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ROBUST PROCEDURES FOR SOME LINEAR MODELS WITH ONE
OBSERVATION PER CELL!

By Kierr Doxsum

University of California, Berkeley, University of Oslo, and Institut de Statisiique
de I'Unaversité de Paris

1. Introduction and summary. For block designs with one observation per cell,
the model often used is the linear model in which the observations
X(t=1,--+,r;0a =1, ---,n) can be written

(1.1) Xia=v+ &+ et Yie( L ti = 2 pta = 0)

where the £’s are the parameters of interest (treatment effect) the p’s are nuisance
parameters (block effect), and the Y’s are independent with common continuous
distribution F'.

The purpose of this note is to discuss some new robust test statistics (e.g. 2.14
and 2.16) of the null-hypothesis Hy: & = & = --- = &, and to discuss a new
robust estimate (3.3) of the contrast § = PIRTIR

2. Testing for absence of main effect. The tests of Ho : & = & = -+ = &,
will be based on the quantities U;; defined by
(2.1) (2)U;; = number of pairs (e,8) with a <8

and (X — Xjo + X — Xjs) > 0.

Let )\(F) = P( Y11 < Yn —|- Yls bl Y14 and Yu < Y15 + Ym bl Y17) and let
{a;;:1=1,---,r;7=1,---,r} be a set of constants, then the results of Hoeff-
ding (1948) on U-statistics yields.

Lumma 2.1. Suppose & — & = a;/n}, then (WU — E(Ui)): 4 < §} has asymp-
totically the 2(r — 1)r variate normal distribution with zero mean and covariance
matrix T = (o;j,11) given by

Cijii = % i =0 if 4,7, k1 are distinct;
(2.2) cijp = [ANF) — 1] if 1=k or j=1; and
o = [1 — 4AN(F)] if 1=1 or j=kF.
A(F) has been shown by Lehmann (1964) to satisfy
(2.3) PSNF) S &

and to have the values .2902, .2909 and .2879 for the normal, uniform and Cauchy
distributions, respectively.

The asymptotic mean of Uj; is given by the following result in which G denotes
the distribution of ¥y — Yie.

Received 8 November 1965; revised 20 December 1966.
1 This paper was prepared with the partial support of the General Electric Corporation.
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LeEmMA 2.2. Let the density g of G exist and satisfy the regularity condition of
Lemma 3(a) of [4), and let £; — & = as;/n}, then
(2.3) W[E(U;) — 3] — 2a;; [2ad'(t)dt as n— .
Proor. Set A = & — & = a,-,-/ng, then
E(Uyj) = P(Xia — Xja+ Xig — Xjp > 0)
= P(Yie— Yja+ Y — Yig+ 24> 0)
G(t + 2A) dG(3).

It follows that n}[E(Us;) — 31 = [ (ay/A)[G(t + 28) — G(t)]dG(t) —
2a:; [Z0ag’(t) dtas A — O(n— =).

Next the quantities
(24) Tij=Usp—Uj =17 2 Us— 1" 2 Up

will be considered. It is clear that the mean of T';; under H, is zero while the
variance under H, can be computed to be

(2.5) Vo(Ti) =1{2n — 14 (r — 2)[24(n — 2)N(F) + 13 — 6n]}/3rn(n — 1).
Similarly, the covariances under H, are
Co(Ts;, Tri) = O, if 4,4,k 1 are distinct,
(2.6) Co(Ts, T) = Vo(T45)/2, if ¢=k or j=10
CoTij, Tri) = —Vo(Ts;)/2, if ¢=1 or j=rkFk.

It is seen from (2.5) that T';; is not distribution-free. However, the next result
shows that it can be made asymptotically distribution-free by dividing it by a
consistent estimate of Vo'(T;). In order to obtain such an estimate; it is enough
to replace A(F) in (2.5) with a consistent estimate of N(F'). Lehmann (1964)
proposed the following unbiased consistent estimate:

¢\ = number of sixtuples (3, j, k, @, 8, 7)
(2.7) with 4,7,k distinct; a, B, v distinct;

Xia — Xja < Xig — Xjp; and Xie — Xpa < Xiy — Xy
where
(2.8) =n(n — 1)(n — 2)r(r — 1)(r — 2).

See also Hollander (1966).

Joint asymptotic normality of the 7’s follows from the fact that the T';; are
linear functions of the U;; . From the preceding covariance results, it can thus be
concluded that:

LemmMa 2.3. Suppose &; — & = ai/n}, then (n}[Ts; — E(T:j)]:i < j} has asymp-
totically the 3(r — 1)r variate normal distribution with zero mean and covariance
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. % * .
matrix - = (o;;%1) given by

ol = {2 + 6(r — 2)[ANF) — 11}/3r,

(2.9) aijre = 0, if 1,7, k, 1 aredistinct,
* * c . . .

Tijkl = 0iz,i/2, f 1=k o j=1,

05kl = _O'ij,ij/(-), 2f 1 =1 or J = k.

From Lemma 2.2, one gets
LemMma 2.4. If the conditions of Lemma 2.2 hold, then

(2.10) WE(Ty) — 2ai [Zog(t) dt as n— .

The preceding results can now be used to construct asymptotically distribu-
tion-free statistics of H, by replacing X; — X;. in the classical procedures by T'.;
or U;; . Note that the asymptotic theory of T';; and U; under H, is given by the
above lemmas (set a;; = 0).

Let Pitman asymptotic efficiency be as defined in [4], and suppose that G has
a variance ¢°(G) and satisfies the regularity condition of Lemma 3(a) of [4],
then the above results and the arguments of Hodges and Lehmann (1961) shows
that the Pitman asymptotic efficiency (in testing &, — &; = 0) of U;;to X.. — X,
is

(2.11) e = 126 ([[Zs ¢°(2) dif
while the Pitman asymptotic efficiency of T;; to X — Xj. is
(2.12) e = e[r/{2 + 6(r — 2)[4N(F) — 1]}].

Lehmann (1964) has shown that ¢ > e. However, the table in Section 5 of
Hollander (1966) shows that the difference ¢’ — e is very small for normal, uni-
form and exponential distributions.

Suppose that H, is to be tested against the ordered alternative H; :
§ < &< -+ <& . Classical normal theory statistics for this problem have been
considered by Bartholomew (1961), Niiesch (1966), Hogg (1965) and others.
These statistics are based on {X;. — X;. : ¢ < j}. Since the covariance matrix of
{Ti; : 7 < j} is proportional to that of {X;. — X;. : 7 < j} (see (2.6)), it follows
from Lemma 2.3 that if X;. — X;. is replaced by T';; in each of these statistics,
then the new statistics will have the same asymptotic null-distributions as the
original statistics.

For instance, the statistic

(2.13) > (Xi — X)) /6%,

where éx is the appropriate estimate of the standard deviation of
> ici (Xi — X;.), has been considered in [1], [13] and [7]. The statistic based on
{T:; :17 < j} corresponding to (2.13) would reject H, for large values of

(2.14) 2ici Tis/ér,
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where ¢ is the consistent estimate of the standard deviation oz of 2 _<; Ts; ob-
tained from

(2.15) or = [r(r' — 1)Vo(Ts)/6]

by replacing N(F) by its consistent estimate (2.7). Under Hy, (2.14) has an
asymptotic standard normal distribution, and the asymptotic efficiency of (2.14)
to (2.13) is ¢'. Lehmann (1964) has shown the efficiency ¢’ to be an increasing
function of r, while it is known [3] to satisfy .864 < ¢’ < « forr = 2. Thus (2.14)
is robust. An other test statistic based on the U’s has been considered for H,
by Hollander (1966). This statistic is slightly less efficient than (2.14). See
[7], Section 5.

Suppose next that H, is to be tested against an ‘““‘unordered” alternative which
only specifies that the £’s are not all equal. The test based on the 7”’s then rejects
for large values of the statistic

(216) Tl =n2iaTh/é =n 2DialUs — (r — 1)/211/6
where é° is the consistent estimate of the variance
(2.17) n(r — 1)Vo(Ts)/2r

of n*T. obtained by replacing N(F) in (2.5) by (2.7). T:® has a limiting chi-square
distribution with (r — 1) degrees of freedom, and its Pitman asymptotic effi-
ciency to the usual [5], p. 278, F-ratio statistics is €’. It follows from the above
results and those of Lehmann (1964) that T,® has the same Pitman asymptotic
efficiency as the statistics proposed by him in equations (4.1) and (4.2) of [8].
However, Ty’ seems to have an advantage over these statistics for the problem
considered here in that it is easier to compute.

3. Estimation of a contrast. Hodges and Lehmann (1963), and Lehmann
(1963a), (1963b), (1964) have derived robust estimates from the Wilcoxon statis-
tic. In this section, their approach will be used to arrive at a robust estimate of the
contrast 6 = D i1 ci&i( D ¢; = 0) that is derived from the Friedman (1937)
statistic.

It is easy to show that the Friedman statistic can be written in the form

(3.1) 22 (20 bis(8e — 8;)T

where the b’s are constants and S;; = number of &’s such that (X, — Xjo) > 0.
By the reasoning in the reference given above, this suggests writing 6 in the form

(3.2) 0 =2 2 di(ks — &)

and estimating it by

(3.3) b= 2 > di(Si. — S;)

where S;; is the median of the n quantities {Xiy — Xja:a = 1, --- , n}.

The following lemma is well known.
Lemma 3.1. Suppose & — & = aij/n% where the a’s are constants, then
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{n}[Sy — E(8:j)]: 7 < j} has asymptotically the 1r(r — 1) variate normal distribu-
tion with zero mean and covariance matrix (i 1) given by
T =1 Tim =0, ¥ 4,7,k | are distinct,
(3.4) Tijkl = 112-, z'f 1=k or ] = l,
Tif el = —13;, ’L:f 1=1 or ] = k.
Lemma 3.2. If the density f of F exists and satisfies the regularity conditions of
Lemma 3(a) of [4], then the joint limiting distribution of {n}[Si; — (& — &)]:4 < j}
s the 3r(r — 1) variate normal distribution with zero mean and covariance matriz
(7¥5.x1) given by

i = ([ (@) dz)’; v =0, i 4,7,k 1 aredistinct,

(3.5) 1w = &) F(z) dz)’, if 1=k or j=1,

i = —15(J () dz)’, if i=1 or j=r
Proor.

lim, P{n[Si; — (£ — £)] < as: ¢ < g}

= lim, P.{n}[S;; — 4] < 0:¢ < j}

= lim, Pa{n'[S;; — B(S4)] S '} — E(85)]:4 < j)
where P, indicates that the probability is computed for & — & = ay/n' = Ay;.
The first equality follows from the results of Hodges and Lehmann (1963).
Moreover, nl[} — E(84)] = ay; [ (1/A:)[F(t) — F(t — Ay)] dF(t) —
a:i; [ f(t) dt as Aij — 0 (n — « ) and the result follows from Lemma 3.1.

LeMma 3.3.'Under the condition of Lemma 3.2, the joint limiting distribution of

(n(Si. — 83.) — (& — £)]:% < 7} 4s the 3r(r — 1) variate normal distribution
with zero mean and covariance matrix (Cﬁ,-,m) given by

Ciiii = (r + 1)/6r([ f(z) dz)’;  Ciju = 0,

(3.6) if 1,7,k 1 are distinct,
Ciiw = (r + 1)/12r([ f*(z) da)’, if i=k o j=1,
Cijmw= — (r+ 1)/12r(ff2(x) dz)?, if 1=1 or j=F.

Proo¥. Asymptotic normality follows since S;. — S;. is a finite sum of asymp-
totically normal variables. The covariances are easily computed from (3.5).

From Lemma 3.3, it is seen that the asymptotic efficiency (in the sense of
ratios of reciprocals of variances) of Si. — S;. to X:. — Xj. is

(3.7) 2roy ([ fA(z) dz)’/(r + 1)

where oy’ is the variance of Y;; .
Since the covariance matrix of {S;. — Sj. : ¢ < j} is proportional to that of
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{X; — Xj :1 < j}, it follows that § has the asymptotic efficiency (3.7) to
2 ¢Xi = D dy(X: — X;.). The formula (3.7) is the efficiency of the Fried-
man (1937) statistic, and its robustness properties are well known.

The estimate given by Lehmann (1964) is more efficient than 6 when F is
normal. However, the “Friedman estimate” 4 introduced here is simpler to com-
pute and is more efficient than the Lehmann estimate for some distributions #
(e.g. when F is the double exponential distribution).

REFERENCES

[1] BarTHOLOMEW, D. J. (1961). Order tests in the analysis of variance. Biomeirika 48
325-332.
[2] FriepmAN, M. (1937). The use of ranks to avoid the assumption of normality implicit
in the analysis of variance. J. Amer. Statist. Assoc. 32 675-698.
[3] Hobass, J. L., Jr., and Leamany, E. L. (1956). The effictency of some nonparametric
competitors of the t-test. Ann. Math. Statist. 27 324-325.
[4] Hopbegs, J. L., Jr., and LeamManN, E. L. (1961). Comparison of the normal scores and
Wilcoxon tests. Proc. Fourth Berkeley Symp. Math. Statist. Prob. 1 307-318.
Univ. of California Press.
[5] Hobaes, J. L., Jr., and LEaMANN, E. L. (1963). Estimates of location based on ranks.
Ann. Math. Statist. 34 598-611. '
[6] Horrrping, W. A. (1948). A class of statistics with asymptotically normal distribution.
Ann. Math. Statrst. 19 293-325.
[7] HoLLANDER, M. (1967). Rank tests for randomized blocks when the alternatives have
an a priority ordering. Ann. Math. Statist. 38 867-877.
[8] Hoee, R. V. (1965). On models and hypothesis with restricted alternatives. J. Amer.
Statist. Assoc. 60 1153-1162.
[9] LEnMANN, E. L. (1959). Testing Statistical Hypothestis. Wiley, New York.
[10] LeamanN, E. L. (1963a). Robust estimation in analysis of variance. Ann. Math. Statist.
34 957-966.
[11] Leamann, E. L. (1963b). Asymptotically nonparametric inference: an alternative
approach to linear models. Ann. Math. Statist. 34 1494-1506.
[12] LeaMANN, E. L. (1964). Asymptotically nonparametric inference in some linear models
with one observation per cell. Ann. Math. Statist. 36 726-734.
[13] NtEscH, P. E. (1966). On the problem of testing location in multivariate populations
for restricted alternatives. Ann. Math. Statist. 37 113-119.
[14] Tukey, J. W. (1949). The simplest signed-rank test. Mem. Report 17, Statistical
Research Group, Princeton Univ.



	Article Contents
	p. 878
	p. 879
	p. 880
	p. 881
	p. 882
	p. 883

	Issue Table of Contents
	The Annals of Mathematical Statistics, Vol. 38, No. 3 (Jun., 1967), pp. 659-976
	Front Matter
	On the Combination of Independent Test Statistics [pp. 659-680]
	Tests of Composite Hypotheses for the Multivariate Exponential Family [pp. 681-697]
	Admissible Tests in Multivariate Analysis of Variance [pp. 698-710]
	On a Quickest Detection Problem [pp. 711-724]
	The Martingale Version of a Theorem of Marcinkiewicz and Zygmund [pp. 725-734]
	Alternative Proofs for Certain Upcrossing Inequalities [pp. 735-741]
	Some Results Relating Moment Generating Functions and Convergence Rates in the Law of Large Numbers [pp. 742-750]
	A Note on Sums of Independent Random Variables with Infinite First Moment [pp. 751-758]
	A General Class of Bulk Queues with Poisson Input [pp. 759-770]
	Stochastic Point Processes: Limit Theorems [pp. 771-779]
	Sufficient Conditions for the Existence of a Finitely Additive Probability Measure [pp. 780-786]
	A Note on Statistical Equivalence [pp. 787-794]
	Fiducial Theory and Invariant Prediction [pp. 795-801]
	The Power of the Likelihood Ratio Test [pp. 802-806]
	Estimation Associated with Linear Discriminants [pp. 807-817]
	Generalized Bayes Decision Functions, Admissibility and the Exponential Family [pp. 818-822]
	Series Representations of Distributions of Quadratic Forms in Normal Variables. I. Central Case [pp. 823-837]
	Series Representations of Distributions of Quadratic Forms in Normal Variables II. Non-Central Case [pp. 838-848]
	An Asymptotically Nonparametric Test of Symmetry [pp. 849-866]
	Rank Tests for Randomized Blocks when the Alternatives have an a Priori Ordering [pp. 867-877]
	Robust Procedures for Some Linear Models with one Observation per Cell [pp. 878-883]
	Asymptotic Efficiency of a Class of Non-Parametric Tests for Regression Parameters [pp. 884-893]
	Estimates of Regression Parameters Based on Rank Tests [pp. 894-904]
	On the Large Sample Properties of a Generalized Wilcoxon-Mann-Whitney Statistic [pp. 905-915]
	Notes
	Cauchy-Distributed Functions of Cauchy Variates [pp. 916-918]
	Slowly Branching Processes [pp. 919-921]
	A Note on the Birkhoff Ergodic Theorem [pp. 922-923]
	An Oscillating Semigroup [pp. 924-926]
	Realization of Stochastic Systems [pp. 927-933]
	An Intrinsically Determined Markov Chain [pp. 934-936]
	The Relative Efficiency of Some Two-Phase Sampling Schemes [pp. 937-940]
	The Generalized Variance: Testing and Ranking Problem [pp. 941-943]
	Some Distribution Problems Connected with the Characteristic Roots of S [pp. 944-948]
	On the Non-Existence of a Fixed Sample Estimator of the Mean of a Log-Normal Distribution Having a Prescribed Proportional Closeness [p. 949]

	Correction Note: Correction to "Tolerance and Confidence Limits for Classes of Distributions Based on Failure Rate" [p. 950]
	Book Review
	Review: untitled [pp. 951-952]

	Abstracts [pp. 953-971]
	News and Notices [pp. 972-976]
	Publications Received [p. 976]
	Back Matter



