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Abstract
Many classiﬁcation algorithms require that training examples contain only discrete values. In order to use these algorithms when some
attributes have continuous numeric values, the numeric attributes must be converted into discrete ones. This paper describes a new way
of discretizing numeric values using information theory. Our method is context-sensitive in the sense that it takes into account the value
of the target attribute. The amount of information each interval gives to the target attribute is measured using Hellinger divergence, and
the interval boundaries are decided so that each interval contains as equal amount of information as possible. In order to compare our
discretization method with some current discretization methods, several popular classiﬁcation data sets are selected for discretization. We
use naive Bayesian classiﬁer and C4.5 as classiﬁcation tools to compare the accuracy of our discretization method with that of other
methods.
 2006 Elsevier B.V. All rights reserved.
Keywords: Machine learning; Discretization; Data mining; Knowledge discovery

1. Introduction
Discretization is a process which changes continuous
numeric values into discrete categorical values. It divides
the values of a numeric attribute into a number of intervals,
where each interval can be mapped to a discrete categorical
or nominal symbol. Most real-world applications of classiﬁcation algorithm contains continuous numeric attributes.
When the feature space of data includes continuous attributes only or mixed type of attributes (continuous type
along with discrete type), it makes the problem of classiﬁcation vitally diﬃcult. For example, classiﬁcation methods
based on similarity-based measures are generally diﬃcult, if
not possible, to apply to such data because the similarity
measures deﬁned on discrete values are usually not compatible with similarity of continuous values. Alternative
methodologies such as probabilistic modeling, when
*
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applied to continuous data, require an extremely large
amount of data.
In addition, poorly discretized attributes prevent classiﬁcation systems from ﬁnding important inductive rules.
For example, if the ages between 15 and 25 mapped into
the same interval, it is impossible to generate the rule about
the legal age to start military service. Furthermore, poor
discretization makes it diﬃcult to distinguish the non-predictive case from poor discretization. In most cases, inaccurate classiﬁcation caused by poor discretization is likely to
be considered as an error originated from the classiﬁcation
method itself. In other words, if the numeric values are
poorly discretized, no matter how good our classiﬁcation
systems are, we fail to ﬁnd some important rules in
databases.
In this paper, we describe a new way of discretizing
numeric attributes. We discretize the continuous values
using a minimum loss of information criterion. Our discretization method is supervised one since it takes into consideration the class values of examples, and adopts
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information theory as a tool to measure the amount of
information each interval contains. A number of typical
machine learning data sets are selected for discretization,
and these are discretized by both other current discretization methods and our proposed method. To compare the
correctness of the discretization results, we use the naive
Bayesian classiﬁer and C4.5 as the classiﬁcation algorithms
to read and classify data.
The structure of this paper is as follows. Section 2 introduces some current discretization methods. In Section 3, we
explain the basic ideas and theoretical background of our
approach. Section 4 explains the brief algorithm and correctness of our approach, and experimental results of discretization using some typical machine learning data sets
are shown in Section 5. Finally, conclusions are given in
Section 6.
2. Related work
Although discretization inﬂuences signiﬁcantly the eﬀectiveness of classiﬁcation algorithms, not many studies have
been done because it usually has been considered a peripheral issue. Among them, we describe a few well-known
methods in machine learning literature.
A simple method, called equal distance method, is to
partition the range between the minimum and maximum
values into N intervals of equal width. Thus, if L and H
are the low and high values, respectively, then each interval
will have width W = (H  L)/N. However, when the outcomes are not evenly distributed, a large amount of information may be lost after discretization using this method.
Another method, called equal frequency method, chooses
the intervals so that each interval contains approximately
the same number of training examples; thus, if N = 10,
each interval would contain approximately 10% of the
examples. These algorithms are very simple, easy to implement, and in some cases produce a reasonable discretization of data. However, there are many cases where they
cause serious problems. For instance, suppose we are to
discretize attribute age, and reason about the retirement
age of a certain occupation. If we use the equal distance
method, ages between 50 and 70 may belong to one interval, which prevents us from knowing what the legal retirement age is. Similarly, if we use the equal frequency
method to discretize attribute weight, the weights greater
than 180 pounds may belong to one interval, which prevents us to reason about the health problem of the persons
who are overweight.
With both of these discretizations it would be very diﬃcult or almost impossible to learn certain concepts. The
main reason for this is that they ignore the class values
of the examples, making it very unlikely that the interval
boundaries will just happen to occur in the places which
best facilities accurate classiﬁcation.
Some classiﬁcation algorithms such as C4.5 [14], CART
[3], and PVM [19] take into account the class information
when constructing intervals. For example, in C4.5, an

entropy measure is used to select the best attribute to
branch on at each node of the decision tree. And that measure is used to determine the best cut point for splitting a
numeric attribute into two intervals. A threshold value,
T, for the continuous numeric attribute A is determined,
and the test A 6 T is assigned to the left branch while
A > T is assigned to the right branch. This cut point is
decided by exhaustively checking all possible binary splits
of the current interval and choosing the splitting value that
maximizes the entropy measure. CART, developed by [3],
takes into account the class information as well but it just
splits the range into two intervals. It selects the interval
boundary which makes the information gain gap between
the two intervals maximum. This process is carried out as
part of selecting the most discriminating attribute.
Fayyad [8] has extended the method of binary discretization in CART [3] and C4.5 [14], and introduced multi-interval discretization using minimal description length (MDL)
technique. In this method, the data are discretized into two
intervals and the resulting class information entropy is calculated. A binary discretization is determined by selecting
the cut point for which the entropy is minimal amongst
all candidates. The binary discretization is applied recursively, always selecting the best cut point. A minimum
description length criterion is applied to decide when to
stop discretization. This method is implemented in this
paper, and used in our experimental study.
Fuzzy discretization, proposed by Kononenko [10], initially forms k equal-width intervals using equal width discretization. Then it estimates p(ai < Xi 6 bijC = c) from
all training instances rather than from instances that have
value of Xi in (ai, bi). The inﬂuence of a training instances
with value v of Xi on (ai, bi) is assumed to be normally distributed with the mean value equal to v. The idea behind
fuzzy discretization is that small variation of the value of
a numeric attribute should have small eﬀects on the attribute’s probabilities, whereas under non-fuzzy discretization, a slight diﬀerence between two values, one above
and one below the cut point can have drastic eﬀects on
the estimated probabilities. The number of initial intervals
k is a predeﬁned parameter and is set as 7 in our experiments. This method is also implemented and used in our
experimental study.
BRACE [18] concentrates on ﬁnding the natural boundaries between intervals and creates a set of possible classiﬁcations using these boundaries. All classiﬁcations in the
set are evaluated according to a criterion function and
the classiﬁcation that maximizes the criterion function is
selected. It creates a histogram of the data, ﬁnds all local
minima, and ranks them according to size. The largest is
then used to divide the data into a two-interval classiﬁcation. A three-interval classiﬁcation is then created using
the two largest valleys and so on until a v-interval classiﬁcation has been created (where v is the number of local
minima in the histogram). These classiﬁcations are then
used to predict the output class of the data, and the classiﬁcation with the best prediction rate is selected.
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Even though some algorithms use dynamic discretization methods, it might still be preferable to use static discretization. Using static discretization as a preprocessing
step, we can see signiﬁcant speed up for classiﬁcation algorithm with little or no loss of accuracy [5,7,17]. The
increase in eﬃciency is because the dynamic algorithm,
such as C4.5/CART, must re-discretize all numeric attributes at every node in the decision tree while in static discretization all numeric attributes are discretized only once
before the classiﬁcation algorithm runs. One of the major
problems in dynamic discretization is that it is expensive.
Although it is polynomial in complexity, it must be evaluated N  1 times for each attribute where N means the
number of distinct values. Since classiﬁcation programs
are designed to work with large sets of training sets, N is
typically very large. Therefore, algorithms like C4.5 runs
very slowly when continuous attributes are present. In
addition, the real performance of binary discretization is
not proven when there are more than two classes in the
problem. As the algorithm attempts to minimize the
weighted average entropy of the two sets in the candidate
binary partition, the cut point may separate examples of
one class in an attempt to minimize the average entropy.
3. Hellinger-based discretization
With the traditional discretization methods, it is seldom
possible to feel conﬁdent that a given discretization is reasonable because these methods do not provide any justiﬁcations for their discretizations. A classiﬁcation algorithm
can hardly distinguish a non-predictive case from a poorly
discretized attribute and the user cannot do so without
examining the raw data. In general, it is seldom possible
to know what the correct or optimal discretization is unless
the users are familiar with the problem domain. Another
problem which complicates evaluation is that discretization
quality depends on the classiﬁcation algorithms that will
use the discretization. Even though it is not possible to
have an optimal discretization with which to compare
results, some notion of quality is needed in order to design
and evaluate a discretization algorithm.
The primary purpose of discretization, besides eliminating numeric values from the training data, is to produce a
concise summarization of a numeric attribute. An interval
is essentially a summary of the relative frequency of classes
within that interval. Therefore, in an accurate discretization, the relative class frequencies should be fairly consistent within an interval (otherwise the interval should be
split to express this diﬀerence) but two adjacent intervals
should not have similar relative class frequencies (otherwise
the intervals should be combined to make the discretization
more concise). Thus, the deﬁning characteristic of a high
quality discretization can be summarized as: maximizing
intra-interval uniformity and minimizing inter-interval
uniformity.
Our method achieves this notion of quality by using an
entropy function. The diﬀerence between the class frequen-
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cies of the target attribute and the class frequencies of a
given interval is deﬁned as the amount of information that
the interval gives to the target attribute. The more diﬀerent
these two class frequencies are, the more information the
interval is deﬁned to give to the target attribute. Therefore,
deﬁning an entropy function which can measure the degree
of divergence between two class frequencies is crucial in our
method and will be explained in the following.
3.1. Measuring information content
The basic principle of our discretization method is to
discretize numeric values so that the information content
of each interval is as equal as possible. In other words,
we deﬁne the amount of information that a certain interval
contains as the degree of divergence between a priori distribution and a posteriori distribution. Therefore, the critical
part of our method is to select or deﬁne an appropriate
measure of the amount of information each interval gives
to the target attribute.
In our approach, the interpretation of the amount of
information is deﬁned in the following. For a given interval, its class frequency distribution is likely to diﬀer than
that of the target attribute. The amount of information
an interval provides is deﬁned as the dissimilarity (divergence) between these two class frequencies. We employ
an entropy function in order to measure the degree of
divergence between these two class frequencies. Some
entropy functions have been used in this direction in
machine learning literature. However, the purpose of these
functions are diﬀerent from that of ours. They are designed
to decide the most discriminating attributes [14] or generate
inductive rules from examples [6]. Suppose X is the target
attribute and it has k discrete values, denoted as x1,
x2, . . ., xk. Let p(xi) denote the probability of xi. Assume
that we are going to discretize an attribute A with respect
to the target attribute X. Suppose A = ai and A = ai+1
are boundaries of an interval, and this interval is mapped
into a discrete value a. Then the probability distribution
of X under the condition that ai 6 A < ai+1 is possibly different from a priori distribution of X. We will introduce
several studies for measuring divergence from the information theory literature and machine learning literature.
In machine learning literature, CN2 and C4.5 are
employing information theory-based functions to measure
the amount of information deﬁned above. CN2, developed
by Clark [6], is a rule induction algorithm which searches
for classiﬁcation rules. It uses, as an estimate of information measure, the following formula for estimating the
information given from A about X:
H ðX jaÞ ¼

k
X

pðxi jaÞ log pðxi jaÞ;

ð1Þ

i¼1

where H(Æ) denotes entropy function. It assigns the entropy
of a posteriori distribution to each inductive rule it generates. However, because it takes into consideration only a
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posteriori probabilities, it fails to measure the divergence of
two probability distributions correctly. For example, suppose the value of H(X) is equal to that of H(XjA = a),
and both of them are very high in value. Then even though
there is no diﬀerence between H(X) and H(XjA = a), we
have high value of information measure.
C4.5 [14], which generates decision trees from data, has
been widely used for rule induction. It uses the following
formula for estimating the information given from A about
X:
H ðX Þ  H ðX jaÞ:

ð2Þ

It takes into consideration both a priori and a posteriori
probabilities. It calculates the diﬀerence between the entropy of a priori distribution and that of a posteriori distribution, and uses the value to determine the most
discriminating attribute of decision tree. Although it uses
a more improved measure than CN2, it also fails to calculate the divergence between two distributions correctly.
Calculating the average value of each probability, it cannot
detect the divergence of the distributions in the case that
one distribution is the permutation of the other.
In information theory literature, several studies are done
about divergence measure. Kullback [11] derived a divergence measure, called I-measure, deﬁned as
X
pðxi jaÞ
:
ð3Þ
pðxi jaÞ log
pðxi Þ
i
This measure is the average mutual information between
the attributes X and A with the expectation taken with respect to the a posteriori probability distribution of X. This
measure appears in the information theoretic literature under various guises. It can be viewed as a special case of the
cross-entropy or the discrimination, a measure which deﬁnes the information theoretic similarity between two
probability distributions. Another group of divergence
widely used in information theory literature are Bhattacharyya divergence [2] and Renyi divergence [15], and these
are deﬁned, respectively, in the following:
X pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 log
pðxi Þpðxi jaÞ and
i

X
1
log
pðxi Þa pðxi jaÞ1a ;
1a
i
where a > 0, and a „ 0. In Renyi divergence, the range of
function can be changed depending on the value a. These
measures including Kullback divergence become zero if
and only if p(xi) = p(xijai) for all i, and have been used in
some statistical classiﬁcation problems. However, since
these measures are originally deﬁned on continuous variables, there are some problems when these are applied to
discrete values. These measures are not applicable in case
one or more than one of the p(xi)s are zero. Suppose that
one class frequency of a priori distribution is unity and
the rest are all zero. Similarly, one value of a posteriori distribution is unity and the rest are all zero. Then Kullback

divergence, Renyi divergence and Bhattacharyya divergence are not deﬁned in this case, and we cannot apply
these directly without approximating the original values.
Therefore, in this paper, we adopt Hellinger divergence
[9] which is deﬁned as


X pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 1=2

2
ð4Þ
 ð pðxi Þ  pðxi jaÞÞ  :
 i

It was originally proposed by Beran [1], and unlike other
divergence measures, this measure is applicable to any case
of probability distribution. In other words, Hellinger measure is continuous on every possible combination of a priori and a posteriori values. It can be interpreted as a
distance measure where distance corresponds to the
amount of divergence between a priori distribution and a
posteriori distribution. It becomes zero if and only if both
a priori and a posteriori
distributions are identical, and
pﬃﬃﬃ
ranges from 0 to 2. Therefore, we employ Hellinger divergence as a measure of divergence, which will be used as the
information amount of intervals. The entropy of an interval I described above is deﬁned as follows.
Deﬁnition 1. The entropy of an interval is I deﬁned as
follows:


X pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 1=2

2
EðIÞ ¼  ð pðxi Þ  pðxi jIÞÞ  :
ð5Þ

 i
4. Discretizing algorithm
The algorithm consists of an initialization step and a
bottom up combining process. As part of the initialization
step, the training examples are sorted according to their
values for the attribute being discretized and then each
example becomes its own interval. The midpoint between
each successive pair of values in the sorted sequence is
called a potential cutpoint. Each cutpoint associates two
adjacent intervals (or point values), and its corresponding
entropy is deﬁned as follows.
Deﬁnition 2. The entropy of a cutpoint C, adjacent to
interval a and b, is deﬁned in the following:
EðCÞ ¼ EðaÞ  EðbÞ:

ð6Þ

If the class frequency of these two intervals are exactly
the same, the cutpoint is called in-class cutpoint, and if
not, the cutpoint is called boundary cutpoint. In other
words, if two adjacent point values or intervals have diﬀerent class frequencies, their midpoint(cutpoint) is deﬁned as
boundary cutpoint. Intuitively, discretization at in-class
cutpoints are not desirable because it separates examples
of one class. Therefore, boundary cutpoint must have high
priority to be selected for discretization.
In combining process, the amount of information that
each interval gives to the target attribute is calculated using
Hellinger divergence. For each pair of two adjacent
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intervals, the system computes the informational diﬀerence
between them. The least value of diﬀerence will be selected
and its corresponding pair of intervals will be merged.
Merging process continues until the system reaches the
maximum number of intervals (K) usually given by users.
The value of K, maximum number intervals, is determined
by selecting a desired precision level the user wants. The
standard recommended value of K is to set the value
between 5 and 10 depending on the domain to prevent an
excessive number of intervals from being created. Fig. 1
shows the abstract algorithm of the discretization method.
We have the following theorem which shows the correctness of our discretization algorithm.
Theorem 1. The in-class cutpoints are not to be selected for
discretization unless all boundary cutpoints are exhausted for
discretization.
Proof. Suppose X is a in-class cutpoint and Y is a boundary cutpoint. Let a and b represent the adjacent intervals of
X. From the deﬁnition of in-class cutpoint, the entropy of
X is given as
EðX Þ ¼ EðaÞ  EðbÞ ¼ 0

ð7Þ

since interval a and b have the identical class frequencies.
Let c and d represent the adjacent intervals of Y, and c1,
c2, . . ., ck and d1, d2, . . ., dk denote the class frequencies of
c and d, respectively. From the deﬁnition of boundary cutpoint, $i ci „ di, 0 6 i 6 k. Therefore,
EðY Þ ¼ EðcÞ  EðdÞ > 0:

ð8Þ

From Eqs. (7) and (8), we can see that the entropy of inclass cutpoint is always less than that of boundary cut-
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point. In addition, in case that two adjacent intervals
are separated by a in-class cutpoint, the class frequency
of combined interval is identical to that of original
intervals.
Therefore, as the algorithm selects a cutpoint which has
the least entropy, all in-class cutpoints are to be merged
before all boundary cutpoints are to be merged. h
This theorem implies that in our algorithm discretization keeps occurring only at boundary cutpoints unless
it exhausts all boundary cutpoints. By doing so, it prevents the in-class cutpoints from being selected for
discretization.
The computational complexity of our discretization
method is given as O((n  k)n), where n is the number of
examples and k is the the number of intervals.
Theorem 2. Suppose n is the number of examples, and k
represents the number of intervals. The complexity of the
proposed discretization method is given as
Oððn  kÞnÞ:

ð9Þ

Proof. For each of the sorted numeric values, the algorithm calculates the entropies of the cutpoints and intervals. It requires O(n) time.
After that, the algorithm selects the cutpoints with the
least entropy value and its corresponding intervals are
merged. The complexity for selecting the least entropy
value requires O(n), and the above process is repeated for
n  k times until the total number of intervals reaches k.
Therefore, the computational complexity of the algorithm
is given as O((n  k)n). h

Fig. 1. Discretization Algorithm.
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5. Empirical results

Table 2
Classiﬁcation results using naive Bayesian method

Because our discretization method is not itself a classiﬁcation algorithm it cannot be tested directly for classiﬁcation accuracy, but must be evaluated indirectly in the
context of a classiﬁcation algorithm. Therefore, our discretization method will be used to create intervals for two
well-known classiﬁcation systems: naive Bayesian classiﬁer
and C4.5 [14]. These system are chosen because they are
widely known, thus requiring no further description.
In our experimental study, we compare two discretization methods in Section 2, as a preprocessing step to the
C4.5 algorithm and naive-Bayes classiﬁer. C4.5 algorithm
is a state-of-the-art method for inducing decision trees.
The naive Bayes classiﬁer computes the posterior probability of the classes given the data, assuming independence
between the features for each class.
For the test data set, we have chosen ten datasets. Table
1 shows the datasets we chose for our comparison. These
datasets are obtained from the UCI repository [12] such
that each had at least one continuous attribute. We used
10-fold cross-validation technique and, for each fold, the
training data are separately discretized into seven intervals
by entropy minimization discretization (EMD) [8], fuzzy
discretization (FD) [10], and our proposed discretization
method, respectively. The intervals so formed are separately applied to the test data. The experimental results are
recorded as average classiﬁcation accuracy that is the percentage of correct predictions of classiﬁcation algorithms
in the test across trials.
Table 2 shows the classiﬁcation results of naive Bayes
classiﬁer using the diﬀerent discretization methods. As we
can see, our discretization method shows better results in
most data sets. In ﬁve cases among ten datasets, our
method showed the best classiﬁcation accuracy.
Table 3 shows the results of classiﬁcation for each data
set using C4.5, and we can easily see that our discretization
method shows the better classiﬁcation accuracy in most
cases. In six cases among ten datasets, our method showed
the best classiﬁcation accuracy.
Determining the right value of maximum number of
interval signiﬁcantly eﬀects the correctness of discretization. Too small number of interval prevents important cut-

Dataset

EMD

FD

Proposed method

Anneal
Breast
German
Glass
Heart
Hepatitis
Horse-colic
Hypothyroid
Iris
Vehicle

96.3
96.9
73.1
69.7
80.6
84.4
80.3
98.1
94.2
59.2

92.3
96.3
74.8
64.8
84.1
87.7
81.5
97.2
94.7
59.6

89.2
97.2
78.5
68.1
83.4
88.3
78.4
97.6
96.6
62.8

Table 3
Classiﬁcation results using C4.5
Dataset

EMD

FD

Proposed method

Anneal
Breast
German
Glass
Heart
Hepatitis
Horse-colic
Hypothyroid
Iris
Vehicle

91.2
96.6
70.6
68.6
80.2
84.7
85.3
99.1
94.5
68.4

89.2
91.5
71.8
69.2
78.3
85.4
81.5
98.8
95.6
62.7

88.1
95.8
73.1
70.1
75.1
87.2
82.7
99.3
96.3
69.4

Table 4
Classiﬁcation accuracy versus number of intervals
Intervals
Accuracy (%)

2
91.2

3
94.4

4
94.6

5
96.3

6
97.5

7
96.6

8
90.8

9
86.7

10
77.3

points from being discretized while too many cuts produce
unnecessary intervals. In order to see the eﬀect of the number of intervals, we applied naive Bayesian classiﬁer to iris
data set with diﬀerent number of intervals, and the results
are shown in Table 4. For iris data set, when the attribute is
discretized into 5–7 intervals, its classiﬁcation result shows
better accuracies while the number of interval is greater
than 7 or less than 5, the classiﬁcation accuracy drops
signiﬁcantly.
6. Conclusion

Table 1
Description of datasets
Dataset

Size

Numeric

Categorical

Class

Anneal
Breast
German
Glass
Heart
Hepatitis
Horse-colic
Hypothyroid
Iris
Vehicle

898
699
1000
214
270
155
368
3163
150
846

6
10
7
9
7
6
8
7
4
18

32
0
13
0
6
13
13
18
0
0

6
2
2
3
2
2
2
2
3
4

In this paper, we proposed a new way of discretizing
numeric attributes, considering class values when discretizing numeric values. Using our discretization method, the
user can be fairly conﬁdent that the method will seldom
miss important intervals or choose an interval boundary
when there is obviously a better choice because discretization is carried out based on the information content of each
interval about the target attribute. Our algorithm is easy to
apply because all it requires for users to do is to provide the
maximum number of intervals.
Our method showed better performance than other traditional methods in most cases. Our method can be applied
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virtually to any domain, and is applicable to multi-class
learning (i.e. domains with more than two classes – not just
positive and negative examples).
Another beneﬁt of our method is that it provides a concise summarization of numeric attributes, an aid to increasing human understanding of the relationship between
numeric features and the class attributes.
One problem of our method is the lack of ability to distinguish between true correlations and coincidence. In general, it is probably not very harmful to have a few
unnecessary interval boundaries; the penalty for excluding
an interval is usually worse, because the classiﬁcation algorithm has no way of making a distinction that is not in the
data presented to it.
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