us to represent the
performance of a classifier in a two dimensional space, but
in this pair of measures the total number of classes in the
problem is considered. Concretely, the MMAE = M is
represented on the horizontal axis and the AMAE = A
on the vertical axis. One point in (M, A) space dominates
another if it is below and to the left, i.e. it has less M
and less A. Therefore, from the inequalities in (1), each
classifier will be represented as a point in the white region
in Figure 1. Several points in (M, A) space are important
to note. The upper right point (J — 1,J — 1) represents
the worst classifier and the optimum classifier is located
at the (0,0) point. Furthermore, the point (J — 1,Z51)
corresponds with a classifier that has, at least, one class
with no patterns correctly classified. When the number of
classes increases, the value of A tends to one. Note that
it is possible to find among them classifiers with a low
level of A, but with a higher level of M, specially when
the number of classes is high. Thus, minimizing these two
error functions simultaneously produces models which are a
trade-off between average results that are acceptable to all
classes and the lowest ranked class, i.e., the class that has
patterns farthest from the corresponding class in the ordinal
ranking.

From the concrete shape of the region, the following
comments can be made. First of all, observe that a decrease
in A does not imply a decrease in M. Reciprocally, a
decrease in M does not mean a decrease in A. On the
other hand, it should be noted that for a fixed value of A, a
classifier will be better when it corresponds to a point closer
to the diagonal of the (J — 1) x (J — 1) square.

It is important to analyze if M and A are not cooperative
in general, especially at certain high levels. At the beginning
of a learning process, M and A could be cooperative, how-
ever after some generations, objectives become competitive
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(J-1,J-1)
Worst classifier

Average Mean Absolute Error, A

(J-1.(J-1/)
A =M

0,0
Best Classifier

Maximum Mean Absolute Error, M

Figure 1: Unfeasible region in the two-dimensional (M, A)
space for a given classification problem.

and a decrease of one objective usually involves an increase
in the other one.

III. METHOD

To see how the selected metrics behave, this paper uses
the MOEA described in [16] for training artificial neural
networks with sigmoid basis functions. For more details
about the base classifier framework, see [16]. The algorithm
used is the MPDENN (Memetic Pareto Differential Evo-
Iution Neural Network) algorithm developed by R. Storn
and K. Price in [17] and modified by H. Abbass to train
neural networks [18]. MPDENN is adapted by analyzing
the trade-off between the CCR and MS in [12], [19].
The fundamental bases of this algorithm are Differential
Evolution and the concept of Pareto dominance.

For the study presented in this paper the local optimiza-
tion process has been eliminated for two reasons: 1) the
objective is to study the performance and relationship of
the metrics and 2) the selected metrics are not continuous
functions, which makes convergence more difficult or even
impossible in local optimization. Because of this reason, we
call the algorithm PDENN (without the local search step,
non Memetic).

IV. EXPERIMENTAL STUDY

To verify the efficiency of the selected ordinal metric pair,
we will use four ordinal datasets'. The results obtained by
using the AMAE-M M AE pair as fitness functions when
evaluating individuals obtained from the MOEA will be
compared with those obtained when the algorithm is guided
by two nominal metrics, CCR and MS. The process to
obtain the results with nominal metrics can be seen in [12].
The ordinal metrics are used as fitness functions without
requiring any change in the evolution process of MOEA. The
purpose of this comparison is to see if using ordinal metrics
improves the results obtained with the nominal metrics.

IDatasets are available in http://weka.wikispaces.com/Datasets
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Table III:

Results obtained in generalization for different metrics pairs.

. . CCRg MSqa MAEg MMAEg AMAEg
Dataset Metrics pair Method
Mean+SD Mean+SD Mean+SD Mean+SD Mean+SD

CCR vs. MS PDENN-CCR 0.875440.0304  0.3205+£0.2467  0.151240.0446  0.6795+0.2467  0.295540.0821

Balance-scale ’ PDENN-MS 0.858640.0512  0.7268+0.1238  0.160940.0591 0.277140.1201 0.188440.0688
3 classes -

AMAE vs. MMAE PDENN-AMAE  0.8786+0.0360  0.7660+0.1331  0.1348+0.0420  0.2408+0.1290  0.15471-0.0668

PDENN-MMAE  0.877140.0418  0.7490+£0.1398  0.13634+0.0503  0.2570+0.1353  0.162140.0729

CCR vs. MS PDENN-CCR 0.53594-0.1301 0.230040.2175  0.5026+0.1561 0.875640.2998  0.5504+0.1620

Squash-stored ' PDENN-MS 0.51544-0.1091 0.235640.2249  0.5308+0.1462  0.921140.4006  0.5785+0.1938
3 classes -

AMAE vs. MMAE PDENN-AMAE  0.5641+0.1475  0.274440.2457  0.4718+0.1804  0.8411+0.3774  0.5007+0.2270

PDENN-MMAE  0.561540.1487  0.2744+0.2457  0.474440.1808  0.8411+0.3774  0.503040.2258

CCR vs. MS PDENN-CCR 0.431740.0476  0.0266£0.0600  0.678940.0912 1.380340.2785  0.8452+0.1060

SWD - PDENN-MS 0.44714+0.0420  0.2824+£0.1191  0.676840.0712 1.00654+0.2735  0.7453+0.1103
4 classes -

AMAE vs. MMAE PDENN-AMAE  0.4845+0.0457  0.253840.1320  0.5849+0.0493  0.8738+0.1520  0.624510.0681

PDENN-MMAE  0.4860+£0.0413  0.269640.1273  0.5835+£0.0560  0.905040.1961 0.646040.0762

CCR vs. MS PDENN-CCR 0.368440.0688  0.0545+0.0867  0.828940.1634 1.396440.4507  0.8308+0.1625

Tae ’ PDENN-MS 0.421140.0909  0.2915£0.1005  0.773740.1216 1.03764£0.2017  0.775240.1207
3 classes -

AMAE vs. MMAE PDENN-AMAE  0.4851+0.0727  0.335540.0973  0.6114+0.1013  0.7889+0.1348  0.6129+-0.1005

PDENN-MMAE  0.4868+0.0823  0.3451+£0.0952  0.618440.1086  0.8073+0.1538  0.620040.1085

The best result is in bold face.

Due to the MOEA used is non-deterministic, we perform
10 times a holdout validation and 3 repetitions for each
holdout (obtaining a total of 10 x 3 = 30 different results).
Each holdout is a stratified random division of the data,
where approximately 75% of the instances are used for the
training set and the remaining 25% for the generalization
set (maintaining the original distribution of classes).

In all the experiments, the population size is established
at 25 and the number of generations is 150. The crossover
probability is 0.8 and the mutation probability is 0.1. The
number of neurons in the hidden layer ranges from 1 to
20, establishing the optimum value during the evolutionary
process.

A. Results

Table III shows the results obtained after guiding the
MOEA with the two pairs of selected metrics. The results
presented correspond to average values in generalization
for the 30 extreme models of the Pareto fronts generated
in 30 runs in training (one Pareto front for each run).
Thus, the PDENN-AMAE method shows the mean values
in generalization of the 30 individuals with the best value
of AM AF in training. The same procedure is followed for
the other methods.

Table III does not show the values of all the metrics de-
scribed in Section II because our aim is to obtain conclusions
about the metrics we are working with.

From a descriptive point of view, the AMAE-MMAFE
pair obtain the best results in all datasets for all metrics,
except in the SWD dataset, in which PDENN-MS method
get the best value in M S. These results show that the MOEA
has better performance on ordinals datasets when evolution
is guided by the pair of ordinal metrics AM AE-M M AE.

In Figure 2, we can see the graphical results obtained for
the PDENN algorithm with AM AE-M M AFE pairs for the
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dataset SWD. For the AM AE-M M AFE space, we select the
Pareto front for one specific run of the 30 ones performed for
the dataset, concretely the execution that presents the best
individual on M AFE for training data. On the generalization
graphic, we show the MMAE and AMAE values over
the generalization set for the individuals who are reflected
in the training graphic. Observe that the AMAE-MMAFE
values do not form Pareto fronts in generalization, and the
individuals that in the training graphic were in the first Pareto
front, now can be located within space in a worst region.
In general the structure of a Pareto front in training is not
maintained in generalization.

V. CONCLUSION

In this paper, the Maximum and the Minimum MAFE
are presented and used in a comparative study together
with other ordinal measures in order to determine the pair
of metrics to better guide a Multi-Objective Evolutionary
learning Algorithm. A good performance for ordinal datasets
is obtained when the algorithm is guided by the Average
MAFE and Maximum M AFE pair. These results are better
than those obtained by using a pair of nominal metrics.

As future work, the Average M AE and Maximum M AFE
metrics could be used to guide a specific evolutionary
algorithm for ordinal classification, which use ordinal in-
formation during the evolutionary process.
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