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This paper investigates the problem of selecting, from a set of jasues, those which st satisiy
1 collection of criteria. A group of judges have fuzzy scta defined over the ssucs. [or ¢acn
criterion, whose values lie in a finite linearly ordered set & These judges also have fuszy seis
defned over the set of criteria, The paper discusses methods of aggregating all the fuzsy seis
into one fuzzy set p, defined on the issues, so that w(A)e £ gives the final ranking ! suc A,

Keywords: Multicriteria decision making, Social choice.

i. Intiedaction

Suppose we have m aliernatives (1550cs, candidates, . . called Ay, A AL
to rank from ‘best’ to ‘worst’, A study ta accomplish s is designed by an analyst,
or a team of analysts, who we will call "AN” tor shut. The AN will employ the
testimony of n judges (experts,...) called Jy, Js, ..., J.. These judges are 1o
supply information about/the alternatives for each criterion (characteristic, . . .)
L. Co, 0005, C and Emﬂ__m_mnmﬂﬂﬁmmc: about the importance of the criteria with
respect to some overall Haﬁmﬂrﬁ. The hierarchical structure is shown in Figure 1.
The AN wishes to select from the Ay, A,, ..., A, those which best satisfy the
criteria.

For simplicity we are considering only one hierarchy, but our method may be
extended to any number of hierarchies, If there is only one judge, then we have
the traditional hierarchical structure. Saaty’s [6], [7] method of hierarchical
analysis employs a ratio scale. Our procedure, when resiricted to the one judge
case, produces a method of hierarchical analysis using an ordinal scale.

The AN designs a scale £ ={S, Sy,...,S.} of preference information to be
used by the experts. We assume that £ is linearly ordered and $,<<8; <+ <8
No other structure is assumed to exist on & The S are not numbers. For
example, &£ could be {§, VL,L, M, H, VH, P} where () = none, VL=very low,
THEE, M = medium, H = high, VH =very high, and P =perfect. In effect the
judges will-be: usmg an ordinal scale and not an exact, ratio, or imterval scale ({51,
D. 041 Only ordinal information will be required from the expe s,
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expect all criteria to be rated low by the judges but still Yager’s method gives
issues high ratings when the criteria have low ratings. Consider another example,
Suppose my =mn, = VH for 2<k =<K and m;; =@, n,=P. Then w, =0¢. This issue
is severely penalized for one very low ranking. The problem now is that O is the
min operator.

As before we will impose majority rule on the aggregation function O,

PS5 (Majority rule). If, for a majority of criteria, p, = S, then w, = §,.

It follows from Theorem 1 that Q must be the median operator when the
number of criteria is odd. But now K could be even. We would expect that quite
often there are an odd number of judges. Surely we could have two, or four,
criteria. The proof of Theorem 1 does show majority rule implies that quite often
Q and the median operator must agree. In order to resolve the cases where the
values of Q are still undetermined we will choose the median operator for Q.

We now need to determine the A-table, or the values of the Piac. Al Lhis point A
could be the max, min, or some type of mixed operator. We will require A to have
the following three properties:’

(i) (symmetry) A(x, y)=A(y, x),

(ii) A(x, x) is strictly increasing,

TH& .?ﬁ_m.m__. _.m__u,_._ = .w_n___ and h.vrm.w_q...u '_WH.Hu = h_ﬂ.

Since we are using the same scale £ for both the my, and n, it is natural to
require symmetry. Also, if for some criterion C, an issue receives the lowest
possible ranking S, and that criterion also has the Lowest possible weight, then
when these are combined the result py is the lowest possible ranking. Similarly,
when the highest possible rankiigs §; and S, are combined, the resubi will be the
highest possible ranking. Finally, if x,=m, =n,>x,=m, = n, for some issue A,
then we should give a higher weighted ranking to A; for C, than for £ That is,
?AHT H“_.u_ = .__.._._M..HH“_ wa.

It 1s easily seen that properties (ii) and (iii) imply that A is idempotent in that
Alx, x)=x for all xe . Conditions (i), (ii), and (iii) are similar to some of the
conditions used by Bellman and Giertz [1] in order to characterize max and min
as those operators corresponding to the intersection and union of fuzzy sets.

A majority of the judges can determine any my or n,. We now ask that the

same is true for the final rankings w;. In the following property 0 is a subset of
{1.2,..., K} with |0|> K/2.

P10 (Citizen’s sovereignty). If, for some issue A,, a majority of the experts have
ai=S, for all criteria C, with k0, then w,=$

In the above statement of citizen’s sovereignty let P ={n, | k € 0}.

Theorem 2. Citizen’s sovereignty is possible if and only if |P|=1. Let P={81}

Then A is the max (min) operator if and only if S, = 54 (S, =5, ). Otherwise A is u
mived operator,
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£ u.mm mm. wru_,ﬁ%%m: S,) =S, 0=i=L, contradicting the symmetry of the A-table.
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e citizen’s sovereignty holds and let S,# S €P. We show that

fet n, =S, for all keO. A majority of the my.’s are mﬂE.: to S, M“_M,nﬁ“ﬂnw
majority of the py’s are equal and they must nﬁﬂ.ﬂ S, if w; is .H..u Nﬂﬁ : wl s
.ﬂ.m. ¢ y=§,. This must be true for all S, e &, Similarly we obtain L Sp) = 8§, by
= for all ke (. . 5~
m.rﬁmw :Mmm:,wmnma:ﬁﬂ iP|=1 and let S, be the only element _:w _.a.l M_:m,ﬂ_w
sovereignty results if a majority of the experts also agree .wr.m.w hz = 8,
majority of criteria. Of course we must have A(S;, mL = S, m_rw Hu_;.m. +m. o New

First let S, = S;. By symmetry we need only determine A(S;, S J__Wﬁ,w =5, N
S = A(S, So)=A(S;, S;) =A(S;, Si) = S:. .Em:nm;w (S, S;) = max(S;, 5;. M g N

#Zmﬁ let S, = S;. We only need to find A (S, ,.w..v for S, =5, Now S5; = A5, 3
MS, S)=A(S; S = Si- Therefore A(S;, S;) = min(S;, S;) = S;. -

Finally. assume that §, does not equal S, or ;. We show tha
if S, §; =9,

wﬁ. _.m_.“_ﬂ..___f.,__. m Fﬁ_.u..._.

ma “_._.,.“ _m_“:_ m_m u_
min(S,, S;)

This is what we call a mixed operator. Notice that the ﬂmﬂ”_&m _m..m A mwm.:ﬂ..:“_ :::hw
determined when S, > S, and S; <S8, or §; <8, and §;>S,. First consider t mﬁ %wnw "
where §,<8§,=8S,. Then ;= A(S;, S;) “,.m?wmw S)H=<A(5, S.)=5: Mﬂl hﬁﬂm:m_.v M
min(S, S;) for S, S;<S, Next consider S,<5; =S, ﬁ_m:m u_.m n Sa
A(S, 5)=A(S, §;) =S, Therefore x(S;, S;) =max(§, S;) when S, 5 = a.
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The s and min operators do not appear to be appropriate met.

rankings k1, | ‘
cued operator for A Now we musi Jdecide on the vaine of &,
the undetermined values of A

- rwm ! 3 “..._.
iGNNI R ..

et I=L/2+1if L is even and I =(L+1)/2 if L is odd. ,wﬁ:ueﬁ:ﬁ a _,ﬁ_;_&m ol
S;€ ¥ greater than or equal to S is considered a “good’ rating file wﬁﬂw Mnﬁcm
not good or a ‘bad’ rating. A majority of the weights r for the nzwnﬂm M emplo
in the good category. Otherwise, the AN should redesign the study ﬂwf P w
criteria better suited for the overall objective. Therefore, the S, n mom.nﬁm
should be greater than S, For example, if £=1{§, VL, L, M, .:, ﬂm%ﬂ {Ew_ﬂ_mm
could be H or VH. Suppose S, =H. Then A(S,, H) =S, for 0<i<6 an M N am S)
of A(S, S;) for 0<i=3, 5=j=6 are undetermined, The Ewﬂ. ﬂm__cru. § - H_ m
0<j=3, 5=3{=26 arc given by symmetry. We propose using themedian E.,.Z,L.ﬂ,
(0 ww_.ﬁi:ﬂﬂ the undetermined values of A. The resulting operator we will call

MM(x, y) and is defined as follows:
rmax(x,y) if x,y=8,,
MM(x, y) =< min(x, y) if x, y <8,
_Med(x, y) otherwise,

where S,<§, < S,. The Med operator may be the round up Med or the Hm_._:a,
down Med. Table 1 i the MM operator for ={0, VI, L, M., H, VH, P} where

.m_._“.. = m.l,_....

iteri : | crefore, we reco nd ithe
and criteria weights 1. Theretore, we recamm .,
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mﬁﬂ i n and k are odd, then the pooling functions must be the median operator.
[t n or k is even, then we argued that it was very reasonable to still use the

Table 1. A A-table using a mixed operator and a
median (round-up) operator

m, ©  median operator.

*  The method of combining an issue’s ranking with a criterion’s weight was
# VL L M H VH P . accomplished by a function A : £ x % — £. The values of A must be specified before
e B¢ B % % Sy 9y By w(A,) is known. The basic properties assumed to hold for A were: (1) non-
#=Sy S¢ Sy S, Sy S, S; S; decreasing 11 both .,_ﬂnm_u_nﬂ @“, symmetric; and (3) idempotent. When we addad
VL=S, §, S, S, S8 8§ S; 8, ‘ the condition of citizen’s sovereignty to the aggregation process, it was shown that
L=§ S S S8 S8 S8 8§, 8§, A must be a max, min, or mixed operator. We argued that a mixed operator of the

Mwmu mg MH S; 83 5 ,mﬂ Ss w form MM(x, y), for max/min/median, was a good choice for A.
VH = m“ mm mw M M mn wm mﬁ : The mmmﬁmmaﬂn process E.m: possessed the following important Eovﬁ:@.ﬁ (1)
P=§, 8§ S, S. 5 mM mM mm positive association of individual and group preference; (2) Pareto; (3) no judge

if we pool the experts first, then we have shown that it is reasonable to have the
uoa::.m functions F, G, and Q all equal to the median operator. Also, if citizen’s
sovereignty is desired, we have argued that a mixed operator in the form of
MM(S;, S;) is a good choice for A.

4.2, Pool last

We would require the same basic properties (some minor rewording would be
necessary for this case) of the A and Q functions as when the judges were pooled
first. Therefore, Q is the median operator and we recomamend the mixed operator
MM(S;, S;) for A.

Of course, even though the functions are the same whether we pool first or last
the final rankings can be diiterent. .

5. Summary and conclusions

| In this paper we considered the problem of doing a study to select, from a set of
issues A,, . = mrd_ those which best satisfy a collection of criteria C,, . .., Cg. To
carry out this project we requested information from a group of judges J,, . .., J,

as to how well each issue satisfies each criterion and also how important each

n.iﬁiﬂ: is to the overall objective. We assumed that each judge has a fuzzy set
defined over the 1ssues, for euch criterion, with values in some linearly ordered set
Z. Also mmn: judge has a fuzzy set defined over the criteria with values in %, The
vﬂ.oEmE 1s how to aggregate these fuzzy sets into one fuzzy set p on the issues
with values in &£ so that w(A,;) is the final ranking for issue A,

In order to compute @ (A;) we discussed the following three problems:

(1) when to pool the judges,

(2) how to pool the judges, and

(3) how to finally compute the values of w(A,).
.En, considered two ways to pool the experts: at the beginning or at the end. The
maar property imposad on the pooling functions was :E.T.i.:._ ruli. We showed

or criterion can be dictatorial; (4) independence of irrelevant alternatives; (5)
citizen’s sovereignty,

The special case of one judge is the well-known hierarchical analysis piroblom
studied by Saaty using a ratio scale. Our method then gives a hierarchical ana'ysis
procedure using fuzzy sets whose values lie in a finite linearly ordered set.

Another special case of one criterion has been called (fuzzy) multi-person
decision making. See [2], Chapter 3, for a recent survey of this literature.

The conditions we placed on the pooling functions and A all seemed quite
natural. Researchers might wish to investigate other conditions to produce
different methods of aggregating fuzzy sets. We need the least number of realistic
conditions that will uniquelv determine the pooling functions and A producing an
aggregation process with the maximum sumber of desirable nropertics.
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Fig. 1. Hierarchial structure,

There are various reasons for the AN to use an ordinal scale Z. It is probably
easier for experts to assign S; €& to the alternatives and criteria than to assign
numbers or ratios of numbers, especially when there are mare than just a fow
alternatives and criteria. Also, some of the criteria may be vapuely understood or
imprecisely defined for the judges, Then linguistic variables like ‘Tow’, “high® are
preferable. The evaluation process performed by the experts may be very subjec-
tive, and then it seems more appropriate to use an ordinal scale.

The judges assign an S; €Z to the alternatives for each criterion and also to
each criterion. Each judge J; has a fuzzy set p; defined over the A}, A,, ..., A,
with values in & Then p;(A,) measures how well A, satisfies C, for judge J,.
Also, each judge J; has a fuzzy set A; defined over the criteria Cy, C;, . . ., Cx with
values in &, Then A;(C.) indicates the importance of criterion C, with respect to
the overall objective for judge J. We are using the same scale & for alternatives
and criteria. With slight modifications our method could be extended to allow
different ordinal scales for alternatives and criteria.

The data collected by the AN may be displayed in matrices T, and T

..ﬂ.._. ..H..M il ....-_...1._
o =
.......m..a
Ca
._... =i ._?_ﬁﬁ..,..\__vn.w = mwf mn@ 4
Crl o

Given the data T, and T and AN now computes Em final E:E.:m, ._um EM. _mm:hw
aiven by w ={(wy, W2, .. ., w..) where w; € Z. ?:E.JEEG A; H.mnnwaﬂm Mﬂm; _Hw Em
1 <i=m. Again, we have assumed the same mnmrw.. & for En m_u_m EM. E% =
issues. It is possible to have the w; belong to a different lineai _w_, or mﬂmm, ,a.n_m_

The final ranking produces disjoint sets H, H,, ..., Hp, where some I €

on 1s the ISSUES Al alternatives in H, have the same
be ernnty. whose umon 1s the set of issues and all alterna ]

td contain many alterni-
rankive S =2 1f m is large and L small, then Hp could contain many o H_-
b L PN : . L. i ek . s s b ”_ .__.
dves. A wocond round of ranking for all the issues in Hp would be requircd I
y dilrerenti: twee -5 alternatives.
order to dJdilierentiate between these ¢ | h o
The problem outlined above i« what we call the multiple expert, multip
criteria ranking problem. Three possible applications are:

1. Grant proposals. The grant proposals are the alternatives and the AN belongs

¥ o .m
to the agency awarding the grants. The experts are the people who review th

: - : - the Z
orants. The seale & is usually numbers like 0,1,2, .. a w:ﬂm:.:._m.,., .-._r,.% ;
.m._._“:u.__...n.._. ._..__._..... 1 “.._n,.n .__n._. ".H._-._....h d..m_ru.... .__.wuﬁﬁ.r..“ﬁj ﬁwu..m”...“_ T._._._....-m....LL____n_w _.."___:. Hj._.._.ﬁﬂ..n._r....ﬁu... ..q.r... ._i_.rr_._.._ﬁ..._ [ QO L _.._....
after thie judues produce the Ty they are all brought together to somehow obiain
» 3 Lad- LI b ... ek el ; " ? ;

: . O ry b P e
the oz ranking without ever ranking the Criieria.

7 Environmental hazards. A government agency i asked d..,_.._mﬁ:r *..._,:..:.,_:. Lf::m_
cals from most harmful to least harmful to the environment, .:ﬁ chemicals .,.“.._m ..,rr
the alternatives. The criteria are various sections of .?m wsﬁﬂﬂﬂﬂnﬁ mﬁnﬁ &. sh,
wildlife, agriculture, Hchﬁq etc. The judges are sclentists whose mﬁﬁonﬁmﬂ M H
this area. Exact (numbers) or ratio scales have been used when the num

chemicals is large.

3. Energy development. A government mmmnnw,.wm asked to rank qE.Munm _mzﬂﬂmﬂ
tives from most important to least important with respect to energy mﬁmav o
in the country over the next 10 years and over the next 25 wn,.:.m...w_ _Ed F”:.,: _J,M
are nuclear power, wind power, solar power, até., E..ﬁ E.w criteria _,M.:mﬂ ,uM rwﬂ
self sufficiency, etc. The judges are high ranking officials in energy related mdusiry
and government. The scale ¥ would probably be numbers.

There are three problems that must be solved before the final E:E:m E.. ﬁmﬁw
issues can be produced. They are: (1) when to pool, or average, Ew _F_n_.mi%mw
how to pool, or average, the judges; and (3) how to n__::._?:m. the final weights w;.
These problems.are addressed n the next three sections,







2. When to pool
There seem to be two natural answers to this question: pool first, or pool last.

2.1. Pool first

It the AN first ‘averages’ across all the judges, then matrices Ty, 1=k =K, are
used to compute matrix M, where

ﬁm ﬁ.u .HH

E“. E_.wm..@

o —

C.r
G|

N=. |, . € L.
el

The pooling, or averaging, procedure is accomplished by using functions

LS
Fh

Fll&—-¥% and G:|lF—2
! 1

where
E_#Hhﬂ_“ﬁ“n:i ' .u_n_.__“nav m.ﬂ& :#Hﬁw.ﬂ&rf. .._u_&__n#”__.

We will discuss properties of F and G in the next section. These functions
combine the fuzzy sets of the judges and two candidates are max and min
corresponding to the intersection and union of the fuzzy sets.

The kth column of M gives the ranking of the alternatives for criterion C,
across all the experts. Also, . in N is the ‘weight’ for criterion C, obtained from
all the judges. The computation of the w; from M and N is now a one judge
probiem. This is discussed in the fourth section.

If the ajj and by; are numbers, then it seems natural to average these numbers
across all the judges to produce M and N. We could do this if we now assigned
numbers to the S;e&. This would be accomplished by two order-preserving
mappings f and g from &£ into the real numbers. Apply f to the T, and g to T to
obtain matrices of numbers. We will not assign numbers to the S, € & because the
final ranking (w;) in general will depend on what order-preserving maps are used.

Therefore, numbers should be used from the start in place of the linearly orderc:d
5ot L

T TR R

s

s

AR R

z ",'?;_“.i Ty

T R LR DLl s T L Ll S B R i B ] - |

N_Hm. Pool last

" “imiye rankings w;; for issue A, for each judge J; are computed first. The wy result
from two functions

K
VExEL—>Z and Q: ]l
1

where )

K
QHH?*MQ”‘ _.m.-__ﬁ._,”_ and Wy = Qﬁﬂmw ijs ++ « s i ).
The gjj are the ‘weighted’ ranking of issue A; for criterion G by judge J;. The Q
function combines these across all criteria for judge J. *
The rankings wy are then pooled across all experts by use of the function

1
V _ _, F %L where w; = V(Wi W, ., Win).
1

We will discuss properties of these functions in later sections. All the H::n::;m A,
(3 oand V oeombnne fuzzy sets and could be max, min, or some .uﬁmq operator. i ool
example, A and Q combine the fuzzy sets wf and A; for judge J; into a fuzzy sct A,
on Ay, ..., A, with values in £ where

wy; = A4,(A;).

The function V combines the fuzzy sets A, 4,, ..., 4, into one fuzzy set p on
Bory ovoyily Where

wy = (A,
:..m.l_ ﬂ..ﬂw.aﬂ.—. H.-.;...m. W.FAL_.HU“.

We first discuss properties of F and G.

&

3.1. Pool first ﬂ

‘As a basic minimum we shall require that the pooling process have the
following properties:

PL. If, for any issue A,, some of the judges, for any criterion, raise their afj, then
m,. will not decrease. Similarly, if some experts raise their by; for any criterion C,
then n, will not decrease. This property might be called the positive association of
imlividual and group preference.

i s ol

P2, The my and n, do not change if the Judges are renumbered. That iS, NO
Judge can be a dictator.

It follows that F and G must have the following properties:
@ Non-decreasing in each variable.
() (Symmetric) F(ak.....a%) and G(by.

Areuments are poriauled,

..., b)) are unchanged if their
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The pooling process will then have the following properties:

P3 (Pareto). If ag=ay, 1=<j<n, then my =my. If b;=by, 1 <j<n, then n,=n,

P4 (Independence of irrelevant alternatives and criteria). Suppose new issues
B, ..., B, are added to the set of alternatives. If mg =m, for the set of issues
Ay ..., A, then the same is true for the larger set of alternatives. If new criteria
Dy, ..., D, are added to the set of criteria and n,=n, for the set of criteria
Cy, ..., Cg, then the same is true for the larger set of criteria.

There are many types of pooling functions F and G satisfying properties (i) and
(ii) above. For example, F or G could be the max, min, mixed or median
operator. A mixed operator is defined as follows:

=

if all x,=8",
if all x, = 8™,

TR X i )
XX, 00 00 X )4 MAX (X o )
S* otherwise,
where S™ is any element in %

Fung and Fu ([3]; [4], p. 56) consider aggregating (pooling, averaging) operators
on fuzzy sets and they show that if the operator satisfies certain propertics it must
be the max, min, or mixed operator when ¥ is a connected topological space with
the order topology. In their results & cannot be finite. In practice, the oidina!
scale used by the judges wiil be finite. When & is fAnite there are oiher Ol dtars
besides max, min and mixed which satisfy their properties.

The max and min operators do not seem to be aporopriste for porin:, o
averaging, experts. The mixed operator has the foliowing undesirable property,
Let Z={@, VL, L, M, H, VH. P} and set S* = M for the mixed operator. I all the
judges, except one expert called J*, assign P or VH to an issue A,, and J* assigns
L or VL, then my =M for the mixed operator. Issue A, is penalized by receiving
one ‘low’ vote,

If the number of judges is odd, then the median operator Med(x,,..., x,) is
defined for ordinal data. When n is even something must be done to break ties. If
all the af and by, are numbers, then averaging the af and by; is a very reasonable
method of pooling the experts. Since we cannot compute the numerical average of
5; € £, the median operator appears to be a good procedure of pooling the judges
to produce matrices M and N.

We propose the following method of breaking ties when n is even. Suppose for
x,€Z£ the median of x;,...,x, lies between S, and S; in ¥ Then
Med(x,, ..., x,) =S8, where t=(i+}j)/2 if i+ is even. When i+] is odd we may
round up or round down. That is, Med(xy,...,x,)=38, for r=(i+j+1)/2 or
r=(i+j—1)/2 when i+j is odd. We will write Med when we always round up and
Med when we always round down. For example, let £ ={@, VL, LLM,H, VH, P}
and assume that the judges assign VL, L, VH, VH, L., VH to some issue. Then the
median is between S; =L and S;=VH. Then Med produces H and Med pives M

rm— i e

for this issue. When n is even, the median operator will be cither Med or Med,

ok =R - - N T

g i b .u.t..-.n.n-—.r—“._‘.rﬂ. M.—Emﬁuw .-1-._-_—_.-&..‘.#_-.._ Lar el FLE -.r_.-.._.'-..-.r._.-.m
Ee= T LT

st

.“ f we require the pooling process 1o satisfy the E:ﬁiiw ﬁmcﬁﬂ.ﬁm_ then ﬁ wzn_ m
be the median operator when the number of Emmwm is n_.am. A majority o
iudges will be a simple majority. That is, if n 1s odd a majority 18 at least (n+1)/2
_EE if n is even a majority is at least (n/2)+ 1.

5 (Majority rule). If for some issue A; and criterion G a majority of the judges
- LY AL 4 : . it * . es sav
have ay =S, then my =S, lf for some criterion C, a majority of the judges say

Theorem 1. (a) Let n be odd. Majority rule holds if and only if F and G are the

median operators. | o
(b) Let n be even. If F and G are the median operators, then majority rule holds.

If majority rule holds, then F and G can be the median operator.

vroof. (a) If F and G are the median operator, then clearly majority rule : _mu,_.f
*herefore, suppose that majority rule holds. We show that .ﬂ .E:ﬂ be the i q.___E
operator, The proof for G is similar. We use the fact that F is non-decreasing, L
cach variable and symmetric. .

Given any x; € &, we need to show F(x,, ..., x,.) is the median of x4, X5, . . ., X,
By symmetry we may assume there are integers O0=ro<r;<r, <" <K =n S0
that _

X; =¥y for t=si<r,,
Kt == .._._... ﬁ.r“_ﬁ i i .“ -m_r.n....rn I m._u._.._
X; =y, for p.,¥lsesn,
i == (n 4 1)/2, then Fix -y, which is
.....u.-..‘._.._“.ru_.m._....u.. Mwu.__...\.-........ w....ﬁ.-.-. . -._....r..r ..._1.._m._ H%. ..n.w.H.—u_.-__ .m.lwl.—.._nuu.._.-.._.%.h ] ._-.W_.l.-.w.. .—...._r..._.m m._,..uf._._. RN ..H:.“v drn J.. 1 -

the median of xi,..., X, So assume r,—r_;<(n+1)/2, h_.,".ur R Tl o o
{(n+1)/2. We show that F(x;,, .., X,) =X, which is the median of x, x5, ..., X
Let if

= (X0 Xis ooy Xy Tysts o0 %) AN X =000, X200y Famty Xy X o o5 K-

In ...m. we have increased x;, 1=<i<t, up to x, and left all the other x; unchanged. In
¥ we have decreased x,, t<i=<n, down to x, and left all the other x, unchanged.

Fx)=F(xy, ..

But both F(x) and F(%) equal x, because a majority of the x, equal x, Hence
Fx, -+ x,)=x, also. .

(b) Clearly, if F and G are the median operator, then majority rule holds.
Therefore, assume that majority rule holds. Many, but not all, values of F and G
are determined because of majority rule.

Let us consider the values of F(x,, ..., x,) for any x, € £. We employ the same
notation as in part (a) above. ket w=n/2 and v =u+1. The only values of F

t",.
Vg VAT

v X ) = FLX).

bndetermined by majority rule i~ when v, =y lor some ©oand x,

:
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#Mm@: .o+, X)) =X, Of course, the values of F are not always completely
arbitrary between x, and x, but will be somewhat determined by the fact that F is
nondecreasing in each variable.

First suppose that x, = x, =y, for some i. Then we show that F(x;,...,x. )=
x, =the median of x;,...,x. Let X be constructed from xi, x,,...,x, by

increasing all x;, 1=i<\u, up to x, and leaving all the other x; unchanged. Let X
be obtained from x,, x5, ..., %, by decreasing all x, v<i<n, down to x, and
leaving the other x; unchanged. Then F(x)<F(x,,...,x,)<F(%). But F(x) and
F(x) both equal x,.

Next assume that x, # x, and the only possibility is for x, =y, for some i and
Xy = Vi+1. Construct X from xy, X5, . . ., X, by increasing all x, r,_,+ 1=<i=<r, up to
x, and not changing any other x;. Also let x be obtained from x,, x,, ..., x, by

decreasing all x;, n+1<i=r,,, to x, and leaving all the other x unchanged.
Then

H: e .mﬂ_ﬁwnum.mﬁmun: el .H:wmm._”m_wg = u.aj
The only other condition on F is that it is nondecreasing in each variable.
‘The max, min, and mixed operators do not satisfy majority rule. We will impose

majority rule on the pooling process and therefore we will choose the median
operator for F and G. When n is even the median operator is not an unreason-
able method of pooling the judges. Suppose £ ={@#, VL, L, M, H, VH, P} and six
judges assign @, VL, VL, H, H, and VH. If x =((/, VL, VL, H. H, VH). then the
majority rule implies that VL =)<t The median operator
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5.2. Pool last

We will require the pooling, or averaging, method to satisfy majority rule.

PS5 (Majority rule). If, for some issue A,, a majority of the judges have wy = 5,
ﬁnu.ﬂm.— w; = S..

Theorem 1 implies that V must be the median operator when n is odd.
Therefore, we will choose the median operator for V.

4. Computling the final weights
Again we consider two cases of pooling first or pooling last.

4.1. Pool first

We first need to combine the m, and n, to obtain the weighted ranking for

R S S SR

and define
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._.-..._..mw = Pﬂ;ﬁm#“ :r,‘“.

The py are the result of combining a criterion’s weight #, and an issues ranking
T q .
for that criterion. Next we need 10 pool, or average, across all criteria. Let

K
c” M.w .qm___mu-lr .._.H,__
1

and define

W, == Qg:u Dizy - - - .G_.Hur

The function Q aggregates across all ‘criteria to obtain the final ranking w; for

issue A,. At this point functions A and O need not be the same as those defined 1n

Section 2 for the procedure of pooling last. + .
A< 2 minimum we require the method of computing the w; to possess the

iollowing properties:

i Cis iudges increase their aff and i,
6. 15 for some issue A; and criterion (G, SOme juages mncrease L i oana
remains unchanged, then w; will not decrease. If, for some criterion C, some

experts raise their by; but do not change their af, then w; will not decrease.
P7. The w, do not change if the criteria are renumbered.

Therefore. A and Q will have the following properties:
(i1 O i1z non-decreasing in cach varable

i () 18 symmetric,

(100 % 18 pon ﬁ#.m,r..wn._....wmmﬂ.; 1 each variable,

it foliows that the ranking method has the following properiies:
P8 (Pareto). If aX=aj for all j and k, then w;=w,

P9 (Independence of mﬂm_ﬂﬁwi alternatives). Suppose new issues By, ..., B an
added to the set of alternatives. If w, = w; for the set of issues Ay, ..., Ap, then

the same is true for the larger set of issues.

There are many pairs of functions A and Q that might be employed to compute
the w, Yager ([10]. see also [8], [9]) proposed

W, = Em: (max{rmy,, ni)),
where n, =S, _, if n, =8, & That is, Q is the min operator and
A My, 1) = max{my, nk).

Yager’s A function is non-increasing in its second variable.

L e i e

i

Yager’s method of computing w, has the following, undesirable properties. Let
E £=10, VL, L. M, H, VH, P}, Let =L for all k and suppose my = for all k

and o= for 4l ko Then both ssues peceive ooranking of H. We would not

cach issue and each criterion. Let
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