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The �-Index and the Number of Citations:
Two Fuzzy Integrals

Vicenç Torra, Senior Member, IEEE, and Yasuo Narukawa

Abstract—In this paper, we review two of the most well-known
citation indexes and establish their connections with the Choquet
and Sugeno integrals. In particular, we show that the recently es-
tablished -index is a particular case of the Sugeno integral, and
that the number of citations corresponds to the Choquet integral.
In both cases, they use the same fuzzy measure. The results pre-
sented here permit one to envision new indexes defined in terms of
fuzzy integrals using other types of fuzzy measures. A few consid-
erations in this respect are also included in this paper. Indexes for
taking into account recent research and the publisher credibility
are outlined.

Index Terms—Choquet integral, citation indexes, fuzzy inte-
grals, -index, Sugeno integral.

I. INTRODUCTION

ALTHOUGH citation indexes and impact factor analysis
have been studied for some time, there is an increasing in-

terest in this field that seems to be due to the increasing number
of digital libraries as well as the need for simple decision making
procedures. See, e.g., [1].

Until recently, one of the most common approaches for eval-
uating the impact of publications of a researcher was to consider
the total number of citations of his/her papers. Recently, Hirsch
proposed an alternative index, the so-called -index [5], to over-
come some of the problems of previous approaches. Roughly
speaking, the index is to reduce the overall impact of those re-
searchers with only a few papers but with a large number of ci-
tations, e.g., researchers with a few highly cited review papers.
Instead, the -index underlines those researchers with several
papers with a much more relevant impact. This is at the expense
of highlighting researchers with a lesser number of citations.

In this paper, we show that these two kinds of indexes cor-
respond to two well-known fuzzy integrals. The first case cor-
responds to a Choquet integral and the second one to a Sugeno
integral. As will be shown below, they correspond to fuzzy in-
tegrals with respect to the same fuzzy measure.

Establishing these two indexes as fuzzy integrals, we under-
line the fact that the indexes are aggregation operators and that
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other indexes can be developed considering other assumptions.
In particular, using the same fuzzy integrals but other fuzzy mea-
sures will define indexes with other properties.

The structure of this paper is as follows. In Section II, we
briefly review the fuzzy integrals. Then, in Section III, we re-
view the indexes and establish the relationship between these
indexes and the integrals. This paper finishes with some conclu-
sions and a few remarks on how alternative indexes might be
defined.

II. PRELIMINARIES

This section reviews some elements of fuzzy measures and
fuzzy integrals. For more details, see, e.g., [9], [2], or [4]. The
Choquet integral was first defined in [3] and the Sugeno integral
in [8].

We will consider measures and integrals with respect to a
finite reference set . In the following section,
we will consider as a set of published works.

Definition 1: A set function is a fuzzy measure
if it satisfies the following axioms:

i) (boundary conditions);
ii) implies (monotonicity).
Although it is also quite usual in the field of aggregation op-

erators to consider the boundary condition , we will
not consider it here. This condition corresponds to a normaliza-
tion on the measure.

There exist a large number of families of fuzzy measures.
Among them, we should distinguish additive ones. A measure
is additive when for

. For example, probability measures are examples of additive
measures. Another example of additive fuzzy measure is the one
defined below, which is of special relevance in this paper and is
used in Proposition 1.

Definition 2: Let be a reference set. Then the additive
fuzzy measure defined as is called
the counting measure.

Note that fuzzy measures generalize the concept of proba-
bility measure. In fact, the set of normalized additive fuzzy mea-
sures correspond to the set of probability measures.

Now we turn into the fuzzy integrals. We start with the Cho-
quet integral and then turn to the Sugeno one. Fuzzy integrals
are defined over a function on the reference set . In our case,
where is the set of publications, we have that the function will
refer to the number of citations of such publications. So, given
in , we have that corresponds to the number of citations
of .
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Definition 3: Let be a fuzzy measure on . Then the
Choquet integral of a function with respect to
corresponds to

(1)

where is a permutation of such
that

(or, equivalently,
when and )).

The Sugeno integral has a similar expression.
Definition 4: The Sugeno integral of a function

with respect to a fuzzy measure corresponds to

where (or, equivalently,
when and ), and when

is a permutation such that for .

III. CITATION INDEXES

We start reviewing in this section two citation indexes. First,
we consider the index corresponding to the number of citations.

Definition 5: The number of citations (NC)-index is defined
as the total number of citations that papers from researcher
have received so far. Formally speaking, let be the set of
papers published by a given researcher and let be the
number of citations of paper ; then we have that

NC (2)

Now, we turn to the -index.
Definition 6: A researcher has an -index if of his

papers have received at least citations and the rest fewer than
citations.
Using and as above, this can be expressed as: the

-index of researcher corresponds to

where is a permutation of such
that .

Now we show that the definitions above for NC and indexes
correspond to Choquet and Sugeno integrals with respect to the
counting measure given in Definition 2.

Proposition 1: The following holds.
• The NC index corresponds to the Choquet integral of

with respect to the counting measure .
• The -index corresponds to the Sugeno integral of with

respect to the counting measure .
Proof: To prove this proposition, let us first consider the

measure of the sets . According to
Definition 2, the measure of a set equals to its cardinality. There-
fore, in this case, .

Now, we consider the two following two cases.

1) This case is trivial as and, thus,
(1) equals (2).

2) Let us consider the Sugeno integral

Taking into account that , we have that

which corresponds to the expression given above for the
-index.

IV. CONCLUSION

In this paper, we have shown that the number of citations
(NC-index) and the -index correspond to two well-known
methods for information aggregation: the Choquet and Sugeno
integrals, respectively. Choquet and Sugeno integrals are two
particular fuzzy integrals that have been extensively studied.
This fact permits one to apply all results regarding fuzzy in-
tegrals in this setting. For example, the monotonicity of these
integrals with respect to the function we are integrating implies
that, for two functions and such that , we have
that the NC-index and the -index of are smaller than the
same indexes for . Therefore, for both indexes, self-references
increase the value of the index.

Additionally, we have shown that for both indexes, the inte-
grals are computed with respect to the same fuzzy measure (the
counting measure that corresponds to the cardinality of the set).
This further stresses the similarities of both indexes when ob-
served from the fuzzy setting.

The equalities presented here permit one to apply those re-
sults obtained in the field of fuzzy integrals and aggregation to
analyze current indexes as well as to define new ones. As an ex-
ample, we give below a few definitions of alternative indexes.

1) Index to stress the importance of active researchers (with
respect to those that are no longer active): This index, in-
spired by the contemporary h-index in [7], is defined in
terms of the following fuzzy measure:

year

where is defined as one when the year of a paper is
greater than a certain year and zero otherwise. For ex-
ample, we can consider only papers published after year

. If such an index is used to compare candidates,
both Choquet and Sugeno integrals with respect to this
measure will encourage the selection of those researchers
that are still active (i.e., that have published papers with ci-
tations after the year 2000).

2) Index that takes into account publisher credibility: In a way
similar to the index on active researchers, we define the
measure in terms of a function over the publications. In
this case, the function corresponds to publisher credibility.
To make matters simple, we define publisher credibility as
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the impact factor of the journal for the given year. So, the
measure is defined as follows:

if journal year

where is the impact factor of journal in year
According to this definition, the larger the impact factor,
the larger the overall NC and -indexes for the researcher.

3) Index that takes into account the impact of related papers:
Let and be two papers by the same author that are
almost always cited together. Then, defining a measure
that satisfies

, we have that only with a maximal (i.e.,
or with largest ) will be considered in the NC-index or

-index. Nevertheless, the definition of appropriate fuzzy
measures to cope with this kind of situation is not an easy
task. Note that a measure satisfying the equalities above
would penalize an author when papers only cite one of the
two papers ( or but not both). Interaction indexes [6]
might be considered for easing this process.

Other extensions are also foreseeable. We might consider the
number of citations not only depending on the works by an
author but also as a function of time. In this sense, multidimen-
sional (fuzzy) integrals can also play a role.
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