Information Sciences 237 (2013) 118–136

Contents lists available at SciVerse ScienceDirect

Information Sciences
journal homepage: www.elsevier.com/locate/ins

A multiobjective evolutionary programming framework for
graph-based data mining
Prakash Shelokar a, Arnaud Quirin a, Óscar Cordón a,b,⇑
a

European Centre for Soft Computing, 33600-Mieres, Spain
Department of Computer Science and Artiﬁcial Intelligence (DECSAI) and Research Centre on Information and Communication Technologies (CITIC-UGR),
University of Granada, 18071 Granada, Spain

b

a r t i c l e

i n f o

Article history:
Received 20 March 2012
Received in revised form 6 December 2012
Accepted 12 February 2013
Available online 4 March 2013
Keywords:
Graph-based data mining
Frequent subgraph mining
Evolutionary multiobjective optimization
Pareto optimality
Multiobjective graph-based data mining
Multiobjective evolutionary programming

a b s t r a c t
Subgraph mining is the process of identifying concepts describing interesting and repetitive subgraphs within graph-based data. The exponential number of possible subgraphs
makes the problem very challenging. Existing methods apply a single-objective subgraph
search with the view that interesting subgraphs are those capable of not merely compressing the data, but also enhancing the interpretation of the data considerably. Usually the
methods operate by posing simple constraints (or user-deﬁned thresholds) such as returning all subgraphs whose frequency is above a speciﬁed threshold. Such search approach
may often return either a large number of solutions in the case of a weakly deﬁned objective or very few in the case of a very strictly deﬁned objective. In this paper, we propose a
framework based on multiobjective evolutionary programming to mine subgraphs by
jointly maximizing two objectives, support and size of the extracted subgraphs. The
proposed methodology is able to discover a nondominated set of interesting subgraphs
subject to tradeoff between the two objectives, which otherwise would not be achieved
by the single-objective search. Besides, it can use different speciﬁc multiobjective
evolutionary programming methods. Experimental results obtained by three of the latter
methods on synthetically generated as well as real-life graph-based datasets validate the
utility of the proposed methodology when benchmarked against classical single-objective
methods and their previous, nonevolutionary multiobjective extensions.
Ó 2013 Elsevier Inc. All rights reserved.

1. Introduction
Much of the real world data have spatial or temporal characteristics. Some examples include web data [35], transportation networks [44], scientiﬁc information analysis [48], bioinformatics [51], and Oligonucleotide probe design [59], among
others. In recent years, labeled graphs have emerged as a promising abstraction to model such complex data [1,11]. In this
approach, each object corresponds to a separate graph whose nodes represent the entities in the object, and edges represent
the relations between the entities. Within that model, one method of formulating a data mining task is that of ﬁnding subgraphs that occur frequently over the graph-based data, called frequent subgraph mining. Frequent subgraphs are especially
useful in characterizing graph sets, detecting network motifs [7], discriminating different groups of graphs [3], classifying
and clustering graphs [17,24], and building graph indices [67]. A number of efﬁcient frequent subgraph mining algorithms
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are available in the Graph-Based Data Mining (GBDM) community, including Subdue [10,13], Gaston [42], the apriori family
of methods [27], FSG[34], gSpan [65], MoFa/MoSS [3], JoinPath [61], CloseGraph [66], FFSM [25], Spin [26], CLOSECUT and
SPLAT [68], gPrune [69], etc. Recently, evolutionary programming [18,19] has also been applied for frequent subgraph mining [2,39]. The proposal was basically an extension of Subdue and showed an improved performance over it. The performance improvement was a consequence of the use of global search instead of the beam search [37] with no backtracking
as applied by the standard Subdue method in the subgraph search space.
Frequent subgraph mining is generally guided by a single objective, i.e., applying some threshold, such as mine subgraphs
whose frequency (or support) is above a speciﬁed threshold, or mine subgraphs whose size is greater than some user-deﬁned
threshold. Other objectives may be deﬁned as well towards obtaining the mined subgraphs [1,11]. This approach has some
important limitations [44]. In some cases where the constraints are weak, the number of mined subgraphs is large, posing
difﬁculties in selecting the most important ones. In other cases where the constraints are too strict, we risk an empty output
or very few subgraphs.
In addition, any successful methodology should consider additional criteria to extract better deﬁned concepts based on
the complexity of the subgraph being explained, the number of retrieved subgraphs, and their diversity [12,50,51,53,73].
These are conﬂicting criteria that can be approached as an optimization problem, close in spirit to the minimum description
length methods [49], which are based on the aggregation of the various objectives into a global measure of subgraph quality.
The basic challenge with this approach is the potential bias caused by weighting the objectives [52,53], which always derives
from the convergence to solutions corresponding to single or limited regions of the search space. This problem is noteworthy
because typical data mining approaches, particularly in computational biology, tend to emphasize consensus or most frequent subgraphs [72]. These subgraphs often conceal rather than reveal novel and useful knowledge about the problem,
retrieving only already known or irrelevant information that discourages the use of computational methods [38,40]. Consequently, there is a need for new methods that can provide even less frequent but more descriptive substructures that reﬂect
problem descriptions from different angles [74]. This emphasizes the application of multiobjective subgraph mining in
GBDM.
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Multiobjective subgraph mining has been termed as multiobjective GBDM [51,55,58] or skyline processing [44]. To tackle
this problem, one method is of formulating a single-objective optimization problem in which the objective is an
aggregation function of all the individual objectives, as classically done in multiobjective optimization literature
[6,9,15,60]. However, this will discover only the speciﬁc subgraphs subject to the tradeoff between the objectives explicitly
or implicitly speciﬁed by the aggregation function, as seen in [58] for a Subdue variant based on a weighted combination
of support and size.
Apart from that basic approach, there are a few instances of multiobjective GBDM methods in the literature.
Papadopoulos et al.’s SkyGraph [44] actually manages to generate Pareto-optimal subgraphs deﬁned by two speciﬁc objectives, the edge connectivity and the size of the subgraph, by means of a very advanced and well designed polynomial time,
exact algorithm. However, the drawback of SkyGraph is that it is problem-speciﬁc, i.e., it can only be applied to the latter
concrete multiobjective frequent subgraph mining task. This speciﬁcity allows it to use a single-objective (and not multiobjective) underlying search method. Romero-Zaliz et al. [51] introduced the EMO-CC methodology (Evolutionary Multiobjective Optimization-based Conceptual Clustering) for the Gene Ontology domain. In EMO-CC, the chromosome representation
used is a tree-like subgraph, which is evaluated using two objectives, support and size. However, it cannot handle large
graphs having a more general graph representation, where a node may have several parents. Finally, MOSubdue (MultiObjective Subdue), a Pareto dominance-based multiobjective subgraph mining algorithm, was developed by the authors
in [55,58]. It is an adaptation of Subdue, as MOSubdue selects subgraphs for the underlying beam search by means of
NSGA-II’s [16] nondominated sorting method using two objectives, support and size. Nevertheless, MOSubdue has an important limitation as Subdue’s beam search performs a state space search [43], which does not allow backtracking in the multiobjective subgraph solution space. The algorithm is limited in exploring the different search paths due to the choice of the
beam width, and thus it may end up providing sub-optimal results.
In this paper, we present a pure Evolutionary Multiobjective Optimization (EMO) (and, more speciﬁcally, Multiobjective
Evolutionary Propgramming (MOEP)-based) framework to perform global search in the multiobjective subgraph solution
space. Thus, it allows the user to obtain a good approximation to the whole set of Pareto-optimal subgraphs at a reasonable
computational effort. In the proposed MOEP framework, an individual in the population is a subgraph in the input data. The
input dataset is a set of connected relational graphs with or without cycles and directed or undirected edges. Each individual
in the population is evaluated using two objectives, support and size. At any generation, parent individuals give rise to child
individuals through mutation, and subsequently the next generation is selected from the collection of parent and child
individuals.
We empirically demonstrate the feasibility of evolutionary search for the multiobjective GBDM task on 10 different datasets. They include three synthetically generated and seven real-life datasets concerning the analysis of web sites [22] and
scientograms (visual representations of scientiﬁc domains) [48], respectively. Three different MOEP approaches, namely
MOEP-based on Nondominated Sorting (MOEP-NS) [63], MOEP with Summation of Objectives (MOEP-SO) [46], and MOEP
with nondominance (MOEP-ND) [41] have been implemented as speciﬁc methods within our proposed framework. To
compare their performance, we have also applied two single-objective methods, Subdue [10,13] and EP-Subdue [2], as well
as a multiobjective one, MOSubdue [58], for the multiobjective GBDM task. Their performance is compared using different
multiobjective metrics commonly employed in the EMO ﬁeld [9,70,71].
The paper is organized as follows. Section 2 presents some preliminaries related to single- and multiobjective GBDM
using Subdue and EP-Subdue. Section 3 outlines the proposed MOEP framework for multiobjective GBDM. The experimental analysis is given in Section 4, and ﬁnally some concluding remarks and proposals for future work are provided
in Section 5.

2. Preliminaries
2.1. Graph-based data mining
Fig. 1 represents a subgraph lattice for a graph dataset G = {g1, g2, g3, g4}. The subgraph lattice in Fig. 1 models the search
space for frequent subgraph mining in the dataset G, where the top of the lattice, i.e., at level 0, is the empty subgraph labeled
⁄
. The ﬁrst level includes all possible single node subgraphs. The second level of the lattice represents subgraphs with one
edge, and so on. At the bottom of the lattice graphs in G are shown. Frequent subgraph mining can be formulated as ﬁnding
the embedding subgraphs in the lattice. For example, at level 1 of the lattice, a single node subgraph Q can be embedded in
two single edge subgraphs P–Q and Q–R at level 2. In Fig. 1, the subgraph P–Q at level 2 is a parent of the subgraph P–Q–R at
level 3 of the lattice as the subgraph P–Q–R is different from the subgraph P–Q by exactly one edge. Thus, the subgraph
P–Q–R is a child of the subgraph P–Q. All the subgraphs of gi 2 G are present in the lattice and every subgraph occurs only
once in it.
All the GBDM algorithms have in common that they search a subgraph lattice of the latter kind representing all possible
subgraphs. They are interested in ﬁnding subgraphs whose support is above a user speciﬁed threshold. Thus, the goal is to
discover all subgraphs that are frequent in this dataset. For instance, corresponding to a frequency threshold of three and an
order threshold of two, the algorithm will output the circled subgraph (at level 2) shown in Fig. 1 as it can be embedded
thrice in the running example.
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Fig. 1. A subgraph lattice of the graph dataset G = {g1, . . ., g4} (modiﬁcation of a ﬁgure presented in Jiang et al. [30]).

Searching this lattice can be done depth- or breadth-ﬁrst. Most of the graph mining algorithms traverse the lattice in a
depth-ﬁrst way as it needs less memory than breadth-ﬁrst search. Exploring the hypothesis space involves two highly complex steps: candidate generation, where child subgraphs are created from parent subgraphs, and support computation, where
the support of candidate subgraphs in the input data is obtained. There are two popular ways of creating child subgraphs:
extending parent subgraph by an edge (and a node if no cycle is closed) or merging parent subgraphs that share a common
core. Edge extension needs access to the input data and only creates existing candidates. This strategy has been most widely
used. The other possibility to generate child subgraphs is by merging two parent subgraphs that have common core. However, this merging approach solely works on the subgraphs and may generate infeasible candidates which may not constitute
to be part of the input data.
Support calculation of a candidate subgraph involves several computationally intensive subgraph and graph isomorphism
tests. There are two possibilities to reduce the number of tests. One possibility is to use a so-called appearance list that records the graphs as candidate subgraphs occur in. Another possibility is to use a so-called embedding lists. An embedding is a
subgraph isomorphism of a subgraph in the lattice to a graph in the input data. In general the use of embedding lists needs
much more memory.
Recently evolutionary algorithms have been proposed to work on graph-represented data for dealing with tasks such as
community detection [45], pattern matching [33], graph isomorphism [64], etc. They have shown encouraging results. However, the specialized solution encoding schemes and ﬁtness functions employed to solve particular tasks do not make them
readily adaptable for frequent graph mining problem, where the computation of the objective, support of a subgraph, is
crucial.
2.2. The Subdue algorithm
Subdue [10,13] is a classical method in GBDM that performs different tasks such as subgraph discovery, conceptual clustering, and classiﬁcation. The search process of Subdue is guided by the minimum description length (MDL) principle [49],
which assumes the best subgraph is the one that minimizes the description length of the input graph when compressed by
the subgraph [13]. This compression is calculated as:

MDLðG; SÞ ¼ ðDLðSÞ þ DLðGjSÞÞ=DLðGÞ

ð1Þ

where DL(S) and DL(G) are the description lengths of the subgraph S and the complete graph G, and DL(GjS) is the description
length of the input graph G compressed by the subgraph S. The description length of a graph is calculated here as the number
of bits needed to encode an adjacency matrix representation of the graph [10,13]. The Subdue algorithm attempts to maximize the value of the subgraph S, which is the multiplicative inverse of the compression in Eq. (1). Notice that, to evaluate a
subgraph, the compression measure in Eq. (1) jointly considers two commonly used objectives in GBDM, the support and the
size of the subgraph.
Subdue performs a level-wise search in the subgraph lattice as shown in Fig. 1. Subdue starts with a parent list of single
node subgraphs corresponding to unique label nodes in the input graph. It creates child subgraphs from each subgraph in the
parent list by expanding each of its instances in all possible ways. The expansion is done by adding an edge (and a node if no
cycle is closed). These subgraphs are stored in a child list in ascending order of MDL values. In order to avoid an exponential
explosion, Subdue applies a beam search [37], limiting the number of subgraphs in the child list by the choice of a threshold
parameter called beam-width. For the next level of expansion, the child list becomes the parent list. The algorithm iteratively
applies this process until reaching a user speciﬁed limit on the number of parent subgraphs to be extended or exhaustion of
the search space. The output is a list of the best subgraphs found.
The drawback of Subdue is that it uses a computationally constrained beam search that discards some of the less promising subgraphs at an early stage of the exploration. This thereby terminates the possibility of expanding these less promising
subgraphs later on in order to search other promising subgraph solution space regions. Thus, beam search is a kind of search
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in the state space of subgraphs lattice not allowing backtracking. Therefore, it may often end up providing sub-optimal
results.
2.3. Evolutionary programming
Evolutionary programming (EP) is a special type of evolutionary algorithm (EA) that seeks to optimize a ﬁtness function.
To this end, it simulates the evolution process by repeatedly executing the following loop [18,19]: (i) Initially, a population P
consisting of N individuals, each representing a candidate solution, is generated at random; jPj speciﬁes the population size
per generation. (ii) In each generation, a population Q of offspring individuals is created; To generate a single offspring, a
mutation operator is utilized on each parent individual from P. (iii) The offsprings are evaluated and a temporary population
R = P [ Q is created. Among the individuals in R, the selection operator chooses the best N candidates, which then form the
population P of the next generation. (iv) The whole procedure is repeated until a stopping criterion is met. We refer [19] for a
general introduction to EP.
2.4. Evolutionary programming-based Subdue
One way to overcome the drawback of Subdue is the use of a global search to explore different layers of the subgraph
lattice using a population of subgraphs. One straight away improvement to the beam search of Subdue was maintaining
the parent list like a population in EP [2,39]. Unlike Subdue, this EP-Subdue method utilizes a population P of subgraphs
in order to explore different regions of the subgraph lattice in each generation.
At any generation, a child subgraph population Q is created using mutation on each parent subgraph from P. The mutation
applies Subdue’s original subgraph expansion procedure. During mutation of an individual, the subgraph S that it holds is
extracted. Each of its instances is expanded in all possible ways to create new child subgraphs. Among the generated child
subgraphs from the subgraph S, a child subgraph is randomly selected that becomes the mutated individual in the population Q. The ﬁtness of this new individual is to be maximized and evaluated as the multiplicative inverse of the compression
in Eq. (1). The global best individual is updated using the individuals in Q. To yield the next generation, the population is
created by copying the global best individual, and selecting the remaining individuals from R = P [ Q based on the ﬁtness
proportionate selection. The method continues exploring the search space for a maximum number of given generations. A
single best subgraph as pointed by the global best individual is then returned.
The performance of EP-Subdue was tested on several WWW datasets [22] and compared against that of the standard Subdue method. The results indicated that the EP-Subdue approach had often outperformed the Subdue method. The reason is
that EP is a global search that can simultaneously explore different regions in the search space of the subgraph lattice.
This EP-Subdue [2,39] implementation has one drawback. Mutation creates a new individual by random selection of a
child subgraph among all the possible child subgraphs generated from the individual. Generating all the possible child subgraphs for choosing just a single child subgraph is a needless waste of computational resources. Instead, it would be faster
and much more efﬁcient if a feasible child subgraph is randomly created from an individual. With this view, we have modiﬁed the mutation operator in EP-Subdue as follows. To mutate the subgraph S, ﬁrst the instances of subgraph S in the input
dataset are expanded by adding either an edge and a node or an edge only. This gives rise to a list of new instances. From this
list an instance is picked up randomly that becomes the deﬁnition of child subgraph, and only the instances that match the
deﬁnition of this child subgraph are retained. Thus, this new mutation operator has discarded all other possible child subgraphs that could otherwise be produced by the original mutation operator of EP-Subdue to generate a single child subgraph.
We have applied this new mutation in the EP-Subdue method and tested its performance on several WWW datasets1 [22].
We have used ﬁve datasets which were also employed by EP-Subdue in [2]. Both EP-Subdue variants were executed over an
equal run time as given in Table 1.
The results represent the average graph compression values over 10 executions for both methods, together with the standard deviations in parentheses. The lower value corresponds to higher compression of the input graph according to Eq. (1).
As can be seen, the new variant incorporating the modiﬁed mutation operator clearly outperforms the original approach on
all the input datasets. Therefore, we will consider this new mutation operation in our proposals for multiobjective GBDM
which will be detailed in Section 3.
2.5. Multiobjective optimization in data mining and multiobjective graph-based data mining
Several studies have shown that multiobjective learning approaches are more powerful compared to learning algorithms
with a scalar objective function in addressing various topics of machine learning. A nonexhaustive list of examples includes
classiﬁcation, clustering, feature selection, improvement of generalization ability, knowledge extraction, system identiﬁcation, and ensemble generation [4,5,14,23,29,36]. The concept of Pareto optimality [6] has been recently applied to machine
learning and data mining, particularly inspired by the successful developments in EMO [8,31,32].
1

http://ailab.wsu.edu/subdue/datasets/webdata.tar.gz.
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Table 1
Comparison of results between modiﬁed and original EP-Subdue methods.
Dataset

#Nodes

W1
W2
W3
W4
W5

8
31
19
22
94

#Edges

30
43
159
314
106

Run time (s)

1
1
50
50
100

EP-Subdue
Modiﬁed

Original

0.7928(0.01)
0.6060(0.01)
0.7086(0.03)
0.5237(0.00)
0.9176(0.02)

0.7969(0.00)
0.8157(0.00)
0.7383(0.04)
0.5964(0.02)
0.9257(0.02)

A general multiobjective optimization (MOO) problem can be described as a vector function f that maps a tuple of o
parameters (decision variables) to a tuple of d objectives [6,21]. Assume, without loss of generality, a maximization problem:

max : y ¼ fðxÞ ¼ ðf1 ðxÞ; f2 ðxÞ; . . . ; fd ðxÞÞ
subject to x ¼ ðx1 ; x2 ; . . . ; xo Þ 2 X

ð2Þ

y ¼ ðy1 ; y2 ; . . . ; yd Þ 2 Y
where x is called the decision vector, X is the parameter space, y is the objective vector, and Y is the objective space. To
compare any two solutions, we apply the well known concept of Pareto dominance: consider two solutions x1 and x2 with
vector-valued objective functions y1 and y2 respectively. An objective vector y1 is said to weakly dominate another objective
vector y2 (y1  y2) if no component of y1 is smaller than the corresponding component of y2 and at least one component is
greater. Accordingly, we can say that a solution x1 is better than another solution x2, i.e., x1 weakly dominates x2 as f(x1)  f(x2). Mathematically, the concept of Pareto dominance is deﬁned as follows:

8i 2 f1; 2; . . . ; dg : fi ðx1 Þ P fi ðx2 Þ^
9j 2 f1; 2; . . . ; dg : fj ðx1 Þ > fj ðx2 Þ

ð3Þ

A solution x 2 X with objective vector y is said to be Pareto optimal with respect to the search space X iff there is no solution
x0 2 X with objective vector y0 that dominates y. For a MOO problem in Eq. (2), the Pareto optimal set P is deﬁned as:

P :¼ fx 2 Xj:9 x0 2 X fðxÞ  fðx0 Þg

ð4Þ

and the Pareto-optimal front PF associated with the Pareto optimal set P is deﬁned as:

PF :¼ ffðxÞ ¼ ðfi ðxÞ; . . . ; fd ðxÞÞjðx 2 PÞg

ð5Þ

Hence, there is not usually a single optimal solution to solve a typical MOO problem but a set of optimal solutions when all
the objectives are jointly considered. These optimal solutions are known as nondominated, efﬁcient, or Pareto optimal, and
constitute the so-called nondominated, efﬁcient, or Pareto-optimal solution set. Their set of objective vectors is called the
nondominated, efﬁcient or Pareto front (PF). With the aid of EMO, it may be possible to obtain an approximation to the true
Pareto front of nondominated solutions for MOO problems [8,31,32].
In this study, a multiobjective GBDM problem is formulated as that of ﬁnding an optimal set of subgraphs corresponding
to the maximization of two objectives, support and size, in the search space of the subgraphs [51,58]. A subgraph is evaluated
considering two objective functions: (i) the support (the occurrence frequency of the subgraph S in the input set of graphs G),
and (ii) the size or order (the number of nodes in the subgraph S). These objectives can be calculated as:

supportðG; SÞ ¼ #N ðg i jS # g i ; i ¼ 1; . . . ; jGjÞ

ð6Þ

sizeðSÞ ¼ #VðSÞ

ð7Þ

where #N ð:Þ is the number of graphs in G which contains the subgraph S and #Vð:Þ return the number of nodes of the subgraph S. The calculation of support of S requires subgraph isomorphism test for determining how many graphs in G contain a
subgraph that is isomorphic to S. It is an NP-complete task [65]. Both objectives are clearly in conﬂict. More frequent (or
higher support) subgraphs represent sounder insights but often of small size, while large size subgraphs represent more concise (and thus more difﬁcult to uncover) descriptions but of small support values. Therefore, there may exist several optimal
objective vectors representing tradeoff between the objectives. A user will be interested in an algorithm that will allow her/
him to uncover cohesive subgraphs comprising even a moderate number of concepts (and not only the ordinary ones, as
usual) which describe the underlying phenomena from different angles, revealing novel information that otherwise would
be concealed by the usual uninformative mined concepts. In the following section, we brieﬂy describe one such algorithm for
multiobjective GBDM.
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2.6. The multiobjective Subdue algorithm
MOSubdue [58] is an extension of the single-objective Subdue method that utilizes a Pareto dominance-based approach
for selecting child subgraphs for the next level of expansion. It employs NSGA-II’s [16] nondominated sorting procedure for
evaluating the ﬁtness of child subgraphs.
Based on the ways of selecting child subgraphs for the beam search, two different MOSubdue methods were applied. In
the ﬁrst approach (MOSubdue-I), a beam-width number of child subgraphs are selected according to their ﬁtness values.
MOSubdue-I performs a deterministic search as the selection is performed on the child list ordered according to the ﬁtness
of child subgraphs. In the other approach (MOSubdue-II), a beam-width number of diversiﬁed child subgraphs from a nondominated front are selected according to NSGA-II’s crowding-distance measure computed for each subgraph in that front.
When two subgraphs share the same ﬁtness value, the one located in the less crowded-region is preferred. The effect of
diversiﬁed child subgraphs selection is that MOSubdue-II may perform a stochastic search in the multiobjective search space
of the subgraphs.
As seen in [58], the use of a Pareto-based search strategy and a diversiﬁed subgraph selection can beneﬁt the MOSubdue
algorithm in achieving a good nondominated set approximation. However, in MOSubdue-II the crowding distance-based
selection of child subgraphs at any expansion level is biased towards one objective, support, as the subgraphs are nearly
indifferent in the other objective, size. The reason is that Subdue’s constructive search generates nearly equal size child subgraphs by adding either an edge and a node or an edge only to the parent subgraphs. Moreover, at the early expansion stage,
the algorithm usually generates a large number of child subgraphs belonging to the ﬁrst nondominated front. This indicates
that the diversiﬁed child subgraphs selection will not help the MOSubdue-II method to achieve a well distributed nondominated set of subgraphs [58]. This suggests an implementation of EMO-based GBDM could be more useful. This is due to the
fact that at any generation, it can explore different layers of the lattice in the multiobjective subgraph search space. The next
section is devoted to introduce an algorithm of that kind.

3. Multiobjective evolutionary programming for subgraph mining
3.1. Graph and subgraph representation
The input dataset G to the MOEP-based GBDM methodology consists of feature-values that map to nodes and relationships between them that map to edges. For example, Fig. 2 shows the input G corresponding to the Shapes geometrical
domain [10]. The objects in the ﬁgure (e.g., C, T, S) become labeled nodes in the graph and the relationships (e.g. on (T,
S), on shape triangle) become labeled edges in the graph G.

Fig. 2. An example of a subgraph and its instances in geometrical domain: (a) an input set of graphs G; (b) a subgraph S being the graphical representation
corresponding to the object in gray shade in G; (c) a list of instance subgraphs in G that match to the subgraph S. The subgraph S has four instances in G.
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3.2. Individual representation
An individual in the population P is represented as a possible subgraph S in the dataset G. P is a set of N subgraphs
S1 ; Si ; . . . ; SN 2 X, where Si is a connected subgraph within the graphical representation for all those subgraphs in G that
match to the subgraph S. This graphical representation serves as a solution in the MOEP-based GBDM framework. It is clariﬁed with an example given in Fig. 2. Consider subgraph S is a solution under the subgraph mining task within the input G.
One of the four instances of the subgraph S is highlighted in gray area in the ﬁgure. The instance shown in the gray area in G
is a subgraph having a set of nodes and edges from G. This subgraph can become the instance of subgraph S only if there is
the graph theoretic match as one-to-one mapping of all nodes of the two subgraphs (i.e. the subgraph S in graphical representation and the subgraph shown in the gray area) such that all the adjacency relationships are preserved. A list of the four
subgraph instances of the solution S in G that match to the subgraph S is also shown in Fig. 2c. In the proposed MOEP framework, an individual (or a solution) in the population P is always composed of a subgraph S with its associated instances in the
input dataset G.
3.3. Population initialization
Usually, an EP initializes the population P by random generation of individuals in the solution search space. For the current application, we can form the initial population of possible subgraphs in G from the output of any GBDM method, such as
the Subdue algorithm or any other. This population can contain subgraphs from different layers of lattice. In this work, a
simple procedure has been applied to initialize the population. Referring to Fig. 1, initially, all single node (i.e. one-size) subgraphs are created from unique label nodes in G. The next layer of the lattice is then explored by extending all the instances
of these subgraphs by drawing feasible edge and a node from the graph data. This will produce candidate subgraphs of the
same size (i.e., of order three) but may have different values for the other objective, support. An initial population contains
subgraphs randomly selected from these candidate subgraphs. More sophisticated procedures can also be applied to generate the initial population that may well represent different search space solutions.
3.4. Candidate subgraphs generation
The current application of our MOEP approach for GBDM relies only on the use of a mutation operator for candidate generation. Mutation yields a maximum of N new candidate subgraphs as each parent subgraph S in P is used to create a new
child subgraph. All the instances in G of the parent subgraph S are extended by an edge (and a node if no cycle is closed) in
order to create child instances. A child instance is then randomly selected that becomes a child subgraph in graphical representation. All of the child instances that match this child subgraph become its new instances. This child subgraph should
have at least two instances in G to qualify as a child subgraph of the parent subgraph S. Otherwise a new child instance will
be randomly selected to form a child subgraph.
A child subgraph generation is illustrated in Fig. 3 by considering a parent subgraph S as shown in Fig. 2 with its associated instances. In Fig. 3a, the four instances of the subgraph S are extended by an edge and a node which has produced four
child instances. Three different child subgraphs can be assembled from these child instances, as can be seen in Fig. 3b. Out of
three child subgraphs, one with a support value of two will be chosen. The mutation applies extending parent subgraph by
an edge, which always create existing (or feasible) candidates in the input G. This is the most commonly used candidate generation method employed by GBDM techniques [10,65].
3.5. Objective functions calculation
An individual S in the population P is evaluated using the two objective functions given by Eqs. (6) and (7). To compute
the support objective, the present MOEP framework applies a kind of appearance list that records the graphs in which a candidate subgraph occurs [10,13]. An individual S in P is always associated with its subgraph instances in the input G. It sufﬁces
to check all the subgraph instances in the appearance list instead of testing the whole input data for calculating the support.
The second objective, size (or order) of the subgraph S, is equal to the number of nodes present in S.
3.6. Implementing multiobjective evolutionary programming methods for multiobjective subgraph mining
In our earlier studies [56,57] with preliminary results, we have shown different applications of EP for multiobjective
GBDM. This study involves proposing a general framework based on EP for GBDM. To this end, in the following, we consider
three different MOEP methods, namely MOEP-ND, MOEP-NS, and MOEP-SO. MOEP-ND is newly proposed in this study while
the other two were previously described in [56,57].
MOEP-ND: This EP algorithm was recently proposed for multiobjective optimization in power generation expansion planning [41]. The algorithm employs the nondominance to evaluate individuals’ ﬁtness and applies niching for diversiﬁed selection of individuals. MOEP-ND utilizes an external archive PA to store nondominated solutions. Here, an application of MOEPND for subgraph discovery can be given in the following steps as:

126

P. Shelokar et al. / Information Sciences 237 (2013) 118–136

Fig. 3. An example of the mutation operation that creates a candidate subgraph. (a) Four possible child instances from the expansion of instances in G
corresponding to the subgraph S shown in Fig. 2. (b) Three different child subgraphs in graphical representation corresponding to the four child instances in
(a).

Step 1:
Step 2:
Step 3:
Step 4:
Step 5:
Step 6:

Initialize the population P of N individual subgraphs, and an external population PA = ;.
Update PA using nondominated solutions in P.
Create a population Q of child subgraphs from parent subgraphs in P by mutation.
Update PA using nondominated solutions in Q.
Combine the two populations to produce a temporary population R = P [ Q.
Assign ﬁtness to individuals in the current population R using Pareto dominance [41]. Note that dominance of an
individual is evaluated only with respect to the current population and its nondominance is determined by comparing against the remaining ones. A rank 1 + ri is assigned to an individual i reﬂecting its domination by r individuals.
As a result, all the nondominated individuals are assigned a rank of one. In R, the nondominated individuals carry the
lowest (best) rank and the dominated individuals are with the highest (worst) rank. A ﬁtness value based on this
rank is then assigned to individuals

fitnessi ¼ 1=ð1 þ r i Þ

ð8Þ

where ri is the domination count (rank) of the subgraph individual Si in the population R.
Step 7: Select N best individuals (as a new parent population P) from R according to the ﬁtness. This selection also uses the
idea of niching [20] to preserve the diversity of the new population P along the approximate Pareto front. The niching updates the ﬁtness of individuals in R based on their proximities in the objective space. To this end, the sharing
function value for two individuals i and j with the same rank is computed as follows:

shðcij Þ ¼

8

<1 
:

cij

a

rshare

0

if cij 6 rshare

ð9Þ

otherwise

where rshare is the maximum distance allowed between i and j individuals to become a member of a niche, and a is a
positive scaling factor typically less than one. cij is the normalized distance between individuals i and j with the same
rank
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l
l
where fmin
and fmax
are the minimum and maximum objective function values of the lth objective, in the current iteration, respectively. fil and fjl are objective function values of i and j individuals. The niche count of individual i is cal-

culated by summing the sharing function
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nci ¼

jRj
X
shðcij Þ

ð11Þ

j¼1

ﬁnally, the ﬁtness for individual i is adjusted by the niche count

fitnessi ¼ fitnessi =nci

ð12Þ

and the best N individuals from R are selected based on this updated ﬁtness values.
Step 8: Go to step 2, if termination criterion is not satisﬁed.
Step 9: Report the nondominated subgraphs in PA.
MOEP-NS: This algorithm for subgraph discovery was proposed in [57] and can be described in the following steps:
Step 1:
Step 2:
Step 3:
Step 4:

Initialize the population P of N subgraphs.
Create a population Q of child subgraphs using mutation on each parent subgraph in P.
Combine the two populations R = P [ Q.
Assign ﬁtness to subgraphs in R using the nondominated sorting procedure [16] as follows. Individuals in R receive a
rank value based upon their degree of nondominance. The nondominance among the individuals is determined by
comparing all the subgraphs to each other. A rank one individuals are obtained when the nondominance is evaluated
on the current population R. To obtain rank two individuals, discard temporarily all the ranked (i.e., rank one) individuals in R and then evaluate the nondominance on this reduced population R. Thus, to obtain rank r individuals,
ﬁrst discard temporarily all the ranked (i.e. rank 1, 2, . . ., r  1) individuals from the population R and then evaluate
the nondominance on the reduced population R. As a result, all nondominated subgraphs are assigned a rank one,
while the dominated ones are penalized by assigning rank 1 + r according to the region of the tradeoff surface. In
the population R, individuals that are nondominant are assigned with the lowest (best) rank and individuals that
are highly dominated are assigned highest (worst) rank. A minimization of ﬁtness function is then assumed

fitnessi ¼ ri

ð13Þ

where ri is the rank of the subgraph individual Si in the population R.
Step 5: Create a new population P by selecting among individuals in R according to minimization of ﬁtness function. To
select N subgraphs, ﬁrst choose the set of rank one subgraphs in R. If the size of this set is smaller than N then choose
the set of rank two subgraphs, and so on. Consider that the set of rank r is the last one that can be accommodated. In
general, the total number of subgraphs belonging to rank 1 to r will be greater than N. To choose exactly N subgraphs, a crowding-distance assignment [16] is applied in the set of rank r subgraphs. The crowding-distance cdi
associated with the subgraph Si is the absolute normalized distance between two subgraphs Sj and Sk on either side
of the subgraph Si with the same rank r

cdi ¼

d
X

fjl  fkl

l¼1

l
l
fmax
 fmin

ð14Þ

l
l
where fmax
and fmin
are the maximum and minimum objective function values of the lth objective, respectively. fjl and
fkl are the objective function values of the subgraphs Sj and Sk, respectively. Note that, the subgraphs with the minimum and maximum objective function values are assigned an inﬁnite crowding-distance. For all other subgraphs,
the crowding-distance is calculated using Eq. (14). The subgraph set with rank r is sorted in the descending order of
the crowding-distance values and is then pruned at a point to have exactly N subgraphs in the population P.
Step 6: Go to Step 2, if termination criterion is not satisﬁed.
Step 7: Report the nondominated subgraphs in P.

MOEP-SO: This MOEP algorithm is different from MOEP-NS in two ways [56]: (a) creating the new population from R, and
(b) use of an external population PA for storing nondominated solutions. Here, an application of MOEP-SO for subgraph discovery can be described in the following steps as:
Step 1:
Step 2:
Step 3:
Step 4:
Step 5:
Step 6:

Initialize the population P of N subgraphs, and an external archive PA = ;.
Update archive PA using nondominated solutions in P.
Create a population Q of child subgraphs from parent subgraphs in P by mutation.
Update archive PA using nondominated subgraphs in Q.
Combine the two populations R = P [ Q.
Create a new population from R using summation of objectives for diversiﬁed selection [46] as follows. For each
objective function ﬁnd its range from the maximum and minimum objective values, and evenly divide the range
of the objective space into some 100 bins (or grids). For each individual a ﬁtness (or rank) is assigned equal to
the summation of grid numbers that holds each of the objective values of the individual. The diversiﬁed selection
constitutes two sets of individuals, preferential set and backup set. To obtain the preferential set corresponding
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to each objective function scan some 80 or 90 percent of the objective space divided into 100 bins. For each scanned
bin an individual with the lowest ﬁtness value is chosen. The backup set is obtained from the individuals that are not
part of the preferential set. The new population is obtained from the preferential set. If the size of the preferential set
is greater than the population size, the new population P is created by random selection of individuals from the preferential set. If the size of the preferential set is smaller than N then the remaining individuals are selected from the
backup set according to the lowest ﬁtness values.
Step 7: Go to Step 2, if termination criterion is not satisﬁed.
Step 8: Report the nondominated subgraphs in PA.

4. Experimental results
The performance of the three MOEP algorithms for the proposed multiobjective subgraph mining task (as deﬁned in
Section 2.5) is analyzed by means of various unary and binary metrics [9,70,71], and visual representations of the obtained PF approximations. For comparison purposes, we also apply single-objective Subdue [10,13] and EP-Subdue [2]
using three different objective functions to produce aggregated PFs on several graph datasets (see Section 4.2). Besides,
the two variants of MOSubdue [58] are applied for a broader performance study. All the considered methods have been
implemented in C, and all experiments have been performed on an Intel Core Quad at 2.66 GHz, with 4 GB RAM, running
CentOS 5.5.

4.1. Graph-represented datasets used
A total of 10 datasets have been employed. Table 2 summarizes a few characteristics of these datasets, such as the
number of nodes, the number of edges, etc. The datasets are of different sizes. Besides, these datasets consist of varying
degrees of nodes and unique labels. For example, the smallest size dataset www2 consists of only four graphs while the
biggest size dataset random2 consists of 200 graphs. The number of nodes ranges from a small number of 500 in the
shapes dataset to a large one of 19,253 in the scientograms73 dataset. The number of unique nodes ranges from 7 in
the random1 dataset to 1156 in the www2 dataset. The ﬁrst two datasets, random1 and random2, were synthetically generated using the random graph generator available at Subdue’s website.2 A brief description of the remaining datasets is
provided as follows.
Shapes is a synthetically constructed geometrical example of structural data in the classical Subdue’s study domain [10].
Fig. 2 shows an example of a graphical representation of the input shapes data. This dataset consists of 100 different graphs
with a total of 500 nodes, 400 edges, and 8 unique labels. The true Pareto set (which is known for this simple domain as it has
been computed in an exhaustive way) contains 12 different nondominated subgraphs out of which 7 are distinct in the
objective vector space.
WWW is a dataset available online at Subdue’s website.1 The data were extracted from real World Wide Web pages and
were transformed to labeled graphs using a web robot [22]. In this work, we have considered the ProfStu graph dataset
which was generated using professor and student web sites. The information these graphs contain is hyperlink structure
and page’s content. ProfStu dataset consists of 47 graphs, which are quite complex containing several unique node labels.
We consider this real-world data as a challenging way to illustrate our MOEP framework for GBDM. Instead of dealing with
each of the huge graphs individually as done in [22], we created two different datasets, namely www1 and www2, where
www1 is composed of ﬁve graphs numbered 6, 19, 25, 43, and 45; and www2 consists of four graphs numbered 15, 27,
38, and 46. For these datasets, the true Pareto sets are not known due to large complexity and real-world nature. For comparison purposes, we have used a pseudo-optimal Pareto set, which is obtained as a fusion of all the nondominated sets
achieved by each of the applied algorithms during the simulations.
Scientograms [48] is a database built following De Moya-Anegón et al.’s methodology [62] to design visual science maps
(scientograms) for huge scientiﬁc publications collections. The rough considered data have been extracted from the Scimago
Journal & Country Rank portal3 and comprise a set of 36 millions documents indexed in Elsevier Scopus from 1996 to 2008 over
73 countries [62]. The nodes of the graphs correspond to Elsevier SCOPUS-SJR4 co-citation categories. Only the salient relationships between categories are kept, capturing the essential underlying intellectual structure of the studied scientiﬁc domain,
using the Pathﬁnder social networks algorithm [47] to prune the graphs. Recently, this database has been extensively analyzed
in [48] to propose an automatic Subdue-based approach for the identiﬁcation and the comparison of scientiﬁc structures within
scientograms. In our experimental study, we have used four datasets compiled for the countries United States (US), United Kingdom (UK), Japan, and Germany over the period of 1996–2005, and with the scientograms73 dataset combining the scientograms
of 73 countries for the publication year 2005. The optimal Pareto sets are not known for these datasets, so we rely on the pseudo-optimal Pareto sets.
2
3
4

http://ailab.wsu.edu/subdue/datasets/subgen.tar.gz.
http://www.scimagojr.com/.
http://www.scopus.com.
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Table 2
Description of different graph-represented datasets used.
Dataset

#Graphs

#Nodes

#Edges

#Unique labels

MOEP run time (s)

random1
random2
shapes
www1
www2
US
UK
Japan
Germany
scientograms73

100
200
100
5
4
10
10
10
10
73

2954
5876
500
832
2178
2762
2732
2635
2676
19,253

3009
6015
400
885
2539
2769
2748
2680
2702
19,709

7
7
8
511
1156
294
292
278
284
296

100
145
1
450
625
2000
1300
3100
900
265

4.2. Nondominated subgraphs extraction using single-objective Subdue and EP-Subdue methods
On each dataset, both Subdue and EP-Subdue independently apply a single-objective search per objective function MDL
(Eq. (1)), support (Eq. (6)), and size (Eq. (7)). The output of the algorithm was set to return a maximum of 100 best subgraphs.
The three different outputs of the algorithm were aggregated and a nondominated set of subgraphs using nondominance (Eq.
(3)) was produced as the ﬁnal output of the algorithm. The nondominated set was restricted to contain a maximum of 100
subgraphs.
An implementation of the Subdue algorithm is publicly available at Subdue’s website.5 In this work, we have only modiﬁed
the subgraph evaluation function of the Subdue algorithm to accommodate the support objective. The algorithm parameter
beam-width was set equal to 5 after a preliminary experimentation. Subdue performs a deterministic search and thus it is executed once on each dataset.
We have implemented a single-objective EP-Subdue method [2,39] as described in Section 2.4 which considers two additional objectives the support and the size. EP-Subdue was run with the following parameters: population = 100, output best
subgraphs = 100 per objective function. EP-Subdue performs a stochastic search and hence executed 10 times independently
on each dataset.

4.3. Parameter settings and multiobjective metrics
MOSubdue: We have applied both MOSubdue variants. MOSubdue-I is a deterministic approach and thus it is applied
once. While, MOSubdue-II is a stochastic search and thus it has been run 10 times independently on each dataset. Both
the variants of MOSubdue were applied with the following parameter settings: beam-width = 5, size of output list = 100.
MOEP Methods: For MOEP methods the population was set to 100. The output of MOEP-NS was the nondominated subgraphs in the population when the termination criterion was met. On the contrary, MOEP-SO and MOEP-ND have reported
the nondominated subgraphs stored in the external Pareto archive (PA). The size of PA was set to 100. The three MOEP methods have been run 10 times independently on each dataset. In MOEP-ND, the niche count computation needs setting two
parameters rshare and a in Eq. (11). After preliminary experimentation, these parameters were set to rshare = 0.005 and a = 1.
To have a fair comparison between the EP methods and MOSubdue-II, the three MOEP variants and EP-Subdue have used
a ﬁxed run time as given in Table 2. This run time was determined from the average run time of 10 different executions of
MOSubdue-II for each dataset.
Note that on all the datasets used, none of the methods in any of their executions could produce a number of nondominated subgraphs that surpass the maximum archive size limit of 100. Nevertheless, the single-objective Subdue and EPSubdue, and MOSubdue methods used the crowding distance measure [16] to prune the nondominated set. However,
when datasets have a large number of nondominated and repetitive subgraphs, a larger limit on the archive size could
be used.
Due to the nature of MO problems, multiple performance indexes (classically called multiobjective metrics) should be
used for comparing the performance of the different algorithms [9,70,71]. In our experimental analysis, a unary and a binary
performance metric are used. As regards the former type, we use the hypervolume ratio (HVR) to compare the different Pareto set approximations taking the pseudo-optimal PF as a reference. For a Pareto set approximation, the HVR-metric value is
better when it tends to one. For pair-wise evaluation of MO algorithms based on dominance, we have considered the binary C
metric [70] that compares the Pareto set approximations in pairs. The C-metric is also better when it tends to one. Further,
considering the stochastic nature of EAs, we apply a statistical test proposed in [54] about the probability that algorithm A
dominates the algorithm B based on the binary I(A, B)-metric [71]. The three considered metrics are described in the
Appendix.
5

http://ailab.wsu.edu/subdue/software/subdue-5.2.1.zip.
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4.4. Experimental analysis
Table 3 presents the mean and standard deviation of the HVR-metric values of the PF approximations achieved by the
different algorithms for each dataset.
Fig. 4 shows the assessment of different algorithms in pairs using the C-metric. For an ordered algorithm pair (A, B), there
is a sample of 10 C-metric values according to the 10 runs performed. Each value is computed on the basis of nondominated
sets achieved by A and B with the same initial population. Note that, in case of deterministic algorithms (Subdue and MOSubdue-I) a single run was performed on a dataset. Here, box-plots are used to visualize the distribution of these samples.
Besides, notice that, the two worst performing algorithms (the two single-objective methods, Subdue and EP-Subdue) are
not included in the C-metric box-plots collected in Fig. 4. This is due to the fact that their poor results made the scale become
so large just for the two, thus making very difﬁcult to distinguish visually the differences among the remaining better performing algorithms. Figs. 5 and 6 show the plots of the PF approximations produced by the different algorithms on the www2
and scientograms73 datasets. The plots corresponding to Subdue-I and MOSubdue-I are the approximations generated by the

Table 3
HVR-metric values for the nondominated subgraph sets found by different methods. The numbers in the parentheses represent the standard deviation.
Dataset

Subdue

EP-Subdue

MOSubdue-I

MOSubdue-II

MOEP-NS

MOEP-SO

MOEP-ND

random1
random2
shapes
www1
www2
US
UK
Japan
Germany
scientograms73

0.9552(–)
0.9663(–)
1.0000(–)
0.7788(–)
0.7567(–)
0.6114(–)
0.6318(–)
0.6429(–)
0.7406(–)
0.8096(–)

0.8724(0.02)
0.8626(0.02)
0.9920(0.00)
0.8467(0.06)
0.5939(0.07)
0.5796(0.15)
0.4123(0.10)
0.6030(0.09)
0.5204(0.11)
0.5067(0.06)

0.9536(–)
0.9747(–)
1.0000(–)
0.8391(–)
0.7432(–)
0.9673(–)
0.7302(–)
0.8021(–)
0.8083(–)
0.7775(–)

0.9623(0.00)
0.9795(0.01)
0.9954(0.01)
0.9899(0.03)
0.9162(0.03)
0.9013(0.11)
0.7635(0.18)
0.9850(0.03)
0.8920(0.06)
0.8336(0.01)

0.9721(0.01)
0.9163(0.02)
1.0000(0.00)
0.9663(0.01)
0.5824(0.03)
0.9740(0.03)
0.9326(0.04)
0.9857(0.01)
0.9501(0.04)
0.8072(0.05)

0.9708(0.01)
0.9723(0.01)
1.0000(0.00)
0.9969(0.01)
0.8790(0.06)
0.9791(0.03)
0.9316(0.05)
0.9878(0.01)
0.9452(0.03)
0.8026(0.07)

0.9614(0.01)
0.8675(0.03)
1.0000(0.00)
1.0000(0.00)
0.8054(0.10)
0.9741(0.03)
0.9217(0.03)
0.9857(0.01)
0.9329(0.03)
0.7940(0.04)

Average

0.7893(0.14)

0.6770(0.20)

0.8596(0.10)

0.9219(0.08)

0.9087(0.13)

0.9465(0.06)

0.9336(0.08)

Bold represent the best results obtained on the dataset.

MOSubdue− I

MOSubdue− II

MOEP−NS

MOEP−SO

MOEP−ND

Fig. 4. Box-plots based on the C-metric computed for the best methods considered. Each rectangle contains 10 box-plots representing the distribution of
the C-metric values for a certain ordered pair of algorithms; the leftmost box-plot relates to random1 dataset, the rightmost to scientograms73 dataset.
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Fig. 5. The aggregated PF approximations produced by the different algorithms on www2. The pseudo-optimal PF is also shown as a reference.
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Fig. 6. The aggregated PF approximations produced by the different algorithms on scientograms73. The pseudo optimal PF is also shown as a reference.

single run of the algorithm, while those corresponding to the remaining methods are the aggregation of the results of 10
different runs. The fused outputs of stochastic methods are only used for graphical representation. For the sake of a better
visual representation, the PF plots are grouped into two ﬁgures per dataset. They are grouped according to the average HVRmetric values on the 10 datasets, considering a ﬁgure for the worst performing and another for the best performing
algorithms.
We can make some remarks in view of the obtained results. First, the HVR-metric values in Table 3 indicate that the single-objective algorithms (Subdue and EP-Subdue) have produced the worst approximations to the reference PFs on all the
datasets as compared to those achieved by the multiobjective algorithms, MOSubdue and MOEP-based methods. The only
exception is the small size shapes dataset. This conclusion can be further evident from the average values of HVR-metric over
all the datasets, which are much lower for Subdue (0.7893) and EP-Subdue (0.6770) as compared to that of any multiobjective search method. This suggests the incorporation of multiobjective search strategy enables the algorithm to explore more
efﬁciently the multiobjective subgraph solution search space.
Comparing the results between MOSubdue methods, Table 3 shows that MOSubdue-II has clearly been the best. MOSubdue-II has produced better results than MOSubdue-I on eight datasets. The exceptions are only the shapes and US datasets.
The average of the HVR-metric values for MOSubdue-II is 0.9219, which is signiﬁcantly higher than that of 0.8596 for
MOSubdue-I. Fig. 4 also shows that the PF approximations by MOSubdue-II have achieved more coverage over those by
MOSubdue-I. Further, the graphical representations of the PFs obtained by MOSubdue-I and MOSubdue-II as shown in Figs. 5
and 6 indicate that MOSubdue-II was able to produce wider or similar spread of solutions over the reference PF when compared to that obtained by MOSubdue-I. The better performance of MOSubdue-II was mainly due to the diversiﬁed subgraph
solution selection during the beam search.
From Table 3, three MOEP methods have produced the best quality PFs on seven datasets. www2 is the only dataset where
MOEP-NS shows a clearly disappointing performance. The average HVR value corresponding to MOEP-SO is the highest
(0.9465). Further, the binary C-metric in Fig. 4 indicates that the PF approximations produced by MOEP-SO have more
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coverage to that produced by the other two MOEP methods. The aggregated PF plots of all the MOEP methods in Fig. 5 indicate that the differences are more signiﬁcant in the aggregated PFs on the www2 dataset, where the bad performance of
MOEP-NS is clearly identiﬁed. The same stands for scientograms73 in Fig. 6. Hence, the obtained differences are mainly
due to the dispersion of the results in the 10 different runs.
Based on the results of the different multiobjective performance metrics, we can conclude that MOEP-SO is the best performer, followed by MOEP-ND, MOSubdue-II and MOEP-NS, respectively. Even so, as some of the executions of MOEP-SO
were dominated by MOSubdue-II and vice versa, we want to assess the actual improvement MOEP-SO has obtained over
MOSubdue-II. To do so, we perform a statistical analysis of multiple executions of MOEP-SO and MOSubdue-II. For this purpose, we apply a statistical test on the results of the I(A, B)-metric pair-wise comparison to study the extent to which, on
average, the algorithm A is better than the algorithm B. Table 4 reports the obtained p-values corresponding to a pair-wise
comparison between the three best performing methods, MOEP-SO, MOEP-ND, and MOSubdue-II, on all the datasets.
According to p-values < 0.05 (i.e., with 95% of conﬁdence), MOEP-SO has signiﬁcantly dominated MOSubdue-II and MOEPND on four datasets. As against, it has been dominated with signiﬁcant difference by MOSubdue-II on a single dataset
(www2) and by MOEP-ND on one dataset (www1). Comparison between MOSubdue-II and MOEP-ND shows that both
algorithms have dominated each other on three and two datasets, respectively. This clearly says that MOEP-SO is the best
algorithm in our experimental study, while MOSubdue-II and MOEP-ND have shown a similar performance.
The explanation for the latter good performance lies in the fact that the proposed MOEP framework is a global search
approach. At any generation, the MOEP-based GBDM method maintains a population of solutions belonging to different
layers of the subgraph lattice. This helps exploring more efﬁciently the multiobjective subgraph lattice space and thus producing more diverse solutions. On the contrary, MOSubdue performs a beam search with no backtracking in the subgraph
lattice space. At any generation, the beam search explores a single layer of the subgraph lattice, and for the next generation
it comprises the solutions mostly belonging to that layer. Thus, the depth exploration applied by the beam search, although
complemented by width search, may miss out exploring other regions of the multiobjective subgraph lattice space due to the
fact that it discards nonpromising solutions at early stages of the search and it never backtracks.
Nevertheless, the evolutionary search has performed somewhat poorly on the individual runs on www2. While MOEP-SO
and MOEP-ND are generally the best performing methods for all the remaining datasets, they are clearly outperformed by
MOSubdue-II on www2. On this dataset even the single-objective Subdue and EP-Subdue, and the deterministic MOSubdue-I have achieved better values of the HVR-metric than that obtained by MOEP-NS (Table 3). We performed an in depth
analysis of the subgraph generation process of MOEP on this dataset in order to understand a possible reason behind the
inferior performance. The www2 dataset of four graphs contain not only several unique node labels (1156) but also many
repeated ones. At the beginning of the search process, a parent subgraph has several repetitive instances in a graph of the
dataset. As against, the deﬁnition of the objective support assumes just one occurrence (and no repetition) in any graph
of the dataset. The different repetitive instances of the subgraph bring huge redundancy in the mutation operation for a child
generation. The current deﬁnition of the support objective fails to take into account this redundancy during subgraph selection. Thus, a new deﬁnition of the support objective is needed to apply MOEP-SO efﬁciently and effectively in such scenarios.
This problem of redundancy is somewhat also observed on synthetic datasets random1 and random2. Note that, in the realworld scientogram datasets, a parent subgraph has no repetitive instances in a graph of the dataset and thus there is no such
additional redundancy in the mutation operation for a child generation. As a result, on the scientogram datasets, the MOEP
methods have produced consistently superior performance.
In this work, MOEP-based GBDM has been applied on sets of connected relational graphs with or without cycles and directed or undirected edges. In the multiobjective GBDM problem formulation, the support of a subgraph is evaluated on a set
of graphs and the maximum support of the subgraph is estimated to be equal to the number of graphs in the dataset. Even so,
the proposed MOEP framework can easily be applied on a single huge graph to ﬁnd the nondominated subgraphs by just
changing the support deﬁnition (without requiring any change in the solution methodology). This is because an individual
in the MOEP population is a subgraph with all its instances in the graph data of a single huge graph or a set of graphs.

Table 4
p-values for different pairs of the three best algorithms.

random1
random2
shapes
www1
www2
US
UK
Japan
Germany
scientograms73

(A, B)

(B, A)

(A, C)

(C, A)

(B, C)

(C, B)

1.0000
1.0000
7.969e06
0.5290
0.9998
0.0071
0.0032
0.0558
0.0029
1.0000

1.0000
1.0000
1.0000
0.5290
0.0002
0.9943
0.9975
0.9525
0.9978
1.0000

0.0840
0.0840
1.0000
1.0000
0.0002
0.1290
0.0029
0.0015
0.0074
0.0840

0.9362
0.9362
1.0000
7.969e06
0.9999
0.8867
0.9977
0.9988
0.9944
0.9362

0.0008
0.0168
1.0000
1.0000
5.1704e05
0.6764
0.8985
0.0725
0.8643
1.0000

0.9994
0.9873
7.969e06
7.969e06
1.0000
0.3541
0.1164
0.9383
0.1841
1.0000

A = MOEP-SO, B = MOSubdue-II, and C = MOEP-NS algorithms.
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The existing subgraph mining approaches operate by using simple user-deﬁned thresholds on the mined subgraphs.
However, not all the subgraphs uncovered by this approach are important, especially when mined at high support threshold
resulting into many uninteresting small size subgraphs. Facilitating the use of such simple constraints make it difﬁcult for
the user to discover any tradeoff between the support and the size of mined subgraphs to call them interesting patterns. As
against, a new multiobjective subgraph mining approach based on EP is proposed here to support the user speciﬁed preferences (or objectives) regarding the characteristics of the mined subgraphs. The extracted subgraphs subject to the tradeoff
between the objectives facilitate the user to select the important patterns.
Finally, we have also applied gSpan6 [65], an existing exact subgraph mining algorithm, on the datasets given in Table 2. The
gSpan algorithm was very fast to completely mine the ﬁrst three datasets (random1, random2, and shapes) in Table 2 containing
small size graphs with the average size of 25 nodes and 6 unique node labels. Nevertheless, the algorithm failed to perform a
complete search on the remaining seven datasets even after spending over two days on each dataset. For example, gSpan’s
aborted run with 10% of frequency threshold has mined over 5 millon subgraphs on scientograms73 dataset of 73 graphs and
average graph size of 264 nodes. The biggest mined subgraph was of size 28 and support of seven, which is dominated by
the solutions obtained all the MOEP and MOSubdue methods. This experimentation clearly highlights that MOEP is useful
for domains where complete subgraph search is not feasible, and in cases where the number of possible maximal subgraphs
is relatively large.
5. Conclusions and future work
We have successfully shown the application of MOEP for multiobjective subgraph mining. To our knowledge, this is the
ﬁrst inclusive study of evolutionary search for this data mining task. The need of global search in the multiobjective subgraph
lattice space and the obtained experimental results highlight the suitability of the proposed framework for producing good
PF approximations. Three different MOEP methods have been implemented. Comparing to single-objective Subdue and EPSubdue, and MOSubdue methods on the 10 different datasets considered, the three MOEP methods have shown a good performance and two of them have achieved a substantial performance gain. This is because the use of a population allows us to
explore different regions of the multiobjective subgraph lattice in a single run. Overall, the MOEP-SO algorithm has been the
best performer in the developed experiments.
Different lines for future works arise from this contribution. The present MOEP approach has shown very good performance on different datasets overall, but has faired marginally inferior in the case of synthetic datasets and somewhat poorly
in the case of www2 dataset. To this end, a new deﬁnition of the support objective is required to handle the subgraph selection pressure in the presence of subgraphs with repetitive instances in a graph of the input dataset.
Further, in a future study, we consider building a more general EMO framework by developing a crossover operator for
subgraph generation. For child creation, the crossover operation involves information sharing by parent individuals which
helps the co-operative evolution of the population. We will explore an approach that joins two size-k frequent subgraphs
when they have the same size-(k  1) subgraph. Here, graph size means the number of nodes in a graph. This will generate
two candidate subgraphs with the common size-(k  1) subgraph and the additional two nodes from the two size-k patterns.
A similar approach has been applied in apriori-based algorithms [28,34] with edge (or node)-based candidate generation
strategy. However, this approach has considerable overhead when two size-k frequent subgraphs are joined to generate
size-(k + 1) subgraph candidates [28,34]. Thus, obtaining a good design for a subgraph crossover operator is an open
challenge.
In addition, the proposed MOEP framework is based on a pure general purpose multiobjective subgraph search. Thus, it is
able to deal with several objectives (two in this contribution) which could be generically customized by the user to deal with
different GBDM tasks as long as they can be formulated in a simple way [58].
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Appendix A
In the case of multiobjective optimization, comparing the results obtained by two algorithms is substantially more complex than in single-objective optimization. To do so, we should compare two sets of solutions where some solutions in either
set may be dominated by solutions in the other set, while others may be incomparable. Several unary and binary performance indicators are proposed in the EMO literature [9,15,70,71] in order to compare the outcomes of multiobjective optimizers in a quantitative and qualitative manner. It is widely recommended to consider the use of both unary and binary
indexes.
6
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Hypervolume is a unary index that measures the volume enclosed by the PF approximation X0 with respect to a reference
point. For a two-dimensional objective vector, hypervolume is the summation of the area covered by each member of the
Pareto front. In the case of a maximization problem, as ours, we deﬁne a reference point as (0, 0). In our experiments, we
have used the hypervolume ratio (HVR) [9]. HVR measures both diversity and closeness of X0 to the true Pareto set and it
is calculated as:

HVR ¼

H1
H2

ð15Þ

where H1 and H2 are the volume of the Pareto set approximation X0 , and of the true Pareto set (or the pseudo-optimal Pareto
set in case the latter is not known), respectively. A pseudo-optimal Pareto set, i.e. an estimation of the true Pareto set, is obtained by fusing all the Pareto sets generated for the problem by any algorithm in any run. A value of HVR equal to one represents that the PF approximation and the true PF are equal.
The unary indexes allow us to determine the absolute, individual quality of the approximation, but they cannot be used
for direct comparison purposes. Alternatively, binary indexes have been proposed for comparing the Pareto set approximations obtained by different multiobjective algorithms. In this work, we have used the following binary metric.
The set coverage (or C-metric) compares a pair of nondominated sets by computing the fraction of each set that is covered
by the other [70]:

CðX 0 ; X 00 Þ ¼

jf8S00 2 X 00 ; 9S0 2 X 0 : S0  S00 gj
jX 00 j

ð16Þ

where S0  S00 indicates that the subgraph S0 dominates or cover the subgraph S00 in a maximization problem. A value of C(X0 ,
X00 ) = 1 means that all the subgraphs in X00 are dominated or covered by the subgraphs in X0 .
The statistical test in [54] is applied to test if there is signiﬁcant difference in the PF approximations of two algorithms
when compared in pairs. For this purpose, all the executions of both algorithms are compared using the binary I(A, B)-metric
[71]. Let the probability pA(B) is 1 if (I(A, B) P 1 and I(B, A) < 1) otherwise 0. For 10 different executions of the algorithms A
and B, the full set of comparisons produce two vectors CA and CB:

pAj ðBÞ ¼

10
X
pA ðBi Þ;

j ¼ 1; . . . ; 10

i¼1

pBj ðAÞ ¼

10
X
pB ðAi Þ;

ð17Þ
j ¼ 1; . . . ; 10

i¼1

CA ¼ pA1 ðBÞ;
CB ¼ pB1 ðAÞ;

pA2 ðBÞ; . . . ; pA10 ðBÞ
pB2 ðAÞ; . . . ; pB10 ðAÞ

ð18Þ

CA and CB can be seen as samples of a random variable and can be used to get the fraction of times the outputs of one algorithm dominates the other. With this, we can estimate the outputs of two algorithms are signiﬁcantly different, i.e., the
expectation of the algorithm A is greater than the algorithm B (E(CA) > E(CB)), and vice versa against the assumption that
the outputs of A and B are the same, i.e., (E(CA) = E(CB)). CA and CB values have nonGaussian distribution therefore we apply
a Wilcoxon test setting a null hypothesis (E(CA) = E(CB)) and an alternate hypothesis (E(CA) > E(CB)).
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