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of Resumen should change their preferences in order to

- - achieve a certain degree of consensus and a Se-

ﬂ In. ﬂ_le resolution of a Mu!i_:iperson DFCiSiOH lection Process where the best options are de-
“uzzy. Making (MPDM) problem is usually impor- rived from the previously consensued experts’

: ) tant to assure that there is at least a certain preferences It i a desirable property for the
wima, level of agreement between the experts on the CRPs that during the different steps that they
ghted final solution. In this paper we present a Con- involve, not only a high level of consensiis is
fems, sensus Reaching Process for MPDM where the reached, but a certain-amount of consistency of ..
« and information given by the experts is based on the information given by the experts is achie-

' incomplete fuzzy preference relations (FPRs). _ved.and maintained.

JL In t?lis process we define a method to generate A i;fbblem that haé_ also to be addressed_
E&\TV il ani[v;:(; }i)gflﬂxge:;s of ia];sy rulg; ‘abcu.:;t how IG:X- when dealing with real MPDM problems is
190, solution with a hgh consensus degree and with L. Lok of laformation. Sometimes, experts
i, An. a high consistency level on th &r . : are not a'ble to prowde. enough information
salize & ot ¥ € g};per S prele- about their preferences, i.e., they may not be
wation rences. o do so we use a new Consistency / able-to measure their preference degrees over

Consensus IOWA operator that handles FPRs some alternatives, or they don’t have enough
nation and some cousistency and consensus n‘leaggres knowledge about part of the problem presen-
‘Tuwer a!:oqt them to aggregate the information pro- ted, so they prefer not to guess it and not to

vided by the experts. give part of the information required to solve
raging Keywords: Incomplete Information, Con- the problem.
scision sensus, Additive Transitivity, Fuzzy Preferen- N In this paper, we present a CRP where the

Man, ce Relations, IOWA operator. information given by the experts is based on

. incomplete fuzzy preference relations (IFPR).
guistic 1. Introduction This process uses a feedback mechanism to gi-
?1“;1;;“; ve recommendations (expressed as easy rules)
(1975) Mul?iperson Decis'ion Ma.king,(MPDM) pro- that will help the.experts t(} reach a solution
(1975) bIEI:'!lS involve cho?smg a solution set of alter- th.at fulfills two different criterions. The first

natives over a feasible set X = {3, ..., z,} ac- criterion (a global one) is to obtain a solution

cording to the preferences provided by diffe- with a high consensus degree between experts.
rent experts E = {ey, ..., em }. We assume that The second one (individual criterion) is to ob-
experts express their preferences about the tain a high level of consistency on the experts
alternatives using fuzzy preference relations. preferences. Another feature of the process is

The resolution of a MPDM problem usually that it is able to give advice on how to comple-

involves two different processes: a Consensus te the missing information on the IFPRs. To

Reaching Process (CRP), where the experts do that, the CRP uses some consistency and
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consensus measures among with a new IQWA

operator (the Consistency / Consensus (CC)

TIOWA operator) that is able to aggregate the
different FPRs into a global one that repre-
sents the preferences of all the experts as a
whole.

The paper is set as follows. In Section 2
we present our preliminaries, that is, the basic
tools used in the design of the CRP, including
the CC-IOWA operator. In Section 3 we show
the CRP and finally, in Section 4 we point out
some conclusions and future works.

2. Preliminaries

In this section, we present the tools to de-
sign the CRP, that is, the concept of IFPR,
consistency measures, and the new CC-IOWA
operator. )

2.1. Incomplete Fuzzy Preference Rela-

" tions -

" There exist several representation formats
in which the experts can express their opi-
nions. One of the most used are fuzzy prefe-
rence relations [2, 7, 9, 10] because of their

effectiveness as a tool for modelling decision

processes and their utility and easiness of use
when we want to aggregate experts’ preferen-
ces.into group preferences [4, 7, 11]. )

Definition 1. A Fuzzy Preference Rela-
tion {FPR) P on a set of alternatives X is
a fuzzy set on the product set X x X, ie.,
it is characterized by a membership function
up X x X — [0,1).

When cardinality of X is small, the prefe-
rence relation may be conveniently represented
by the n x n matrix P = (p;), being py =
pp(zi,ze) (Vi,k € {1,...,n}) interpreted as
the preference degree or intensity of the alter-
native ; over mx: pi = 1/2 indicates indiffe-
rence between x; and zx (z: ~ zx), pix = 1
indicates that z; is absolutely preferred to Tk,
and pix > 1/2 indicates that z; is preferred to
Tk (zi > zx). Based on this interpretation we
have that p;; = 1/2 Vi € {L,...,n} (z; ~ ;).

Usual models to solve MPDM problems as-
sume that experts are always able to provide
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all the preferences required, that is, to provi-
de all p;x values. This situation is not always
possible to achieve. Experts could have some
difficulties in giving their preferences due to
lack of knowledge about part of the problem,
or due to that expert not being able to quan-
tify his/her degree of preference.

In order to model such situations, we define
the concept of an incomplete fuzzy preference
relation:

Definition 2. A function f: X — Y is par-
tial when not every element in the set X ne-
cessarily maps onto an element in the set Y.
‘When every element from the set X maps onto
one element of the set ¥ then we have a tofal
function.

Definition 3. [6] An Incomplete Fuzzy Pre-
ference Relation .P on a set of alternatives X
is a fuzzy set on the product set X x X that
is characterized by a partial membership func-
tion.

From an IFPR we define the following sets

[6): | )
_A={(z‘lj) li,je{l,...,ﬂ}Ai'?éj}, ’
~-MV, = {(i,j) € A | pl is unknoun},
-EVy =A\ MV,
- EVi = {(a,b) [ (a,b) € EV& A (a = iVb = 1)}
where MV}, is the set of pairs of alternatives
for which the preference degree of the first al-
ternative over the second one is not given by
expert en, EV} is theSet of pairs of alternati-
ves for which the expert e, provides preference
values and EV} is the set of preferences about
pairs of alternatives given by an expert e in-
volving alternative z;.

2.2. Consistency Measures

In real MPDM problems with fuzzy prefe-
rence relations some properties about the pre-
ferences expressed by the experts are usually
assumed desirable to avoid contradiction bet-
ween their own opinions (that is, to avoid to
have low degree of consistency). One of this

properties is the éransitivity property, which. .

represents the idea that the preference value
obtained by directly comparing two alterna-
tives should be equal to or greater than the
preference value between those two alternati-
ves obtained using an indirect chain of alter-
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natives. There are several possible characteri-
zations for transitivity (see [4]). In this paper
we make use of the Additive Transitivity pro-
perty. The mathematical formulation of this
property was given by Tanino [11] and can be
written as [4, 6]:

pik = pis +pix—0,5 Vi,j, k€ {1,...,n} (1)

A FPR will be considered additive con-
sistent when expression (1) is satisfied
Vpik,Pij: Pik | £ # § # k. Moreover, expres-
sion (1) can be used to calculate an estimated

value cpix for every pix as:
n i1 2 i3
D itk Tk Py + Py

CPik = 3(n — 2) (2)

where
CP{I = pi; +pjx — 0,5,
CP':% = pjx —pji + 0,5,
ol = pij — prj + 0,5

Note that the cpix and pir will not usually
coincide unless the preference relation’ P fully
satisfies additive consistency, and thus, we can
define an error between pix and cp:x [6]:

epik = (2/3) - [epix — pik|-

Definition 4. [6] The consistency measure
for every pair of alternatives in a FPR P is
computed as: -

Ci +Cf
ol = (1—ak)-(1-epli) +oli- 2EZE (3)

: _ #EVL
where Cz = 2—(11—_""':(5
for the alternative x; given by the expert en
and off, € [0,1] is a parameter to control the
influence of completeness in the evaluation of
the consistency levels. We proposed a simple
linear solution to obtain that parameter:

#EVE 4+ #EVE
e =1-—Th Tk
4(n —1)

is the completeness level

Definition 5. The consistency measure for
a given alternative z; is computed as:
. (el el

R __ k=1:k#i
i = 2.(n-1) !
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Definition 6. The consistency measure for
a whole preference relation is computed as:

' ot = T et
p Sty

2.3. CC-IOWA Operator

In [12] Yager defined the IOWA operator:

Definition 5. [12] An IOWA operator of
dimension 7 is a function ®w: (R x V)" = R,
to which a set of weights or weighting vector
is associated, W = (w1,...,wn), with w; €
[0,1], Z;wi = 1, and it is defined to aggregate
the set of second arguments of a list of n 2-
tuples {{u1,p1),...,{%n,Pn)} according to the
following expression,

‘I)W'((ull PI) 10y (uﬂspﬂ-)) = Z?:l Wi - Po(i)

being o a permutation of {1,...,n} such
that v = u,(,-+1),Vi =1,...,n—1, ie,
(to(iys Pagsy) is the 2-tuple with u,(; the hig-
hest value in the set {u1,...,un}. The set of
values {u1,--+,un} are called the values of an

* order-inducing variable.

IOWA operators can be used to aggrega-
te different FPR {P',---,P™} into a global
one P by defining a proper order inducing
variable [6]. We define the Consensus / Con-
sistency JOWA (CC-IOWA) operator to aggre-
gate FPRs as follows:

P = ®w({zh, Ph) - (2R, D)

where the set of inducing variables
{z},.--, 2%} will be computed as

2 = (1—8) - clli +6 - col,

being co¥ a consensus measure for the pre-
ference value p; expressed by expert en and
& € [0,1] a parameter to control the weight of
both the consistency and consensus in the de-
cision process. Usually § > 0,5 will be used to
give more importance to the most consensued
values against the most consistent ones.

3. Consensus Reaching Process

In this section we present a CRP for MPDM
based on IFPR. Contrary to other previously
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given CRPs in the literature [1, 3, 5, 8], the
CRP that we present is guided by two kinds
of measures: consistency and consensus mea-
sures. We design it trying to obtain the maxi-
mum possible consensus level while trying to
achieve a high level of consistency among ex-
perts’ preferences. We should point out that
the consistency search often leads to reduce
the consensus level and viceversa. Thus, we
try to maintain a balance between both. Mo-
reover, not only the CRP is able to achieve
a solution with certain consensus and consis-
tency degrees simultaneously, but it is able to
deal with IFPR, giving advice to the experts
-on how to complete them.

The steps of the CRP are the following:

- 1. Computing Missing Information
2. Computing Consistency Measures
. Computing Consensus Measures

4. Controlling the Consensus/Consistency -

State
5. Feedback Process

3.1. Computing Missing Information

In [6] we presented an iterative procedure
capable of completing every IFPR based on
the additive consistency of the self preference
relation and using equations derived from ex-
pression (2). In this step, we compute every
pl € MV; and thus, we obtain a reconstruc-
ted preference relation P for every IFPR P,.

3.2. Computing Consistency Measures

In this step, for every expert e, we compu-
te their respective consistent matrices CF), =
(cp:‘k) according to expression (2). From every

% and CP, we are able to compute the diffe-
rent consistency measures presented in section
2.2, ie, ol el " Vi k ¢ {1,...,n}. Then,
we define a global consistency measure among
all experts to control the global consistency
status:

CL = *———ZZL! dh.
m
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3.3. Computing Consensus Measures

The CRP also needs some consensus and
proximity measures about the experts’ prefe-
rences. In [5] these measures were given on th-
ree different levels of a FPR: pairs of alterna-
tives, alternatives and relations. We use this
measure structure on the CRP.

Firstly, for each pair of experts ey, e; (h<)
we define a similarity matrix SA™ = (smb
where , ,

smit =1~ [pl —ply].
A consensus matriz, CM = (cmik) is obtai-
ned by aggregating all the similarity matrices
using the arithmetic mean as the aggregation
function ¢:

emie = d(smfi) ; VhI=1,..,m |k <L

B

We can now compute the consensus degrees in
the different levels:

1. Level 1. Consensus on pairs of alternati-
ves. The consensus degree on a pair of al-
ternatives (z;, zx);-calléd copix is defined

. to measure the consensus degree amongst
all the experts on that pair of alternatives:

COpik = CMyk.

2. Level 2. Consensus on alternatives. The
consensus degree on an alternative (z),
called ca; 15 ‘defined to measure the ton-
sensus degree amongst all the experts on
that alternative;

_ Zzzl;kqéi(mik + Copi:)
B 2n—-2 ’

G

3. Level 3. Consensus on the relation. The
consensus degree on the relation, called
CR is defined to measure the global con-
sensus degree amongst all the experts’
opinions:

OR = iz &%
n

Similarly, as we did with the consensus de-
grees, we have to define some prozimity measu-
res for each expert. To do 50, we need a collec-
tive FPR, P° that summarizes the preferen-
ces given by all the experts. We will use the
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CC-IOWA operator (presented in section 2.3),
where the coli, values used to calculate the set
of inducing variables {zJ,. .., 2}t } are simila-
rity measures between the experts e, and the
rest of experts assessed for the pair of alterna-
tives z; and xx, computed as:

n ht A=l __In
ol E::}.H smi+ D, Sma
ik =

n—1

The proximity measures are then computed
as follows:

1. Level 1. Prozimity on pairs of alternati-
ves. The proximity of an expert e, on a
pair of alternatives (z;,zg) to the group
one, called pplk, is calculated as

o
PPl =1 — [pix = Phl-

2. Level 2. Prozimity on alternatives. The

proximity of an expert ey on an alterna-

““tive z; to the group one, called pal, is
~calculated as:

Z:=1;k;ei @Pik -+ ppki)
pai = .
2n—2

3. Level 3. Prozimily on the relation. The
proximity of an expert e, on his/her pre-
ference relation to the group one, called
_prh, is calculated as:

h_ > i Pa?

rr
n

3.4. Controlling Consensus/Consistency

State

The Consensus/Consistency State Control
process involves to decide when the feedback
mechanism should be applied to give advice
to the experts or to redirect the process to
the selection phase. It takes into account both
the consensus and consistency measures. To do
that, we define a new measure or level of satis-
faction (Consensus/Consistency Level, CCL)
that we use as a control parameter:

CCL={(1-68)-CL+6-CR

When the CCL is above a certain minimum
satisfaction threshold, v € [0,1] then the CRP
should end towards a selection process to ob-
tain the final solution for the problem.

Additionally, the system should avoid stag-
nation, that is, the consensus and consistency
measures never reaching an appropiate value.
To do so, a maximum number of iterations
mazlter should be fixed and compared to
the actual number of iterations of the process
(numliter).

The consensus/consistency control routine
pseudocode is shown:

1. If CCL > « or numlter > mazlter then
2. Go to Selection Process

3. else

5. numlter+ 4+

6. Advice the experts (feedback process)

8.5. Feedback Process

The feedback process consists on two subs-
teps: [ Identification of the preference values
that have to be changed and Generation of
advice :

3.5.1. Identification of the Preference
Values

We must identify which experts and prefe-
rence values are contributing less to reach a
high consensus/consistency state. We call the
Advice Preferences Sei (APS) to the set of
(h,i,k) whose pf values should be changed
because they are negativelly contributing to
that state. To calculate APS, we apply a three
step identification process that uses proximity
and consistency measures previously defined.

Step 1. We identify the set of experts
EXPCH that should recieve advice on how
to change some of their preference values. The
experts that should change their opinions are
those whose satisfaction degree on the relation
is lower than the satisfaction threshold v, i.e.,

EXPCH ={h|(1-6)-d"+§-pr" <}

Step 2. We identify the alternatives that
the above experts should consider to change.
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This set of alternatives is denoted as ALT. To
do this, we select the alternatives whose sa-
tisfaction degree is lower than the satisfaction
threshold 4, i.e.,

ALT = {(h,i) [ (1—68) - cf +§-cal < and
en € EXPCH}.

Step 3. Finally, we identify which of the
preference values for every alternative and ex-
pert (zi ; en | (R, i) € ALT') should be changed
according to their proximity and consistency
measures on the pairs of alternatives. Then we
have

APS = {(h,i,k) | (h,i) € ALT and
(1-8)- it +8-ppli <7}

Additionally the feedback process must pro-
vide rules missing preference values. To do so,
it has to add to the APS all missing values
that were not provided by the experts, i.e.

APS' = APSU{(h,i,k) | pli € MV3}.

3.5.2. Céneration of Advice

In this last step, recomendations are gene-
rated to the experts based on easy rules that
the CRP provides.

The rules not only tell experts which prefe-
rence values should they change, but they pro-
pose particular values for each preference to
reach a solution of high consensus/consistency.

To calculate these particular values we use
a weighed mean between the cpy value pre-
viously computed and the p$. value:

ol = (1—6) - cpli + 6 - oy,

where rpf% will be the value that will be used
in the rule to the expert e, to change the pre-
ference value about alternatives x; and z;. As
previously mentioned, with & > 0,5 the CRP
directs the experts towards a consensus solu-
tion more than to increase their own consis-
tency levels.

Finally, we should only differenciate two
cases: if the rule has to be given because
a preference value is far from the consen-
sus/consistency state or because the expert

Toma de Decisiones

did not provide the preference value. There-
fore there are two kinds of recommendation
rules:

1. Ifp} € EV, the rule generated for the ex-
pert en is: “You should change your prefe-
rence value (i, k) to a value close to rpl.”

2. If pf € MVi the rule generated for the
expert e is: “You should provide a value
for (i,k) close to rph.”

Once experts receive the recommendations
the CRP should begin again, with the experts
giving their new IFPRs which should be clo-
ser to a consensus solution with higher level of
consistency-on the individual experts’ prefe-
rences (if they have followed the provided ru-
les).

4. Conclusions and Future Works

In this paper we have presented a new
Consensus Reaching Process capable of hand-
ling Incomplete Fuzzy Preference Relations. It
uses some consistency, consensus and proxi-
mity measures among with a new IOWA ope-
rator (CC-IOWA operator) to give advice to
the experts by means of easy rules that would
direct them towards a more consensued solu-
tion, and also achieving a high consistency de-
gree on the experts’ preferences. It is even able
to give recommendations to reconstruct the
missing information on the IFPRs in a con-
sistent way.

In the future, we will refine and extend this
CRP to accept different kinds of preference re-
lations.
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