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Abstract

To express the asymmetrically uncertain preferred and non-preferred qualitative
judgments of decision makers, this paper introduces interval-valued intuitionistic
multiplicative linguistic variables (IVIMLVs). To show their application in decision
making, a ranking method is first offered. Then, we introduce IVIMLVs for preference
relations and propose interval-valued intuitionistic multiplicative linguistic preference
relations (IVIMLPRs). To obtain the ranking reasonably, a consistency definition for
IVIMLPRSs is presented. A mathematical optimization model for judging the consis-
tency of IVIMLPRs based on the new concept is constructed. To address two general
cases: incompleteness and inconsistency, mathematical optimization models for ascer-
taining unknown values in incomplete IVIMLPRs and deriving completely consistent
IVIMLPRs from inconsistent ones are built, respectively. For group decision making, a
consensus index is defined to measure the consensus achieved among the decision mak-
ers’ preferences. If the consensus is not enough, a mathematical optimization model
for improving the consensus level is established. Furthermore, a linear optimization
model for determining the weights of the decision makers based on the consensus anal-
ysis is constructed. Finally, a group decision-making method with IVIMLPRs based on
consistency and consensus analysis is offered, and its application on selecting supply
chain cooperative partners is offered.
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1 Introduction

Decision making usually needs a group of decision makers (DMs) comparing and
ranking objects. Preference relation is one of the most important decision-making
methods. Researches about its theory and application have attracted significant atten-
tion. Because traditional preference relations require DMs to offer exact values (Saaty
1980; Tanino 1984), their application is restricted. To solve this issue, scholars intro-
duced Zadeh’s fuzzy sets for preference relations and developed decision making with
fuzzy preference relations (Chiclana et al. 2009; Meng and Chen 2018; Saaty and Var-
gas 1987; van Laarhoven and Pedrycz 1983). Because intervals can simply denote the
uncertainties of DMs, interval fuzzy preference relations are one of the most widely
used preference relations. Following the construction of intervals, there are two types
of interval fuzzy preference relations: additive interval fuzzy preference relations (An
et al. 2018; Meng and Tan 2017; Wu et al. 2019a, b, c, d) and multiplicative interval
fuzzy preference relations (Meng et al. 2017).

The same as other types of quantitative fuzzy variables, intervals are insufficient to
address more complex situations. To better express the fuzziness of human subjective
judgements, Zadeh (1975) introduced linguistic variables to denote the judgements of
DMs, such as fast, slow, and fair. Later, researchers noted the advantages of linguistic
variables and introduced them in preference relations, which is known as linguistic
preference relations (Cabrerizo et al. 2017; Jin et al. 2016a, b; Xu 2004a). Considering
the fact that linguistic variables cannot reflect the uncertainties of DMs, Xu (2004b)
further introduced additive interval linguistic variables and additive interval linguistic
preference relations (AILPRs). After that many decision-making methods with inter-
val linguistic preference relations have been proposed. For example, Chen and Lee
(2012) presented a group decision making (GDM) method with AILPRs based on the
defined interval linguistic ordered weighted aggregation operator and the likelihood
of individual AILPRs. Following the work of Xu (2005), Tapia Garcia et al. (2012)
proposed a GDM method with AILPRs based on the defined consensus measure and
proximity measure. Using the 2-tuple linguistic representation model (Herrera and
Martinez 2000), Xu and Wu (2013) introduced another GDM method with AILPRs
based on consensus analysis and a model for determining the weights of DMs. Chen
et al. (2011) introduced a compatible index for AILPRs and used this index to build
a model for deriving the weights of DMs. Then, the authors proposed a new GDM
method. A similar research can be seen in (Zhou and Chen 2013). Meng et al. (2016)
analyzed the relationship between linguistic variables and interval linguistic variables.
Then, the authors discussed the consistency of AILPRs following the consistency con-
cepts of linguistic preference relations (Dong et al. 2008; Xu 2011). Subsequently, a
consistency and consensus analysis-based algorithm for GDM with AILPRs is intro-
duced. To address differences between operational laws on linguistic variables and
interval linguistic variables, Meng et al. (2019a, b) presented the concepts of quasi
interval linguistic variables and quasi interval linguistic preference relations (QILPRs).
Then, the authors defined an additive consistency concept for AILPRs that satisfies
all properties for the consistency concepts for linguistic preference relations (Dong
et al. 2008; Xu 2011). Based on this concept, a GDM method with inconsistent and
incomplete AILPRs is provided. On the other hand, Xu (2006) introduced multiplica-
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tive interval linguistic variables for preference relations and presented multiplicative
interval linguistic preference relations (MILPRs). Then, the author offered us a GDM
method with MILPRs based on the defined interval linguistic ordered weighted geo-
metric mean operators. Zhou et al. (2014) presented an approach to GDM with MILPRs
using the defined compatible index.

However, in some situations, more than one linguistic variable may exists for a
judgement. To denote such cases, Zhu and Xu (2014) applied hesitant fuzzy linguis-
tic term sets (HFLTSs) (Rodriguez et al. 2012) to define hesitant fuzzy linguistic
preference relations (HFLPRs) and then discussed their consistency. Based on con-
tinuous linguistic term sets, Wang and Xu (2015) proposed extended HFLPRs. Then,
the authors presented a method for ranking objects from extended HFLPRs based
on the assumption that there is a uniform distribution on each hesitant fuzzy linguis-
tic judgement. Furthermore, Wu and Xu (2016a) defined another additive consistency
concept for HFLPRs based on the expectations of HFLTSs (Wu and Xu 2016b). Zhang
and Wang (2014) noted that additive consistency concepts have some limitations and
defined a multiplicative consistency concept for HFLPRs. Liu et al. (2019a, b, c,
d) studied incomplete HFLPRs and presented a consistency improvement method.
Different from HFLPRs, whose elements are defined on the symmetrical linguistic
term sets, Tang and Meng (2019) presented the concept of multiplicative HFLTSs and
introduced multiplicative hesitant fuzzy linguistic preference relations (MHFLPRs).
Based on consistency and consensus analysis, the authors proposed a procedure for
GDM with MHFLPRs. Tang et al. (2019) further researched decision making with
multiplicative interval linguistic hesitant fuzzy preference relations (MILHFPRs) to
denote the asymmetrically interval hesitant qualitative judgements. Note that all of the
above mentioned fuzzy sets cannot denote the preferred and non-preferred judgements
of DMs simultaneously. To cope with this issue, Atanassov’s intuitionistic fuzzy sets
(IFSs) (Atanassov 1986) are good choices that use a real value in [0, 1] to denote
the membership and non-membership degrees of a judgement, respectively. Later,
Atanassov and Gargov (1989) further introduced interval-valued intuitionistic fuzzy
sets (IVIFSs) to express the uncertain membership and non-membership degrees of
DMs. Szmidt and Kacprzyk (1988) noted the advantages of IFSs and presented intu-
itionistic fuzzy preference relations (IFPRs). More researches about decision making
with IFPRs can be found in (Gong et al. 2009, 2011, 2018; Jin et al. 2019; Liu et al.
2019a, b, c, d; Xu 2007; Yang et al. 2019; Zhang and Pedrycz 2018). Furthermore,
Meng et al. (2019a, b) studied decision making with intuitionistic linguistic prefer-
ence relations that can denote the qualitative and quantitative intuitionistic preferences
simultaneously. Jin et al. (2019) followed Liao and Xu’s multiplicative consistency
concept for IFPRs (Liao and Xu 2014) to offer a multiplicative consistency concept
for intuitionistic linguistic preference relations and offered an iteration-based GDM
method. Zhang and Pedrycz (2019) discussed the consistency of interval-valued intu-
itionistic multiplicative preference relations (IVIMPRs) and built several programming
models to cope with the consistency and consensus.

However, when DMs can only offer their preferred and non-preferred qualitative
judgments, all of the above introduced fuzzy sets are helpless. Considering this situa-
tion, this paper introduces the concept of interval-valued intuitionistic multiplicative
linguistic variables (IVIMLVs) that use a multiplicative interval linguistic variable
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defined on the asymmetrical linguistic term sets to denote the uncertain preferred
and non-preferred qualitative judgements of DMs, respectively. Then, interval-valued
intuitionistic multiplicative linguistic preference relations (IVIMLPRs) are proposed.
After that, this paper studies GDM with IVIMLPRs. The main highlights include:
(i) a consistency concept, which satisfies upper triangular property and robustness,
is defined; (ii) following this concept, mathematical optimization models for judging
the consistency of IVIMLPRs are constructed; (iii) for incomplete and inconsistent
IVIMLPRs, mathematical optimization models for ascertaining unknown values and
deriving consistent IVIMLPRs are built, respectively; (iv) Based on quasi IVIMLPRs,
a consensus index is proposed; (v) following the consensus analysis, a mathematical
optimization model for determining the weights of DMs is established; (vi) when the
consensus of individual judgements does not satisfy a minimum threshold, a math-
ematical optimization model for improving the consensus level is constructed; (vii)
an algorithm for GDM with IVIMLPRs based on consistency and consensus is devel-
oped; (viii) a practical GDM problem on selecting partners in supply chain is offered
to show the application of these new results.

The paper runs as follows: Sect. 2 contains the background results for our study,
including multiplicative linguistic variables, multiplicative linguistic preference rela-
tions (MLPRs), multiplicative interval linguistic variables (MILVs), and multiplicative
interval linguistic preference relations (MILPRs). Section 3 proposes the concept of
IVIMLPRs and studies the consistency of IVIMLPRs. Section 4 discusses how to judge
the consistency of IVIMLPRs using the built mathematical optimization model. Sec-
tion 5 analyzes two usual cases: incomplete and inconsistent IVIMLPRs. To address
these two types of IVIMLPRs, mathematical optimization models to obtain unknown
linguistic variables and derive consistent IVIMLPRs are constructed, respectively.
Section 6 focuses on GDM with IVIMLPRs and defines a consensus index. Then, two
mathematical optimization model-based methods for determining the weights of DMs
and improving the consensus level of individual IVIMLPRs are offered, respectively.
Furthermore, an algorithm for GDM with incomplete and inconsistent [IVIMLPRs
is provided. Section 7 uses a practical example to show the application of the new
algorithm. Conclusions are drawn in Sect. 8.

2 Background and Framework

For simplicity, let X = {x1, x2, ..., x, } denote the object set. To express asymmetrical
qualitative judgements of DMs, Xu (2004a) introduced the concept of multiplicative
linguistic variables (MLVs), which are defined on the discrete asymmetrical linguistic
term set (DALTS) S = {sqla = 1/¢t, ..., 1/2, 1, 2, ..., t}. Any linguistic term s
expresses a value of MLVs with the following conditions:

(i) Ordered relationship: if a; > ap, then s4; > 4,3
(ii)) Reciprocity: for any s, € S, there is s € S such that s, @ s, = sqp = 1.

For instance, a DALTS may be denoted as: S= {s1,3: very small, sy/2: small, s1:
fair, s: big, s3: very big}. To avoid losing information in the process of calculation,
Xu (2004a) extended the DALTS S to the continuous asymmetrical linguistic term set
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(CALTS) S’ = {sp|b € [1/t, t]}. For any s, € S, it is called an original linguistic
variable under the condition s, € S. Otherwise, it is a virtual linguistic variable.
Generally speaking, virtual linguistic variables only appear in calculation. For any
sp € 8, welet I(sp) = b.

Let sq, 5p € S, then (1) 54 ® sp = Sap; (1) (50)* = s for any A € [0, 1]; (iii)
log; (sa) = Slog, (a) (Xu 2004a). Based on MLVs, MLPRs are defined as follows:

Definition 1 (Xu 2004a) Let R = (¥j)nxn» be a linguistic fuzzy matrix on X for the
DALTS S. R is called a MLPR if the followings are true:

Tij @ rji =St Tij = S1,

foralli,j =1, 2, ..., n, where r;; € § denote the preferred qualitative degree of the
object x; over x;.To derive the reasonable ranking of objects from MLPRs, Xu (2004a)
introduced the following consistency concept for MLPRs:

Definition 2 (Xu 2004a). Let R = (rj)uxn be a MLPR on X for the DALTS S. R is
consistent if

rij = rik @ Iij (D

foralli, k,j =1, 2, ..., n.To denote the uncertain qualitative judgements of DMs, Xu
(2006) further introduced the concept of MILVs.

Definition 3 (Xu 2006). Let § = [s4, sp] such that s,, s, € S" and s, < sp. Then, 5 is
called a MILV.

Let §1 = [Sq4;, ;] and $2 = [s4,, Sp,] be any two MILVs, then several of their
operations are listed as follows (Xu 2006):

(1) 51 ® 52 = [Sajap> Sbyb ]
(i) 5} =[5, 521 2 €10, 11,
(iil) log; (S1) = [Siog, (a1)» Slog, ®1)]> » € [0, 1],
(iv) GO~ =[s1/py> $1/a)]-
Similar to MLPRs, Xu (2006) presented MILPRs as follows:

Definition 4 (Xu 20_()6). Let R = (7ij)nxn be an interval linguistic fuzzy matrix on X
for the CALTS S’. R is called a MILPR if

L U U L L __ U _
rij®rji_rij®rji_sl’ ryp =T =951 (2)
L .U
i Tij

qualitative degree of the object x; over x; such that rl%, rl.l]{ € 8" and rle < riLj].

are true for all i, j = 1, 2, ..., n, where r;; = [r ] is the uncertain preferred

Considering differences between operational laws on MLVs and IMLVs, for exam-
ple 51 ® (51)’l # [s1, s1], we cannot define the consistency of MILPRs in a similar
way to that of MLPRs. Following the work of Meng et al. (2017), we introduce the
following consistency concept for quasi MILPRs (QMILPRs):
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Definition 5 Let R = (7;)nxn be a MILPR on X for the CALTS . Q = (ij)nxn i
called a QMILPR for R if

{i[l]—[ri{/, ”] V{qu j’ l[// 3)

qji = [ Tjir ]t] 4ji = [r]l’ Jl
foralli,j=1,2,...,n

From the concept of QMILPRs, we easily derive g;; ® gj; = [s1, s1] for per (i,
J), namely, elements in QMILPRs satisfy reciprocity. This allows us to define the
consistency of QMILPRs in a similar way to Definition 2 for MLPRs. On the other
hand, elements of QMILPRs are obtained from that of associated IMLPRs. Thus, we
can obtain the consistency of MILPRs following that of QMILPRs. Based on this
point of view, the following consistency concept for MILPRs is presented:

Definition 6 Let R = (7j)uxn be a MILPR on X for the CALTS §'. It is consistent if
there is an associated consistent QMILPR Q = (g;;)nxn, namely,

gij = qik D qk;j 4)
foralli,j=1,2,...,n

Remark 1 Following the reciprocity of elements in QMILPRs, one can easily show
that Definition 6 satisfies two important properties for consistency concepts: upper
triangular property and robustness.

3 Interval-Valued Intuitionistic Multiplicative Linguistic Preference
Relations

To express the asymmetrically uncertain preferred and non-preferred qualitative judg-
ments of DMs simultaneously, this section introduces a new type of linguistic fuzzy
sets: interval-valued intuitionistic multiplicative linguistic fuzzy sets IVIMLFSs).

Definition 7 An IVIMLFS S on X for the CALTS S is defined as:

8§ = {{xi, (L5 Gei)s s ()], [y (i), s+ (x)]) )i = 1,2, ..., n )

where [s,,-(x;), su+(x;)] and [s,-(x;), sy+(x;)] are the uncertain preferred and non-
preferred qualitative degrees of the object x; over x; such that s,,- (x;) ® sy+(x;) < 51
and 5,+(x;) ® s,-(x;) < s1. In addition, § = ([s,,-, s.+1, [5,-, 5p+]) is an IVIMLV
such that Su- @ syr <81 and s;+ ® §,- < 1.

Now, we apply the following example to show the situations where [IVIMLVs may
be used and the advantages of IVIMLVs for representing the judgments of DMs.

A DM is invited to compare two brands of air conditioning. Because there are many
factors, such as noise, energy consumption, appearance, price and brand effect, it is
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not an easy thing to offer his/her quantitative judgment. Linguistic variables are good
choices to address this case. Let S = {s1/5: extremely bad, s1,4: very bad, s1/3: bad, s1/2:
alittle bad, s : fair, s7: alittle good, s3: good, s4: very, s5: extremely good} be the given
DALTS. The DM can use linguistic variables in S to give his/her judgment. If the DM
judges that the preferred degree of the first brand of air conditioning over the second
one is between “s1/;: a little bad” and “s3: good”, while it is between “s1/4: a bit bad”
and “s;: fair” for the preferred degree of the second brand of air conditioning over the
first one, namely, the non-preferred degree of the first brand of air conditioning over
the second one is between “sy/4: a bit bad” and “s;: fair”. To express these judgments,
previous fuzzy variables are helpless, and IVIMLVs are good tools that can easily
denote the above judgments, where § = ([31/2, s3], [s1/4, sl]).

To derive the ranking of objects from IVIMLVs, the score and accuracy functions
are defined as follows:

Definition 8 Let § = ([slf, Su+ls [Sy—s sv+]) be an IVIMLV on X for the CALTS S'.
Then, its score value is defined as:
.

T
VE) = — (6)
vTU
and the accuracy value is defined as:
AGB) = (u u*)(v oY) @)
Let 51 = ([ - +] [s -, 8 +]> and 5 = <[Su_’ su}’] s, Su;]> be any two
IVIMLVs, then thelr order relatronship is offered as follows:
(1) if V(51) > V(52), then §1 > §7;
e . - - A(S)) > A(S) = §1 > 5
ii) if V(§1) = V(§2), then . ~ . .
W ()= V&) {A(Sr)ZA(Sz)=>S1 =5
Now, we introduce the concept of IVIMLPRs whose elements are [IVIMLVs.
Definition9 An IVIMLPR R = (7ij)uxn on X for the CALTS S’ is defined as:
SM,-; —S - SM,J'J —S;rl
sv; = Sﬂ,_l Sut = St )
sﬂf, ® Svf,' < Sl,Slerj ® SU,; <
SM:, = SH;_ =8y = Sy =51

forallij:l 2,. nwherer,,—<[s - s+] [s s+])1sanIVIMLVand[s -
wh ] and [s,- sv+] are the uncertain preferred and non preferred qualitative degrees
ij

of the object x; over x;, respectively.
_ Forexample, Let X = {x1, x2, x3} and S’ = {sp|1/4 < b < 4}. Then, an IVIMLPR
R = (Fij)nxn on X for S’ may be defined as:

@ Springer



176 J.Tang et al.

~ ([s1> 511, [s1, 51D (Ls1/3 511, [s1y2, s21) (D52, s4l, [s1/4, s1/3])
R=| ([si2, 21, [s13. s1])  (Lsts sul, Lsto si]) ([s1y4s s12), [s1, s3])
(Ls1/4» 51731, [s2, sa1)  ([s1. s3], [s1/4. 51/2]) ([s1, 811, [s1, s1D)

S, - Q8§+ =81
l’LU ij
Remark 2 When
SM+ ®S - = 1
tj tj

(ij)nxn reduces to a MILPR R = (i Jnxnl52].

To derive the reasonable ranking of objects from IVIMLPRs, the consistency anal-
ysis is indispensable. Therefore, we first introduce the concept of two-dimensional
preferred multiplicative interval linguistic fuzzy variables (TDPMILFVs). Defi-
nition 9 shows that [s,—, s,+] is the uncertain non-preferred qualitative degree
for any § = ([s,-, s+l [sy-, sp+]). Thus, si/p+ and s1,,- can be regarded
as the lower and upper preferred degrees for [s,-, s,+], respectively. For any
IVIMLV § = ([s,f, Su+ls [Sy—s sv+]) its associated TDPMILFYV is defined as:s =

(Ls,—» s1/v+ 1, [S*s 1/0-1). Following Definition 9, we have Sus S S, and Sty <

foralli,j = 1, 2,..., n, then the IVIMLPR R =

S1j;-

Definition 10 Let R = (i), x» be an IVIMLPR on X for the CALTS S'. P = (p;;)nxn

is called a two-dimensional preferred multiplicative interval linguistic preference rela-

tion (TDP-MILPR), where j;j = ([sﬂi, St 1o I8, 8, /Uf_]) is a TDP-MILEV for
ij ij ij ij

alli,j =1, 2,..., n with the conditions as shown in Definition 9.

Following Definition 10, we further propose quasi TDPMILPRs (QTDP-MILPRs)
in a similar way to QMILPRs.

Definition 11 Let P = (p;j)uxn be a TDPMILPR for the IVIMLPR R = (7 )nxn,
where jj = ([sﬂ’_;, $1/0, b L5t sl/vi;]) is a TDPMILEV for all i, j = 1, 2,..., n

0 = (Gij)nxn is called a QTDP-MILPR for P if one of the following four cases is
true:

gij = ([Su,;’sl/v?j]’[Su,*,«’sl/v,;]> ([Sl/vhsl;] (B s]/v[_—/,]>
IR (Cypes Reym) | =( o1 M sz s,01)
gij = ([ Sy S/ 1 U1 ,S,gj]) = <[S1/v+,su 810708 +,]> o
i = (5o Mo ) | @ = (o511 v;,sw;j])

for per (i, j) such that i <j. 3
Definition 11 shows thata QTDP-MILPR P = (p;;)nxn corresponds to two QMIL-

PRs: Q1 = (q1,ij)nxn and Q2 = (q2,ij)nxn» Where
q1,ij = = Is,- Sl/v+] y qiij = [Sl/vif/.,sﬂi;]

- - (10)
q1,ji = [sl/ﬂfj’sU:/] qu.ji = I8y
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Consistent QIMLFPRs Consistent QTDPMILFPRs
Consistent IVIMLFPRs Consistent TDPMILFPRs

Fig. 1 The relationships of consistency
q2.,ij :[S,u;'j’sl/vi;] q2.ij :[sl/vl-;’s,u;'j]

Y

Q.ji = [S1/u8- 5021 | Q2ii = IS5 51/5]
for per (i, j) such that i <j.

Similar to Definition 6, we define the consistency of QTDP-MILPRs using consis-
tent QMILPRs.

Definition 12 Let P = (f;;)uxn be a TDP-MILPR for the IVIMLPR R = (7 )nxn,
and let Q = (gij)nxn be an associated QTDP-MILPR for P.If the QMILPRs Q; =
(q1.i))nxn and Q2 = (§2.ij)nxn for O as shown in formulae (10) and (11) are both
consistent, then Q is consistent.

Following the relationships between elements in IVIMLPRs, TDP-MILPR, and
QTDP-MILPR, we present a consistency concept for IVIMLPRs as follow:

Definition 13 Let P = (;;)nxn be a TDP-MILPR for the IVIMLPR R = (7 )nxn-P

is consistent if there is a consistent QTDP-MILPR Q = (gij)nxn for P based on
Definition 12.

Definition 14 Let R = (Fij)nxn be an IVIMLPR R = (i Inxn- R is consistent if its
associated TDP-MILPR P = (Pij)nxn is consistent based on Definition 13.

To understand the consistency relationships clearly, please see Fig. 1.

Remark 3 Following the properties of consistent QMILPRs, we derive that Definition
14 satisfies: upper triangular property and robustness.

4 Judging the Consistency of IVIMLPRs

Definition 14 indicates that we only need to judge the consistency of the QMILPRs
01 =(q1,ij)nxn and Q2 = (q2,ij)nxn as shown in formulae (10) and (11) for judging
the consistency of R= (7ij)nxn- Because there are many QMILPRs, we cannot directly

use Definition 6 to derive the consistency of R = (7ij )nxn. Considering the fact that
we only need to judge whether a pair of associated consistent QMILPRs exists rather
than judge the consistency of all associated QMILPRs, this section builds several
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optimization models to judge the consistency of IVIMLPRs based on the consistency
of their QMILPRs.

For any given IVIMLPR R = (Fij)nxn, if it is consistent following Definition 14,
then we have

(o) @ ()™ = (o)™ © (o) ™) (v (o))

Bij 1-Bij Bik 1-Bik Bri 1=y (12)
() © () ™ = (o)™ © (ona) ™) @ (gm0 ) @ (o) ™)

forall i, k,j = 1, 2,..., n such that i <k <j, where «;; and B;; are the 0-1 indicator
variables for g1 ;; and g3 ;;, respectively, denoted as

1 ql l] _[SI'L ,Sl/v+] 1 512 lj _[SM ’sl/v ]
o] = ..
TN da =gl PT]0 d =g s

Formula (12) shows that

(5,0 )% © (173"~ = (5,0 © (51,17 ) @ (5,0 )% ® (510!~ )
(51057  (5,,)1 7% = ((sl/ ) ® (5,017 ) © (51705)% © (5,,0)1 7 )
(530 ® (51, )' 0 = (53)P © (51, f)l—ﬂfk) ® (51 & (517,00
(sl/ @ (s, +)1 Bi = (05,07 ® (301 ﬁzk)@((sl/vk—j)ﬁkf ® (1) 71 )

(13)

where i, k, j = 1, 2,..., n such that i <k <j.
Formula (13) shows that

105,20 © 151"~ = (15,0 @ 151"~ ) @ (105, )% & L(s1/5)! =
I(AL/U+ ) © 165,017 = (161 ® I(SM)HQ ® <1<sl/vk+_/_)ak/ ® 105, )~
1) @ 1G5y, )l Bii = (I(vulfk)ﬁfk ® I(sl/vi-k)l_ﬂfk) ® (1(%;])/% ® 15, )'
e /,,i;>ﬂw ® I(su;j> = (165, @ 1) 1) @ (

I(Sl/vl:j)ﬂkj ® I(Sulj)liﬂkj
(

—_—

4)
namely,
(i) x (1/vf)! = =
(1/v)0 x (i)'
()P x (1 v P
(/)P x (ui)' =P

((M,-_k)“”‘ X (1/1};{)17“%)((“;}.)‘1” « (1/1’2,‘)170""')
(/v x (Mﬁc)l_“"k)<(1/v,jj)°‘k-/ x (M,;j)l—ak_/)
(et (1)) (Gt )P u/v;,-f_ﬁkj;
( )

(

L/ < () =P ) (A u )P x (' =P

where i, k,j = 1, 2,..., n such that i <k <j.
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Taking the logarithm for each formula (15), we derive

aij log(u) + (1 — i) log(1/v) = (e log(uzy) + (1 — i) log(1/v3,) +(% log(u) + (1 - akj)log(l/v;j))
iy log(1/v75) + (1 — ij) log(u) = (eix log(1/u) + (1 = ) log(raip)) + ey Tog(1/v]) + (1 — ay) log(ue))
Bijlog(ui) + (1 = Bij)log(1/v;;) = (Bix log(ufy) + (1 — Bir) log(1/v;) + (ﬂ log(u;) + (1 _ﬁkj)log(l/U;:i))
Bijlog(1/v;)) + (1 = Biplog(u;) = (Bix log(1/vy) + (1 — Bix) log(uy) + (ﬂk] log(1/v;)+ (1 — ﬁ/q)l‘)g(/tk,))

(16)

namely,

iy (log(e7) + log(u))) — log(vf;) = (e log(pez) + log(v)) — log)) + (e (log(razy) +log(w]))) — log(w})))

)
log(p;;) — aij (log(v;'i) +log(u;; )) (log(uz) — aik (log(vj) +log(u))) + (log(p_kj) — o (log(uk,) + log(;%)))
Bij (102G +10g(w]) ) — log(v;)) = (i (tog(uef) + log(v)) — log(v)) + (B (1og(uat;) + log(vy;)) — log(vy))

log(u;) — (i log(vy)) +log(u))) = (1og(efy) — B (1o () +log(efy)) + (loguf) — By (log(vyy) +log(uf))))
o))

Based on formula (17), we construct the following optimization model to judge the
consistency of any given IVIMLPR R = (7;;)nxn:

n—2 n—1 n

_mlnz Z Z (skl]+8ku+8ku+8kl]+9ku+9,”J+z?ku+z9k”>
i=1 k=i+l j=k+1

(i (log(pezy) +log(v}y)) — log(vf)) + (akj (IOg(uk‘j) +log(vg j))
- log(vl-:j)) = ajj (log(y,i;) + 10g(v,'+j)> —log(vi}) — &g ;; + &1y
(1og(1) — ik (log(viy) + log(p1))) + (log(y;) — ey (log(wiy)
+log(uy;)) ) = log(uj)) — oy (log(uif) +logus))) — 6 ; + 87,
(Bix (log(uzfy) +1og(vp)) — log(vp) + (B (log(ui) + log(vy)))
—log(vy;)) = Bi; (log(uify) +log(v}))) — logw)) — 6, + 64
(log(ui) — B (1og(v) +log(uif)) + (10g(iuf)) — By (loe(wy)

+log(uf)) ) = log(uf)) — (Bij log(u])) +log(uf))) = 0, + 95,
aj=0vLB;i=0v1ij=12 ...,ni<j
+ i - Tp+ — + - . .
8k,ij’€k,ij’8k,i]’8k ij ek,ij,ek ij ﬁk,ij’ﬁk,ij >0,i,k,j=1,2,...,n
i<k<j
(M-1)

s.t.

By solving rﬂnodel (M-1), if f* = 0, then formula (17) is true, namely, formula (12)
is true. Thus, R = (7jj)uxx is consistent. Otherwise, it is inconsistent.
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5 Incomplete and Inconsistent IVIMLPRs

In decision making with preference relations, two cases are usually encountered:
incomplete and inconsistent preference relations (Capuano et al. 2018; Urefa et al.
2015a, b). To extend the application of IVIMLPRs in decision making, this section
discusses incomplete and inconsistent [IVIMLPRs.

5.1 Incomplete IVIMLPRs

In the procedure of decision making, some judging information may be unknown
due to various reasons (Liu et al. 2019a, b, c, d; Sahu and Gupta 2018; Tang and
Meng 2018; Wu et al. 2019a; Zhang et al. 2018a, b). To derive ranking of objects, it
is necessary to determine unknown information. Thus, this subsection establishes an
optimization model to determine unknown values based on the consistency analysis
and the known information.

Property 1 Let Q = (§ij)nxn be a QMILPR for the MILPR R = (7ij)nxn. Then, it is
consistent if and only if

Gij = | ®F_1(Gix ® qxj) (18)

foralli,j=1,2,...,nsuch that i <j.

Proof If Q = (gij)nxn is consistent, then formula (18) holds following formula (4).
When formula (18) holds, we have

qij = C/®Z:1 (qik ® qj) = \'7®7:1 (i1 ® Qi ® Gr ® dij)

= o, G ®dw ® @, (au ® dy) = Gk ® &,

following g;; ® gji = [s1, s1] forall i, j = 1, 2, ..., n. Thus, Q = (qij)nxn 18
consistent. O

Following Property 1, we discuss how to build an optimization model for deter-
mining unknown information. For the given incomplete IVIMLPR R = (Fij Jnxns
if there are linguistic variables in the CALTS S’ that make the incomplete IVIMLPR
R = (7 )nxn be consistent, then two associated incomplete QMILPR Q1 = (q1,ijnxn
and Q2 = (g2,ij)nxn are consistent. Following formula (18), we have
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(Cil,ij)n—2 — ®l]::1,k;éi,j(qlaik ® élskj) (19)
(G2))" % = ®h—1 ki (@2ik ® G24))

foralli,j =1, 2, ..., nsuch that i <j.
Formula (19) shows that

ojj l—a,'j n—2 Uik
<([S“f?’s‘/“?~]) ® (I51735-5;1) ) = ® s (B 51701))
1 ik akj 1—ay;
®<[S1/Ui+k’s >®< M;j,ﬁw;j]) ®<[S1/v /]> ))
ﬁlj 1_ISij n- ﬁzk
([Sulfj’sl/u ) ([Sl/v »SM ) _®k Lk£i,j [Slka S]/U
1 —Pik ﬁk.f ﬁk/
®([S1/Ui7<’s" ® Z/’SI/U/:,]> ®([SI/U )

(20)
foralli,j =1, 2, ..., nsuch that i <j.
For per (i, j), following formula (20) we derive
o 1—a;
=1k, <<<[I(S,Li—k)a1(s1/vi+k)]> '® ([I(Sl/v;k),l(sui—k)]) k>®
(([us,%_ 1) @ (Ui 16,001) ))
a;j 1—ajj n=2

= (([usﬂ;), 161)1) " ® (UGs1y): 165,,-01) )

(2D

n Bik 1=Bik
Ry ((([I(S,gk), 11, 1) @ (1651 165,01 )
Brj 1—Byj
® (([1<s”;j), 11 00) ® (UG 1 16501) ))

- (([](su;fj),l(sl/v”)])ﬁif ® ([I(sl/vij)sI(Sulfrj)]>l—/3ij)"2

namely,
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I g ()™ X (L)% X ()™ x (/v %

n—2

My s, ,((1/vrk>“fk x (i) T X (1/0f)™ % (u,:,)l—“k-f)
T (R X L) P ) (1 fug)! =0 ) =

. Lkotij (l/vi)ﬁik x (M;.Fk)lfﬂik x (l/v]:j)ﬁkj x (sz)lfﬁkj

Taking the logarithm for formula (24), we obtain

Yo (e (loge) + log) — loguiy) — log(uf)+
e (o) +10g(v7))) = 0 = 2) (e () + lox) ~ o)
ZZ=1J<#L/‘ (log('ui_k) — aik (log(uzy) +log(v7y)) +log(p;)—
O j (log(ﬂ;:j) + log(vf{j))) =(n— 2)(1og(ul_;) . (log(u§) N log(v;“j)))
Z::l,k;éi,j (ﬁfk(log(u,*k) +log(u3)) — log(u7p) — log(up )+
Brj (log(MZj) + log(vk_j))) =(n— 2)<ﬂij (log(M;}) + log(vi;)> — log(vi;))
ZZ=1,k;ﬁi,]‘ (log(MTk) — Bir(log(uy) +1og(vy)) +log(uf;)—

s (log(uiy) + log(vy))) ) = (n = 2)(log(u) — By (loglusfy) +log(v;)) )
3)

Following the construction of elements in IVIMLPRs, we can only apply elements
in the upper triangular parts of incomplete QMILPR Q1 = (q1,ij)nxn and Q2 =
(q2,ij)nxn to express each incomplete unknown judgment. Taking the first equation in
formula (23) for example, we get

> e (i (1080u0) + log(vi)) — log(vih) — log(vi+ o (1og(iy) +log(vi))) )
-(ZXl )
x (oc,-k (log(uy) +log(v})) — log(vfy) + oy (log(,uk_j) + 1og(u,§j)) - 1og(v,jj))
- Z:] (1og(v,;) — agi (log(uy) + log(vf)) — log(vj)
oy (1og(u;j) + log(u,jj)»
+30) (e (logaip) + log(w) — log(wiy) + ey (log(uy) + log(vf)) — log(wf))

n —_ —
+ Y (e x (logeg) +log(u) — log(vip) + log(vjy) — e (logu;) +log(w])
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Thus, formula (23) can be equivalently transformed into the following:

Z:l sl +ZZ:,-+1 sk, +ZZ:,-+1 g,%k,j = 2)(a (log(ul j)+10g(v”)) 1og(v,.+j))
Z:l S+ Z;i:m St Z::m ¢S = 2)(10g(u, ) —aj (lOg(u,-}) + 10g(v,«*j)))
Z'k:l ol + Z/{:Hl v+ Vi = 2)(,3 <10g(/L, £ +log(v;; )) 1og(ui_;))
U D Uikt Y Wy = 0 2)(10g(u,»+,») — By (togtuaf)) + log(v))))
(24)

where

511, = 10g(v]) — i (log(uzy) + log(vi) + ey (log(uaz;) + log(vf)) — log(vj)),
521, = o (log(uy) + log(vj)) — log(wj) +ax; (log(iy) +log(ui) ) — log(f)),
1 ;= ek (log(uyy) +log(vjy)) — log(vfy) +log(v}) — eji (10g(u}k) + IOg(v}k)>,
61 = awi (log(uy) + log(v) — log(u) +log(py;) — (log(u,jj) +log(vf ,)),
§71.; = og(uy) — o (log(uiy) + log(vf) +log(egy) — ok (log(u) +log(vf)) ).
681, = log(uip) — aix (log(uy) + log(vh) + avje (log(u7) +log(uh)) — log(u,),
Ul 1 = log(ug) — Bri (log(uefy) +log(vy)) + By (log(/x,tj) + log(v,jj)) — log(vy)),
V24 = Bik (log(uefy) +log(vp)) — log(u) + iy (log(uify) + log(vy)) — log(vy),
v} . = Bit(log(uefy) +log(vp) — log(vp) +log(wy) — B (log(ily) + log(v7,)),

Uk = Bri (log(ufy) +1og(vy)) — log(ufy) +log(ui) — Brj (log(u«zj) + log(v,jj)),

U = log(u) — Bir (log(ufy) +log(v;y)) +log(ui;) — Br (log(MZj) + log(vk‘j)),

Ul = 1020} — Bie(log(uh) +log(w) + B (log(i ) + log(vy)) — log(ily).
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Based on formula (24), the following optimization model is established:
« . n—1 n _ _ _ _
g* = min Zi:H Z_,‘:m (”;f LR AR ] +°'ij)

i—1 J n _
Yy St Doy P+ Doy Stk = (1= 2ot (1087 + log) — logv))

—7[ +ﬂ,],l =12 ...ni<j

i—1 4 J 5 n 6 _ —
Zkzl St Dy Stk + Dy Stk = (0= 2)(log(ui)) — ey (logluy) + log(vi)) )

Lu,lj—lz i<

i—1 1 J 2 n 3 _ _
Zk:l Yigj+ Zk:m Vit Zk:jﬂ Vi =0 — 2)<ﬂij (log(//«?j) + 10g(vij)) - log(vij))

r +r”,z =12, ...,ni<j

Z;‘;ll TS SR A ZZ:M vy = 00 = 2)(log(uf) — Bij (tog(uy) +log(vy)) )

—(7 +(rj,z =12 ....ni<j

l/tful] _/LU/\[L UU _1/1, eU™ ,,U,P;¢U+,vi*j§éV+
Ilv,-;SﬂijSIAUUM,',‘SI:MU¢U7-I$,'_,'EU+’U[;¢V7

1/t < v < Av”u,] <lLuy;e Vo g Vil ¢ Ut

v S U StApgul < ,vi;géV’,v,-*-eV*,uigéU’

1/t</4,] _/4” <ZA/4U i _1/\/4” ; <1,

sad Ly €Uy € Uvy ¢ VoL ¢ VY (M-2)
l/zgvij §vij§t/\/,tij f] 71/\;4] vy <1,

;Ai_jéU’,ufj¢U+,v;eV’,v[-eV+

1/I</J.U 5/4,] <tA1/I<vu _v /\uuv” <1

A;Ll-jvij <lu;eU” i eu” o €V o g vE

Ut <y <y St Ay v <t Apgvf < IA

/4” i _lu eU™ ,/J.i./EU*',vingV’,uijeV*
l/lgp.ijSuij/\l/tsvi;gv;fSl/\ui;v;fslA

u;'jvi; <Ly e U™, ¢ U*,vi; eVi,viev?

I/',]<”'1j<t/\1/t<vj<v'<t/\”' v i < 1A

u,j;_luu¢u i e Ut eV’,vii€V+

1/t <

+ -+
GSHGStAltsvg <l stapgyf <

— - .+ + = - .+ +
lAuljvijfl,/.LijEU i €U v e VoL v eV

ajj o = l,ﬁij +/3ji = l,ct,-j =0vl,

Bij=0Vv1, i,j:1,2,...,n,i<j

o — ..
7T,,,7T,,,L,j,t”, i t/’ ,j, 20,1,]_1,2,...,}1,1 <]J

where

ulj|slflsm1ss1ng, L, j=1,2,...,n,i <j},

U+_[ 15, +1sm1ssmg,, =1,2,...,n,i<j},
V_:{v sflsrmssmg, , :1,2,...,n,i<j},

viilsy +1sm1ssmg, ,ji=12, ...,n,i<j},
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and ¢ is the biggest index of linguistic variables in the CALTS S’.

Example 1 Let X = {x|, x2, x3, x4} be the set of objects, and let R = (7ij)ax4 be an
incomplete IVIMLPR on X for the CALTS S’ = {s|1/4 < b < 4}, where

([s1> s11, [s1, s11) ([51/3, s1/21 [S”Tz’ SUTZ]) (Is1, 831, [s1/4. s1721) (Is1, 821, [s1/3, s1721)
. ([suz]' s, 1 [s13, 51/2]) ([s1, 511, [s1, s11) ([Su{;' Sugy b 1505 Su2+3]) ([Suzl’ sut, 1 [s173, Sl])

(Is1/4- 51721, [s1, 531) [m;z, St )b [S"Iz’ SU;Z]) ([s1, s11, [s1, s1D) (Is1/2: 511, [s1/2, 521)

(Is1/3. 51721, [s1, 521) [s1/3, 811, [sz;» Su;4]) (Is1/2, 521, [s1/2, 511) ([s1, s11, [s1, s1D)

Using model (M-2), unknown linguistic variables are determined as follows:

[,> $ut,] = [s0.63, 50.63), [5,,7,5 8,1 = [s1,

52.62] ([3,63, Sty b I8, s,,;}]) = ([s1.59, s1.82], [50.25, 50.41]) -

5.2 Inconsistent IVIMLPRs

In general, preference relations provided by DMs are inconsistent. It is indispensable
to adjust the consistency of preference relations for ranking objects reasonably. There-
fore, this subsection studies inconsistent IVIMLPRs. Based on consistency analysis,
several optimization models are established for adjusting inconsistent IVIMLPRs and
deriving completely consistent [VIMLPRs.

Let R = (7ij)nxn be an any given IVIMLPR. If f* # 0 following model (M-1),
then R is inconsistent. In this case, we build the following optimization model for
determining QMILPRs with the highest consistency level:

h* = max Z:’:ll Zj:nl (cij + Bij)

(cie (log(p1) + 10g(v})) — log(v;)) + (ot (log(uey) + log(vi))
- log(v,é})) = ajj (log(,ufj) + log(v;'j)) — log(vf}) — &;j + &)
(1og(k) — ik (log(viy) + log (1)) + (log(i) — ey (log (v )+
+log(uz))) ) = log(u;)) — oy (log(vy) +log(n))) = 6t +
(Bik (log(uefy) +1og(vyp) — log(vip) + (B (log(uiy) + log(vy)))
—1og(u,;j)) =B (log(uzr/) + 1og(vl;)) —log(v;;) — 67 + 6
(log(ui) — ik (log(v;y) + log(uif)) + (log(ui) — iy (log (v )+
+log(i})) ) = log(uy) — (Biy log(w) + log(ufy)) = 0 + 9y

R
ST T (B i ) -
@i =0V 1,8 =0V1ij=12.,ni<]j

+ - + - + - + —
€kij>Crij» 8k,ij ’ Sk,ij’ ek,ij’ ek,ij’ ﬁk,ij’ ﬁk,ij =0,
Lk,j=12,....,ni<k<j

s.t.

(M-3)
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By solving model (M-3), the optimal 0-1 indicator variables «; and B. can be
obtained, where i, j = 1, 2,..., n such that i <j. Following the derived 0—1 indicator
variables, the QMILPRs P =( D1,ij)nxn and Py =( D2,ij)nxn are derived having the
highest consistency level.

Let 131 = (ﬁl,ij)nxn = ([PZL,-]-, pﬁt’ij])nxn and 132 = (p_Z,ij)nxn =([P12,,-j,
pé‘, ; j])nxn. Next, we adjust the consistency of P, and P, for deriving the consistent
IVIMLPR R = (7 )nxn- Let

1) = (U prijwen = (UL 1GEDY)  T(P)
nxn
= (P2 Dnen = (P ). 1(P5,,)1)
nxn
For per (i, j) such that i <j, let s{’i ; and sy, ; be the respective left and right

adjustments of py ;;’s endpoints, and let sé ij and s ; ; be the respective left and right

. ) . ! u 1 u
adjustments of p ;;’s endpoints, where 1/t fsl’ij ST i7952,1j+52, ijf t. Then,

/ 1 u u _ 1 ) u u l 1 u u
[P1i; ® 51> P1ij @511 = [P1ik @51k Pl ® 51l @ [P xj @ 814> Pl gj © 51 4]

] 1 u u 1 1 u u / 1 u u (25)
(P2 ® 55> P2ij @521 = [P2ix @ 31> Prjx ® 53] @ [P gj ® 345 Pajj ® 53]
for each triple of (i, &, j) such that i <k <j.
Using (25), we obtain
L(ph i) x I(st ;) = 1(PY ) x I(s ) x 1(p) ;) x I(sq ;)
I(P] ,j) X 1(51”) = 1(P1 ,k) X 1(51 ,k) X I(Plk]) X 1(51 kj) 26)

I(Pz,,'j) X I(Sz,ij) = I(Pz,ik) X I(Sz,ik) X I(Pz,kj) X I(Sz,kj)
I(Pg,ij) X I(Sé‘,,-j) = I(pg,ik) X I(Sﬁ‘,,-k) X I([’g,kj) X I(sg,kj)

Taking the logarithm for formula (26), we have

( ) < ) 10g<1(plljk)) + log(l(sijk)) + log(l(pll’kj)) + log(](si’kj))
tog(1(p1,)) +1og(1(s%,)) = log(1(p0)) +log(1(st ) +log(1(pt,)) +log(1(s1)))

( ) < ) log(l(ngik)) + log(l(sé,ik)) + log(l(plz,kj)) + log([(sé,kj))

(153p) +rox(165) =

log(I(p4 1)) +log(I(s3.)) +log(1p3y)) +log(1(s14))
(27
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However, formula (27) cannot guarantee the adjusted linguistic variables fall into
= {sp|b € [1/t, t]}, namely, we have

og(1)

—log(r) < log( I(p{; ij) ) + log

)
)

(28)

/\/‘\/:/‘\

~

(5

—=

C
= =

IA

—

]

)5}

~

~

N

—log(®) < IOg(I (Phij)
~log(0) < log(I(p%,,
for per (i, j) such that i <j.
In addition, to retain information offered by the DMs, the adjustment should be as

small as possible. Thus, we construct the following optimization model to adjust the
QMILPRs P; and P»:

o~ = mmz :]1 Z} o ( og(l(s{’,-j)) + log(I(si"ij)) + log<1(sé’ij)) + log(I(sé‘Jj)»

1og(1(p1’ij)) + log(l(sll’ij)) - log(l(pll’ik)> + log(l(sll’ik)) + log(l(pll’kj))

+1og(16s1,)

tog(1(pt;) +1og(16s1) = log(1(p0) + log(I(s)) +log(1(p1)))
+log(16s1,)

tog(1(ph)) +log(1(sh,)) = log(1(php)) +log(1(sh 1)) +log(1(phy)))
+1og(1(sh)

o ] roe (1) +10g(1668, ) = log(1(p4 ) + log(1(s5,,)) +1og(1(p4,))
+log(16s3,)

Lk,j=12,...,ni<k<j

~log(r) < log(l(pl . )+1og(1(s1 i ) log(1)
—tog(n) < log(1(pl)) +log(1Gs1,)) = log(r)
—log(t) < log(1(ph,)) +log(1(s})) = log(t)
—log(t) < log(1(p4;)) +log(1(s1;)) = log(),

Lhj=12,...,ni <]
(M-4)

By solving model (M-4), we get completely consistent QMILPRs, and then the
associated completely consistent [IVIMLPRs can be derived. However, the completely
consistent QMILPRs obtained from model (M-4) cannot guarantee the conditions of
elements in [IVIMLPRs, namely, one of the four following cases is true
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1 l u u s
W {pl,ij @ 51,5 = P1,ij B S1,ij N P, ij ®S1ij = <p, ij O $, ij
-1 -1
1 l u u u
P2,ij ®52,ij = P2,ij ® 52,3 Pz ij ® 52, ij) = (Pi’ ij ®S1,ij)
pllij®siij>plllij®sluij plll®slw—p2u®s2u
2) I I u . u l 1o\
P2,ij ®52ij = P2ij ®52 ) Pz ij ® 8, ij) = (Pl 5/®51,,‘j)
pl-<®sl~-§pu--®su-~ plt/®slz]—p21/®s2u
1,ij 1,ij 1,ij 1,ij
3 1 l u u = -1 u u -1
P2,ij @83 > P2,ij @ 52,ij Pz ij ®s) zj> = (pl,ij ®S1,ij)
. < u . u'-
Pl ®sii > Pl ®st PLLij ®S1ij = P2ij ® 1)
@) ij Jij Jij ij

1 ® 1 u ® u = 1 1 -1 < 1 I -1
D2,ij ®53,ij > P2,ij ®52,ij P2,ij ® 525 =\ PLij O

for per (i, j) such that i <j.
To solve this issue, we further build the following optimization model based on
model (M-4):

¥* = min Z: Z:=,-+1 (tog(16s1,) +10g(1651,)) + tog(165%,) +1og(15,)) )

s.t.

log([(pll’ij)) +10g(1(v U)) = 10g<1(pll,,-k)) +10g(1(s{’ik)) +log(1(pll’kj)) +log(1(s{,kj))
log(l(pll"ij)) + log(l S1ij ) = log(I(p} ;p)) +log(1(s];p)) + log(l(pﬁ"kj)) + log(l(s{‘,kj)>
log(l(pé’i_i) (I(s2 ij ) = 10g(1(1’§,ik>) + log(](séqik)> + 10g(1(p12.kj)> + 10g(1(sé,kj))
(

)
log(l(pg‘ij)) +log(1(s4;)) ) = log(I(p;p)) +log(I(st;0)) + log(l(pg,kj)) +1og<1(52“,k_1.))

ik,j=12,....,ni<k<j

+log

—log() < log(1(p!;))) +log(1(s1 ;) = log(0)
— log(r) = log(1(pi;)) +log(1(st;)) < log()
—log(r) < 10g(1(p2 ij )+10g(1(sz ij ) log(1)
— log(r) = log(1(p};)) +log(1(s3;))) < log(®)

)(”11 A)(UI2 /\)(”12 /\nglzi <0

le L0, le /\XUIS /\)(UI6 <

X1 > 0.3 1) /\X”IS A XIS <0
lell/\)(u >0X!/ /\X”I6§O

i, j=12,...,ni<j

Xf,-,xf,»,xf,-,x,-‘_‘,» =0vli,j=12,...,ni <]

Xi_1j+Xi_2j+Xz§f+Xiz_‘j =1i,j=12,....,ni<j
(M-5)
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where

IS- = log([(pll’l.j)> + log(l(sg’ij)) — log(l(pggij)) — log(l(szij))

By solving model (M-5), we can derive the completely consistent QMILPRs
QT = (‘Hi,’j)nxn and Q;Z (é;,ij)nxm where Ciik,ij = I:pll’ij ®Sii<,lija Pit,ij ®Sikflij:|7
and g} = [pllsij ® sflij, Py ij® s;k”l]] foralli,j = 1,2, ..., n. Based on the rela-
tionships between QMILPRs and IVIMLPRs, we can derive the completely consistent

IVIMLPR R* = (fi*j)nxn :([s;, s*o 1 [t s;ﬁ, ]) , where
nxn

i M i Vi

1 *[ * u U
1 *[ u *U s¥_ = RSy i, S :( RS )
P1ij ®S1ij = P1ij ® 51 wy — PLi i S = APLiG 8L
I *[ u KU -1
.. Sh e < .. RS
p2,lj ® 2,ij = p2,l] ® 2,ij s;ﬁ. — plz ij ®s;lij’ S:, — (pg i ®S§t lj)
¥ , ) i , ,
—1
I *[
1 xl u *u s o =pY .. @s. s = ( RS )
pl,ij®sl,ij >pl,ij®sl,[j N 13 pl,l./® Lij> v pl,tj® 1,ij
1 *[ u *U —1
.. Sh e < s Ry
P3ij ® 2,ij = P2,ij (29 2,ij S:ff. — p12,ij ®s;lij’ S:_ _ (p124 i ®S’24 ij)
i ) i , )
-1
1 [ * u *U
1 *[ u *U s¥_ = RSy e, S :( RS )
Prij 515 = PrLij ®S1ip ) PrLip @St Sy = \PLij © L)
[ *[ u *U —1
P2,ij @82 > P2ij ®82ij s;t =5 ®S5 s s:_ - (p12 i ®s;lij)
ij ’ ij > ,
I #l u - s* o =pt.@s™ st = (pl ® s )_1
_ = .. A — . .
Pi,ij ®Sl,ij > Plij ®sl,ij = Hij 1,ij L,ij» v 1,ij 1,ij
1 *l u U —1
Qs > Qs
p2,z./ ® 2,ij p2,zJ ® 2,ij s:if'. — pg,ij ®S3,ij’ S:_ — (Plz i ®S;lij)
ij ij ’ ’

foralli,j=1,2, ..., nsuchthat i <j. y
For the derived complete IVIMLPR R = (7ij)4x4 shown in Example 1, we get

f* = 6.9315 following model (M-1). Thus, this complete [IVIMLPR R is inconsistent.
Based on model (M-3), the optimal 0—1 indicator variables are derived as follows:

ap =a)3 =014 =4 =034 =1,a3=0
Bo=Bi3=Ba=Pu=1,B3=pHu=0
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by which the following QMILPRs are derived:

[s1, s1] [s0.33, sos]  [s1, s3] [s1, s2]

O = [s3, 2]  [s1, 1]  [s1.82, 51.59] [51, 52.62]
"7 51, 50331 [50.55, s063]  [s1. 511 [505, s1]
[s1, so.5]  [s1, s038]  [s2, 811 [s1, s1]
[s1, s11  [s0.63, s0.63] [50.25, s0.5] [50.33, s0.5]
O, = [s1.59, s1.50]  [s1, 811  [s0.25. s0.41] [50.33, s1]
[s4, 21 [s4, 52441  [s1, 511 [0, s2]
[s3, s2] [s3, 51] [s2, so.s]  [s1, s1]

For these two QMILPRs, the following completely consistent QMILPRs are
obtained using model (M-5):

[s1, s1] [s1, st.1s] [s1.82, 531 [s1, s3]

OF = [s1, s0.87]  [s1, 811 [s1.82, s2.62] [51, $2.62]
7| [s0.ss, s0.33] [s0.55, 50381 [s1. 511 [s0.55, s1]
[s1, s0.33]  [s1, s038]  [s1.82, s1]1  [s1, 1]
[s1, 51] [s1.15, 511 [s3, s1.82] [s1.65, $3.64]
OF = [s0.87, s1]1  [s1, 511 [s2.62, s1.82] [51.44, $3.64]
27| 5033, 50.55] [s0.38, s0ss1  [s1, s11  [s0.55, s2]

[s0.61> 50.27] [50.69> s0.27] [s1.82, so.5]  [s1, s1]

Then, the corresponding consistent IVIMLPR is

(Is1, 511, [sts s1D) (Ls1, 511, [s0.87, s0.871) ([s1.82, s1.821, [50.33, 50.33]) ([s1, s1.65], [50.27, 50.33])
B = ([s0.87, 50.871, [s1, s11) (Is1, s11, [s1, s1D) ([s1.82, s1.821, [50.38, 50.381) ([s1, s1.44], [50.27, s0.38])
([50.33, 50.33], [s1.82, s1.821) ([50.38, 50381, [s1.82, s1.82]) ([s1, 511, [s1, s11) ([s0.55, s0.551, [s0.5, $11)

([50.27, s0.331, [s1, s1.6sD)  ([s0.27, 038, [s1, s1.44D)  ([s05, 1], [s055, s0.55D (s, s1, [s1, s1])

6 GDM with IVIMLPRs

To derive the objective ranking of objects, more than one DM is usually needed,
namely, the so-called GDM. This section studies GDM with IVIMLPRs. To do this,
the section contains two parts. The first part studies consensus that is a necessary step
for measuring the agreement degree of DMs’ preferences for final ranking (Cabrerizo
et al. 2015; del Moral et al. 2018; Dong et al. 2019; Herrera-Viedma et al. 2014; Liu
etal. 2017; Liu et al. 2019a, b, c, d; Perez et al. 2014; Wu et al. 2019b, c; Zhang et al.
2018a, b), and the second part offers a method for GDM with IVIMLPRs.

6.1 Consensus Analysis
Considering a GDM problem, suppose that there are m DMs, namely, E = {ey, e2,

..., em}, who are invited to compare objects in X = {x1, x7, ..., x,} for the CALTS
S’ = {sp|b € [1/t, £]}. Let Rk = (fikj),,X » be the individual IVIMLPR provided by the
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DM ex, k =1,2,..., m, where 7, = ([s:i_, skl sk st ]) is the IVIMLYV offered
ij o i ij Vi
by the DM ¢, for the object x; overx;,i,j=1,2, ...,nsk =1,2,...,m.

Definition 15 Let R* = (7{)uxn, k = 1, 2,..., m, be any given m IVIMLPRs, and
let Q’l‘k = (éi’!})nxn and sz = (é;”,-kj)nxn be the associated individual QMILPRs.

Then, the comprehensive QMILPRs Q1 =(q1,ij)nxn and Q2 = (g2,ij)nxn are defined
as:

- m —%,k Wk
quij = ®k:1<ql,ij)
) ek 29)
qrij = @y (‘12,}]‘)

where w = (wyq, wa, ..., wy) is a weight vector such that ZZL:I wry =land wg >0
forallk=1,2,...,m.

Remark 4 Similar to the analysis for model (M-4), the comprehensive QMILPRs
derived from formula (29) may not satisfy one of the four cases (1)—(2). Therefore,
model (M-5) is adopted to adjust comprehensive QMILPRs Q1 = (q1,ij)nxn and
0) = (q2,ij)nxn- Note that the adjusted comprehensive QMILPRs are completely
consistent.

Property 2 Let RF = (7{;)””, k=1 2, ..., m be any given m IVIMLPRs, and
let Q’fk = (C}i’f/)nxn and Q;k = (q_;”fj)nxn be the associated individual consistent

OMILPRs. Then, the comprehensive QMILPRs Q1 = (q1,ij)nxn and 0, = (G2,ij)nxn
obtained from formula (29) are completely consistent.

Proof For per (i, ), following formula (29) we get
- AN —x ko ok \ Wk
q1,ij = O (‘If,ij) = ®L, (‘Iik,iz ®‘1i1j)

—x, k| Pk —x, k O\ WK - —
= (®?n=1 (qiil) )® (®;n=1 (qf,lj) ) =q1,il ®q1,1j

where w = (wy, wy, ..., wy)isaweight vector as shown in formula (29). Thus, 01 =
(q1,ij)nxn is completely consistent. Similarly, one can check that Q2 = (2,ij)nxn 1S
completely consistent too. O

Definition 16 Let R¥ = (fl.’;.),,x,,, k =1, 2,..., m, be any given m IVIMLPRs, let
QT’k = (L}T”i](j)nx,, a_nd Q;k = (é;”fj)nxn_be the associated individual consistent
QMILPRs, and let Q1 = (q1,ij)uxn and Q2 = (g2,ij)uxn be the comprehensive
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QMILPRs as shown in Definition 15. Then, the consensus level of RF = (Fl.kj)nxn is
defined as:

GCI(R"
=1

. I K,
4n(n_ 1)§ :Z (llog,(ql i) IOgt(ql,,-j)‘+)10gt(qi‘,,-,-“) —log,(q1;;)

Wkl K,
+‘10gt(q;l]) log,(q2,,-,-)‘+‘logt(qf,]”) 10g,(q£‘,i,-)D

(30)

Following formula (30), we derive 0 < GCI(R¥) < 1 for any IVIMLPR R¥.

In the procedure of calculating comprehensive QMILPRs, the weight vector is
used. In the setting of GDM, the weights of DMs are usually unknown. Therefore, we
first need to determine the weights of DMs for calculating comprehensive QMILPRs.
Based on formula (30), we next build an optimization model to determine the weights
of DMs.

Foralli,j=1,2,...,nand all k =1, 2, ..., m, formula (30) shows that the smaller
the value of the following equation is, the higher the consensus level will be, where

s, k,u

k
‘logt(qik,’,-;l) - IOgt(qi,ij)‘ + ’10g,(q1 ij ) - 10g,(qi‘,,-j)’

Lk, *, Kk,
+ log,(a3:15") — 1og, (g} )| + [log, (a3 f;") — Tog g )|

Thus, we construct the following optimization model to determine the weights of
DMs:

m n—1 n

. + - +
- mlnzz Z (Ck,ij +Ck,ij +dk,lj +dk lj+xkl] +xk1] + ykzj TV z])
k=1i=1 j=i+1

log, (a7 = Y wclog @] = ey + ¢y =0
log,(qfl";“) - Z’znzl w, logt(qi’f;“) —di;+d =
log (435 = 3_ | @ log (35) = iy +xiy; =0
ord Tog @ =" wclog (@55 = i+ Ve =0 (M-6)
i,j=12,...,ni<j,k=12,....m

+ -+ - - —
Ck,ij’ck,ij’dk,ij’dk ij xk,ij’xk,ij’yk,ij,yk,ij >0,
i’j = 1’2’ ...,I’l,l < J,k: 1,2, L., m

m
Z lwzzl,szO,zzl,Z,...,m

=

where w = (w1, w2, ..., wy) is the weight vector on the DM set.
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Let ®* be the given threshold of consensus. If the consensus level of the DM ¢;’s
opinion does not satisfy the minimum threshold, namely,GC I (ﬁk ) < ®%, then, we
need to improve his/her consensus level. Considering that the influences of different
judgments are different, their adjustments should be different too. For alli,j =1, 2,...,
n such that i <j, let

Kl xk, & NN 1}t 1=,
(44 a5 ] = W @il i @ ) "w,(qi‘,-,» “ui)

(31)
ku
[q;;fl,q;,f”] = [k, (@5 @ [(gh ) ™, (gl ) 2]
where K{(,ij, Ké"ij € (0, 1).
Based on formula (31), we have
N k. k
log(l(ql*l;C )) = 11] log(l(q;kljl)> +(1 - K]”l.lj)log<1(ql ij) )
1og(1(q1*lf”)) = il log(l( ;“l’;”)) +(1— Kf;;;.)log(l(ql y )
32
ool 1(a 0y — toe( 1)) + (1 — & ) log( 1 (32)
0og (qu, ) —Kz,j 0og (QQU) ( kyi;)108 (quj
k, k. k,
log(l(qz*l] “)) = Kz i log(l(q;’ij”)> +(1 - Kz’l?;.)log(l(% ij) )

In addition, the adjusted QMILPRs should satisfy the following conditions:

(i) The consensus level of the adjusted QMILPRs should not be smaller than the
given consensus threshold;
(i) The consistency of the adjusted QMILPRs should not change;
(iii) The adjusted QMILPRs should satisfy the conditions of elements in [VIMLPRs;
(iv) The adjustment should be as small as possible for retaining more original infor-
mation.

Following the above analysis, we construct the following optimization model to
improve the consensus level of individual IVIMLPRs:

@ Springer



194 J.Tang et al.
n—1 ku |kl ku
_male ! Z/ —itl ( 111 +K1,j +K2U +K2U)
CARY) < 4n(n — 1) x (1 — ©")log(?)
k.l Kl Kl
el log(1afh) + (1 — ] i,-nog(uqi,i,») ctiptog(1@rhh)+
Kl .
(1 = 101! ) + b, Tog(1arih) + (1 = kf ) log(1(al )
e og(1arl™) + (1 = i tog (1t ) =l log (1) +
(1 — w4y l0g (gl ) + log(l(q]*,]:j")) +(1— K{‘;,’J)log(l(ql h]))
&l . Kl
K5 log<1(q§,j )) +(1 = Kz,,»j)log(l(%,i])> 2 IOg(I(‘I;lh ))
(1 = k) 10g(1gh 1)) + 53 Tog(1a3kh) + (1 = k) ytog(1(ah )
s.t. K2” log(l(q;‘lk]")) +(1 - Kz”Z)log(I(qiij)) = Kzlh log<[(q;lkhu)) (M-7)
(1 — 5 ) log (g ) + K57 1og(1(q;‘,fj“)) +(1— xi’;‘j)log(1(q;hj))
Kk kil K .
O<K11]’K11MJ’K2UK21L;<II]_12 i< j
yi}pij’ /\Vijpij A Vijpi]" /\)/ijpij’ <0,i,j=12,....ni <]
2.k 5k 6.k . .
szpu > 0, ylipu /\yjp,j ijpl/ <0,i,j=12,...,n,i <
2.k Sk 6.k . .
713/’:/ > 0, yijp” /\ygp,j /\ys,olj <0,i,j=12,...,ni <]
1.k 240l 3.k 4k .
yu,ou /\y,jp” >0]/4 i /\)/3 i <0,i,j=12,...,n,0i <j
Vi Vi Vi Vi =0V LLj =12 ni < j
Vi} +yl%. +yi3- +yi‘} =1i,j=12,...,ni<j
where

and

R (e ) R (P T D

p,?]: =kl og (163 kN ) +(1— K;l.’j)log(uqz ; ) Kyt g(l(qé‘,",”)) — (1 =Ky )log(1(g} ;;
=« 1og(1(q1*fj’ )+(1 —K{‘*l.’j)log(l(q1 i ) K5l g(l(q2 i ))

pij’ :Kl:ij log I(qT,k,"))+(1 —K;{ ,u,)log<1(‘11 ij ) K;zu] lOg(I(‘I;zkju)) KZYiL;')lOg

P,'Sjk _ "f,u, 10g<1(q;6[kju)) +a 7,{1:;})10};(1((11 i ) - /(2 u g([(q;lkl/)) - 71{2 U)log I(qz ij

ot )

Ok = K{‘"ilj log I(qflﬁl)) +( - Kf’fj)log<l(q{ ij ) k3, z; ]og(l(q;,kj“)

(l _Kl ,j)l()g I(ql ij

sk, 1

- —Kz U)log I(qz ij

(rat)
(rat)
(a2
(rat.)
(1ak))
(reat.)

"zfz‘b})l(’g (g3,

caiy =y > (el o (1arh) + (1 = i p1og(16a1 )

_ ’wk(’(f’i[j log(l(qiklljl)) +(1 —«y lj)log(l(ql ,,))>

m *,2,1
— (Zzzl’z;ék Wy log(ql’ij ))‘
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+ "‘{(lu, log(l(QT,’fj’")) +(1— K{‘”f})log<l(qi’,ij)>

—ax (i tog (10a7 ;) + (1 =t tog(16a1 1))

_(Z:nzl,z;tk wz X <Z:1:1,z;ék w; log(qr,’izjl))‘

+ }Kf:; log(l(qi»lkj,u)) +(1— I(f’;})log([(qﬁij))

— o (et oa(1ta7 ) + 1 = b rog 1061 )

B (Z:;l,z;ék el lOg(qi’izj,u))‘

+ ‘xé‘,’] log(l(q;’i"jsl)> +(1 - Ké"fj)log(l(fé,ij)) —wp X (Ké‘fj log(l(q;:l{cj,l)>
H1 =) log (I(qé’ i ))> B (Z:l:l,z;ék w; 10g(qy.jj 1))‘

i ) <) o)

k, m .2,
#1 = agitog(1t ) = (0, o loetas")

6.2 A consistency and Consensus Based-Algorithm for GDM

Based on the consistency and consensus analysis, this subsection offers an algorithm
for GDM with IVIMLPRs

Step 1

Step 2

Step 3

Step 4

Step 5

Let R = (f{; Ynxn be the individual IVIMLPR offered by the DM ¢;, where
k=1, 2,..., m. If all of them are complete, go to Step 2. Otherwise, model
(M-2) is used to determine unknown linguistic variables in each incompletely
individual IVIMLPR, which is still denoted by RF = (Ffj axn, k=1,2,...,
m;

For each completely individual IVIMLPR RF = (?l[‘j),,x,,, k=1,2,..,m,
model (M-1) is adopted to judge its consistency. If the value of objective
function is zero, then the associated individual IVIMLPR is consistent, and
skip to Step 4. Otherwise, go to Step 3;

For each inconsistent individual IVIMLPR R¥ = (f{;)nxn, k=1,2,...,
m, models (M-3) and (M-5) are applied to improve the consistency. The
associated individual QMILPRs are denoted as: QTk = (cﬁ”fj)nxn and
03" = @5 wsns k= 1,2,..om;

Based on individual consistent QMILPRs, model (M-6) is adopted to deter-
mine the weights of the DMs, denoted as w = (w1, w2, ..., ©p);

Formula (29) is used to calculate the comprehensively consistent QMILPRs
Q’l“ = (éﬁi.)nxn and Q; = (q';’i.)nx,,. If the conditions of elements in
the associated IVIMLPRs is not true, then model (M-5) is applied to adjust
the consistency of 0F = (éi‘" ij)”X” and Q; = (cj; [j)"X" again. If there is
no fear of confusion, the adjusted consistent QMILPRs are still denoted as
QT = (éiij)nxn and Q; = (éiij)nxn;
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Step 6 Let ®* be the given threshold of consensus. Formula (31) is utilized
to adjust the consensus of each individual IVIMLPR RF = (Fl.k/.)nxn. If

minj<j<m QCI(EZ) > OF, skip to Step 8. Otherwise, go to the next step;
Step 7 Let GCI(R¥) = ln}in GCI(RY) < ©*. Model (M-7) is used to improve
<li<m

the consensus level of QMILPRs Q7% = (éi’ikj)nxn and Q3% = (c};’f/.)nxn.

If there is no fear of confusion, we still use QTk = (éik’ikj)nxn and Q;k =

(q;*; l.kj)nx,, to denote them and return to Step 5;
Step 8 Based on the comprehensively consistent QMILPRs Q’f = (q"f’ ; j)"X’l and
0% = (g5 ;})nxn, the comprehensively consistent IVIMLPR R* = (i nxn =

([s*_, s:}, 1, [s:_, sf}l ]> can be derived. The interval-valued intuitionis-
ij ij ij i ) uxn
tic multiplicative linguistic priority weights are

= (| oo s nog lon s* ngx
" <[ (R RN ®J—1Su7j:|’ |: =15y ®]_1Sv$:|)’
n

i=12 ....m (33)

Step 9 Formulae (6) and (7) are used to calculate the score and accuracy values of w;,
i=1,2,..., n, by which the ranking of objects x1, x3, ..., x; can be derived.

To see the procedure of the above algorithm intuitively, please see Fig. 2.

7 A Case Study

With the development of human social and economic activities and information tech-
nology, the production and sales enterprises are more and more dependent on the
technical level and economic scale of their partners. The status and role of electing
suitable partners become more and more important for making more benefits and
gaining competitive advantages. Therefore, enterprises pay more and more attentions
to the choice of partners. Because there is usually more than one evaluating factor,
and the situation where one potential partner is superior to other potential partners for
all considered factors seldom exists, it is difficult for the DMs to offer their quanti-
tative judgments. Considering that linguistic fuzzy variables are powerful to express
the subjective vagueness of human and more convenient for DMs to make judgments,
IVIMLVs are a good choice as they can denote the asymmetrically uncertain preferred
and non-preferred qualitative judgments. There is a coal thermal power enterprise to
select coal suppliers. After the initial investigations, four coal companies are selected
as potential partners. To select the most suitable partners, four DMs are invited to
evaluate them based on having information and their expertise. When the DMs do
not offer some comparisons, unknown linguistic information is permitted. Let S =
{s1/5: very bad; s1/4: very poor; s1/3: poor; s1/2: slightly worse; s1: not bad; s»: slightly
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| Group decision making with IVIMLPRs |

v

| Individual IVIMLPRs |

Use model (M-1) to judge the consistency

Use model (M-2) to obtain
missing judgments

of individual IVIMLPRs
N Use models (M-3) and (M-
o 5) to derive consistent
individual IVIMLPRs
Yes

Adopt model (M-6) to determine
the weights of the DMs

> Employ formula (29) to calculate
comprehensively consistent QMILPRs

Use model (M-5) to derive
comprehensively
consistent QMILPRs

Can we derive the
comprehensive
IVIMLPRs,

Adopt formula (31) to measure the
consensus level of each individual

IVIMLPR
Use model (M-7)
— to improve the No
consensus level
Yes

Use formula (33) to calculate the interval-
valued intuitionistic multiplicative
linguistic priority weight vector

Employ formulae (6) and
(7) to rank objects

Fig. 2 The framework of the above algorithm

better; s3: good; s4: very good; s5: excellent} be the given DALTS. Assume that the
individual IVIMLPRs are provided as follows:

(L1, 1], [s1, s1]) (Is1. 521, [s13. 51721) (Is1/2. 511, [s1, 521) (Ls1/4. 51721, Is1, 521)
(Is1/3. 51721, Is1. 21) (Is. s, Ls. s1]) By S b g 5 1) (I b g 23,)
(Ls1, 21, [s1/2, s11) (ls,lgzg Sus 1 [S,,;zq SU;ZJ) [s1, s1], [s1, s1D) (Ls1, 831, [s14» 511)

(
) “1'33]> (Ls1/a> 511, Is1, 831) (Is1, 511, [sts s1D)

vy
(Is1, 21, [s1/4 s1/2]) ([‘YME’ Sup ) 18,

Vg2
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(st 11, It 1) (TS N RS ) I (CFe) N CR ) (RO PR |
. (ls,,;], Sty b L5y 5 03, J) ([s1, s11, [s1, s11) (Is2. 531, [s1/4. 5172]) (Ls1/3, s1/2), [s1, s21)
((CFS NN ) N (YR N SIS B (R N ) ) (Is1, 521, 173, s11)
([s1/2, 821, [s1/3, s11) (Ls1. 821, [s13. s172]) (Is13. 511, [s1. s21) ([s1, s1l, [s1, s1])
(s, 511, [s1, s11) (Is2 31, [51/4, 51,2)) ([sm, s, s, s4J> (la Syt b 15, AUDJ)
B (Ls1/4» s1/2). [52. 3]) (s1, s11, [s1, s11) (Ls2. 831, [s1/4 s1/2]) ([51/2 s1l, [s1, 32])
T (sl sys 1) (sie sl B2, s30) (Gsus sl Don, s (5, S, 1 L8 503, 1)
(S N CHS ) R (I N ERS) B (SRS N ey ) (R (. 1D
(s1, s1l, [s1, s1]) ([Yﬂuz’ Sup, 1> [5173, Y]]) ([51, s21, [Sv” Yllﬂ) ([s1/3, 512, [s1, s21)
o | (s st B 0) st B 1) (52 el Is1jas 51730) (15,00 903, B 5,)

([é,l > St 1 st M]) (Ls1/4» s1/3), [52, s41) ([s1, 511, [s1, s1]) (Ls2. 831, [s1/4, s1/3])
(Ls1, 21, [s1/3, s1/2]) ([sz’ Sup 1 [Svm n;,]) (Is1/4. $173), [s2. 831) (Is1. 11, [s1, s1])

Next, we apply the algorithm listed in Subsection 6.2 to rank these four coal com-
panies following the above individual IVIMLPRs:

Step 1: For each individual incomplete IVIMLPR, the unknown linguistic variables
based on model (M-2) are derived as follows:

~1
73 = ([50.25, $0.25], [$3.17, $3.17])

1
754 = ([50.25, S0.4], [52, $3.56])

~2
7 = ([50.55, 50.871, [51.14, $1.59])
~2 2
713 = ([50.61, $1.14], [S0.66, S1.26])

3.8 = [s4 st ] =s

_ = — = [s50.2, 50.22]

[SMB, S%] [50.25, 50.51 un St
3 4 1_
ri4 = ([50.4> s1.14), [50.79, $2.52]) * [S,,;S’ Sv1+3] = [s0.5, s1]
-3 ~
34 = ([50.63, $0.791, [s1.14, s1.59]) r§4 = ([51.15, $2.31), [50.2, S0.21])

Step 2: Model (M-1) is used to judge the consistency of each individual complete
IVIMLPR, we have

f=63561, ff=162957, ff=709552, fi=21.2655.

Step 3: For each individual complete IVIMLPR, the optimal 0—1 indictor variables
based on model (M-3) are obtained as:

I
—_

Bo=Bi=PBa=PFn=PFu=PBu=1 B2 = B13 = B1a = P23 = Poa = B34
{a12=a14=a13=az4=Ot34=0t23=1 {ot12=0,0t13=Ot14=0t24=a34=ot23=1

Bro=Bi3=Pua=Ps=Pu=pu=1 Brz=PBi3=Pu=PF3=PFa=pBu=1

{alz=(X14=0,a13=az4=a34=0123=1 {Ol12=0!14=0813=0!24=<¥34=a23=1
,

Using these 0-1 indicator variables, the individual QMILPRs can be derived. Taking
the individual complete IVIMLPR R' for example, the associated individual QMIL-
PRs are
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[s1, s1]1  [s2, s11  [s0.s5, sos]  [s0.s, $0.25]

[so.s, s11 [s1, s1] [s0.25, s0.31] [s0.25, 50.28]

[s2, s2] [s4, s3.17]1  [s1, s1] [s1, s1]

[s2, 541 [s4, 53561  [s1, s1] [s1, s1]
[s1, 811 [s2, 31 [s1,s1]  [sos, s1]

[s0.5, s0.33] [s1, s1]1 [s0.25, s0.31] [$0.4, s0.5]

[s1, s1]  [s4, s3.17]  [s1, s1] [s3, s4]
[s2, s1]1  [s2.5, s2] [50.33, s0.25] [s1, s1]

Q1
Il

Qi
N —
1

With respect to per individual QMILPR, the individual consistent QMILPRs based
on model (M-5) are obtained as:

[s1, 511 [s2, s1]1  [so.s, s0.31] [so.s, s0.28]
ol = [so.s, s11  [s1, s1] [s0.25, s0.31] [s0.25, s0.28]
[s2, $3.23] [54, 53231  [s1, s1] [s1, s0.9]
[s2, 53571 [s4, s3.57] [s1, st.iil [t 1l

[s1, 811 [s2, 831 [s0.5, s0.93] [s0.8, s1.5]

ol [so.s, s0.33]1 [s1, s1]1 [s0.25, s0.31] [s0.4, s0.s]
27| [s2. s1.08] [s4, 83231 [s1,s11  [si6s ste1l

[s1.25, s0.67] [s2.5, 52] [s0.62, s0.62] [s1, s1]

[s1, s1]  [s0.55, s0.88] [s0.61> $0.791 [50.33> s0.5]

52+ [s1.82, s1.14]  [s1, 811 [s1.11, s0.9] [s0.6, S0.57]
U7 [s1e4s s126] [50.9, s1.11]  [s1, s1] [50.54, 50.63]

[s3.03, 521 [s1.67, s1.76] [s1.85, s1.58]1  [s1, s1]

[s1, s1]1  [s0.87, s0.88] [s1.14, s1.52]1  [s1, s2]

o2 [s1.15, s1.14]  [s1, s11  [s1.31, s1.73] [s1.15, $2.27]
2 7| [s0ss: so.66] [50.765 50.581  [s1, 511 [50.88, 51.32]

[s1, s0.5]1  [50.87, $0.44] [s1.14, s0.76]1  [s1, s1]

[s1, 511 [s0.8, s0.8] [s0.63, s0.63]1 [s0.4, S0.4]

Qf* _ | Dsi2s, si2s] [s1, 1] [s0.79, s0.79] [s0.5, s0.5]
[s1.58, s1.58] [s1.265 1261 [s1, s1]1  [50.63» S0.63]

[s25, s252]  [s2, 821  [s1.59, s1.50]1  [s1, s1]

[s1, s1] [s1.14» 51.27] [S1.44, 51.44] [51.14, 51.27]
53+ [s0.88> s0.79]  [s1, 811 [s1.27, s1.14]  [s1, s1]

2 7| [s0.69: S0.69] [50.79, s0.881  [s1, 811 [50.79, S0.88]
[s0.88, s0.79]  [s1, s1]1  [s1.27, s1.14]  [s1, s1]

[s1, s1]1  [s0.22, so.5] [s0.44, 511 [50.33, 52.38]

o+ [s455, 521  [s1, s1] [s2, s2]1  [s1.5, s4.76]
U D227, 11 [s0s. so5]  [s1, s1] [s0.75, 52.38]

[53.03, s0.42] [50.67> $0.21] [51.33, s0.42]  [s1, s1]

[s1, s1]1  [s0.22, s1]  [s0.88, 521 [s0.66, $5]
o [s455, 511 [s1, s1] [s4, $2] [s3, s5]

2 7| [s1.14, s0.5] [s0.25, so.5]  [s1, 511 [s0.75, 52.5]
[s1.52, s0.2] [50.33, s0.2] [51.33, S0.4]  [s1, 51]
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Step 4: Based on individual consistent QMILPRs, the weight vector on the DM set
based on model (M-6) is @ = (0.0447, 0.7283, 0.1841, 0.0429).

Step 5: The comprehensively consistent QMILPRs using formula (29) are derived
as:

[s1, 511 [s0.6, s0.85] [s0.6, $0.73]1 [50.35, S0.5]
O = [s1.67, s1.18]  [s1, 511 [s1, s0.87] [50.58, $0.59]
U7 [sie7, s136] [s1, sias] [st,os1] 5058, s0.68]
[s2.87, 521 [s1.73, s1.7] [s1.73, s1.47]  [s1, s1]
[s1, 511 [s0.89, 511 [s1.13, s1.49]1 [s1, S1.89]
0% = [s1.12, 511 [s1, 811 [s1.27, s1.49] [s1.11, $1.89]
27| [s0ss, s0.671 [50.79, s0.671  [s1, 511 [s0.88, s1.27]
[s1, s0.53]1  [50.9, s0.53] [s1.14, s0.791  [s1, s1]

Step 6: Let @* = 0.9. Following formula (31), we have
GCI(R") = 0.7644, GCI(R?) = 0.9831, GCI(R?) = 0.942, GCI(R*) = 0.7744

Step 7: Because GCI(R') = 1mlin4c;c1(1§’) = 0.7644 < 0.9. Model (M-7) is
=i<

adopted to improve the consensus level of individual consistent QMILPRs QTI and
05 !, Following formula (31), we have

GCI(R") = 0.9052, GCI(R?) = 0.9866, GCI(R>) = 0.9365, GCI(R*) = 0.7791

Because GCI(R*) = 1mlin4 GCI(R") = 0.7791 < 0.9, we need to use model
<I<

(M-7) to improve the consensus level of individual consistent QMILPRs QT’4 and
Q; 4, where the adjusted individual consistent QMILPRs are

[s1, s1]1  [s0.86, s1]1 [s0.5, s0.44] [s0.5, s0.4]

Qi* _ | bsiaes sil o Is1s s1] [50.58, 0.44] [s0.58, S0.4]
[s2, 52271 [s1.72, s2271  [s1, 511 [s1, s0.9]
[s2, s2.52] [s1.72, s2.52] [s1, s1.11]  [s1, s1]

[s1, 511 [50.89, s1] [s0.89, $0.93] [s0.8, s1.5]

ol [s1.12, 511 [s1, 811 [s1, 80931  [s0.9, s1.5]
2 [s1.12, s1.07) [s1, s1.07]  [s1, 811  [s0.9, s1.61]

[s1.25, s0.67] [s1.11, 0.67] [51.11, s0.62]  [s1, s1]

[s1, 511 [$0.22, s0.74] [s0.44, s1] [50.33, S0.68]

o+ [sa55, s135]  [s1, 811 [s2, s1.35]1  [s1.5, s0.92]
! [s2.27, s1]  [sos, so74]1  [s1, s1]1  [s0.75, S0.68]

[53.03, 51.47] [50.67> $1.00] [51.33, s1.47]  [s1, s1]

[s1, 511  [s046, s11  [s0.88, 521 [s0.66, $2.54]

o [s2.19, 511 [s1, 811 [s1.93, $2] [s1.44, $2.54]
2 [s1.14, s05] [s0.52, so.s]  [s1, 811 [s0.75, s1.27]

[s1.52, 50.39] [50.69, $0.39] [51.33, s0.79]  [s1, $1]
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Furthermore, the corresponding comprehensive consistent QMILPRs are

[s1, s1]  [s0s86, S0.86] [50.6. 50.75] [50.35, S0.48]

OF = [51.73, s1.16]  [s1, 511 [s1.04» s0.87] [50.6, $0.56]

U7 si67, s1.34] [s0.96. s11s] [s1, s1] [50.58, 50.64]
[52.87, 52.08] [s1.66> 51.79] [51.73, s1.55]  [s1, s1]

[s1, s1]1  [s0.89, $0.95] [s1.165 S1.49] [s1, 51.83]
O% = [s1.12, s1.05]  [s1, 811 [s1.31, s1.57] [s1.12, $1.93]
27| [s0.6, s0.67] [50.76, s0.641  [s1, 511 [s0.86, 51.23]
[s1, s0.55]1 [50.89, s0.52] [s1.17, so.81]1  [s1, s1]

Following formula (31), we have GCI(R') = 0.908, GCI(R*) = 0.9864,
GCI(R?) =0.9414, GCI(R*) = 0.9. )
Step 8: Based on the comprehensively consistent QMILPRs Q% = (c}i ; j)nx,, and

05 =(q5; nxn, the comprehensively consistent IVIMLPR is

(Is1s 511, [s1, 1) ([50.58, s0.891, [s1.05, s1.16]) ([s0.6, S1.16], [50.67, 51.34])  ([50.35, 511, [50.55. $2.081)
o ([51.05, s1.16], [50.58, s0.891) ([s1, s11, [s1, s11) ([50.87, s1.311, [s0.64, 50.961) ([50.6, s1.12], [50.52, $1.791)
([50.67, s1.34], [s0.6, s1.16])  ([50.645 50961, [s0.87, s1.311) (Ls1, s1], [s1, s11) ([50.58, s0.861, [50.815 51.55])

([50.55, 52.08], [s0.35, s11)  ([s0.52, 51.79], [s0.65 s1.12])  ([s0.81, 51551, [s0.58, so.86]) ([s1, s1], [s1, s1])

Furthermore, the interval-valued intuitionistic multiplicative linguistic priority
weight vector is

w1 = ([50.59, S1.01], [50.79, $1.34]), w2 = ([50.86> 51.14], [S0.66, S1.11]),
w3 = ([50.71, s1.03], [50.81, S1.241), W2 = ([50.69, S1.55], [50.59, $0.99])

Step 9: The scores based on formula (6) are V(w;) = 0.56, V(w,) = 1.33,
V(w3) = 0.72, V(w4) = 1.84. Thus, the ranking is x4 > x» > x3 > x1, namely, the
fourth coal company is the most suitable partner.

According to the comprehensively consistent IVIMLPR, one can easily check that
the ranking of these four coal companies is consistent with IVIMLVs in the compre-
hensively consistent IVIMLPR R* obtained from Step 8. It shows that formula (6)
is good to calculate the ranking values of objects from consistent IVIMLPR. Fur-
thermore, we can derive the following conclusion to show the rationality of ranking
results:

(1) The consistency definition for IVIMLPRs satisfies all properties of the consis-
tency concept for multiplicative linguistic preference relations, which ensures the
rationality of judging the consistency of IVIMLPRs;

(2) Missing linguistic judgements are determined based on the consistency analysis,
which makes the obtained linguistic judgements have the highest consistency
level with the known judgments. This ensures the smallest adjustment for deriving
the completely consistent IVIMLPRs. Therefore, it remains the original known
information as much as possible;

(3) Models for deriving completely consistent IVIMLPRs own the following three
desirable aspects: (i) they are based on associated QMILPRs with the highest
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consistency level, which ensures the smallest total adjustment; (ii) they permit
the endpoints of IVIMLVs to have different adjustments; (iii) they ensure to derive
completely consistent IVIMLPRs from associated consistent QMILPRs;

(4) The weights of the DMs are determined in an objective way that is based on the
consensus analysis. The closer the judgments of one DM to those of other DMs
are, the larger the weight of him/her will be.

(5) Model (M-7) can achieve the goals listed in the second paragraph on page 20.

Allin all, the results obtained from the new method avoid the contradictory situation
and own the given consensus level, which ensures the reasonability and reliability.

Notably, IVIMLPRSs are a new type of preference relations, and there are no pre-
vious methods that can be applied in this example. Thus, we cannot make numerical
comparison analysis with previous methods. However, IVIMLPRs as a more general
type of preference relations, which can be seen as an extension of several types of lin-
guistic preference relations, such as intuitionistic multiplicative linguistic preference
relations, multiplicative interval linguistic preference relations, and multiplicative lin-
guistic preference relations. Therefore, the new method can be directly applied such
types of preference relations.

8 Conclusion

To denote the asymmetrically uncertain preferred and non-preferred qualitative judg-
ments of DMs, this paper extended Xu’s multiplicative interval linguistic variables
(Xu 20006) to introduce IVIMLVs. Then, IVIMLPRs, whose elements are IVIMLVs,
are proposed. To derive the rational ranking of objects from IVIMLPRs, this paper
has studied the consistency of IVIMLPRs. Based on the defined consistency concept,
a mathematical optimization model for judging the consistency of IVIMLPRs is con-
structed. Meanwhile, mathematical optimization models for determining unknown
linguistic variables and deriving consistent IVIMLPRs have been established, respec-
tively. For GDM with IVIMLPRs, we have used individual QMILPRs to define a
consensus index and then build a mathematical optimization model to determine the
weights of DMs. Furthermore, when the individual consensus level is smaller than
the given consensus threshold, a mathematical optimization model for improving the
consensus level has been built.

Based on the above developed results, a method for GDM with incomplete and
inconsistent IVIMLPRs has been provided, and its application has been shown
using a practical GDM problem on evaluating supply chain partners. This paper
mainly focused on the theoretical aspect of decision making with IVIMLPRs. In
future, we will continue this research by studying other decision-making methods
with interval-valued intuitionistic multiplicative linguistic fuzzy information, such as
PROMETHEE method, ELECTRE method, TOPSIS method, and VIKOR method. On
the other hand, we will further study the application of the new algorithm in other fields,
such as evaluating enterprise environment management, medical recommendation,
large project management, and risk assessment of complex ecological environment.
Although the new method owns several merits, it is based on the assumption that the
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DMs completely agree to the consistency and consensus adjustments. However, in
some situations, the DMs may conditionally agree with them. Therefore, it is better to
include the DMs’ opinions in these procedures. Furthermore, the optimization-based
procedure seems to a little complex, and we shall continue to study GDM with IVIML-
PRs and introduce simpler decision making methods. Moreover, it does not study the
associated thresholds.
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