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Abstra t
Fuzzy Rule-Based Systems are
knowledge-based systems, in orporating human knowledge into their
knowledge base through fuzzy rules
(Rule Base) and fuzzy membership
fun tions (Data Base). In these kinds
of systems, the Data Base is usually dened by hoosing a spe i membership
fun tion type, uniformly partitioning
the variable domains into a number of
linguisti labels and assigning a fuzzy
set to ea h partition. This operation
mode an signi antly de rease the
FRBS performan e. To solve this problem, in this ontribution, we propose
a geneti pro ess to automati ally
learn the whole Data Base de nition
from examples, using an ad-ho data
overing learning method to obtain
the Rule Base. Our pro ess learns an
appropiate number of labels for ea h
variable primary fuzzy partition and a
good distribution for the membership
fun tions (using a non-linear s aling
fun tion to de ne the fuzzy partition
ontexts). Moreover, it tries to improve
the nal performan e of the FRBS by
hanging the extents of the universe of
dis ourse of the linguisti variables.
Keywords: Fuzzy Rule-Based Systems, Data Base, Learning, Geneti Algorithms.
1 This resear h has been supported by CICYT under
proje t PB98-1319.

1 Introdu tion
A Fuzzy Rule-Based System (FRBS) presents two main omponents: 1) the Inferen e System,
whi h puts into e e t the fuzzy inferen e pro ess
needed to obtain an output from the FRBS when
an input is spe i ed, and 2) the Knowledge Base
(KB) representing the knowledge about the problem being solved, omposed of the Rule Base (RB)
onstituted by the olle tion of fuzzy rules, and of
the Data Base (DB), ontaining the membership
fun tions of the fuzzy partitions asso iated to the
linguisti variables.
The omposition of the KB of an FRBS dire tly
depends on the problem being solved. The best
situation is when there is a human expert able to
express its knowledge in the form of fuzzy rules,
thus providing the de nitions for the DB (the relevant input and output linguisti variables for the
system, the term sets for all of them and the membership fun tions of the fuzzy sets de ning their
meaning) and for the RB (the fuzzy rules themselves). Unfortunately, this fa t is not very ommon and either the expert is not usually able to
provide all this information or there is no expert
information about the problem under solving.
Although, there is a large quantity of RB learning methods proposed in the spe ialized literature [5, 13, 18℄, there is not mu h information
about the way to derive the DB and most of
these RB learning methods need of the existen e
of a previous de nition for it (although some of
them are able to learn both the de nitions of the
DB and the RB). In this ontribution we propose a geneti method to learn an appropiate DB
from examples (in luding its three usual ompo-

ing range, i.e., fuzzy partition ontexts) is proposed in luded into a global KB learning method.

nents: number of labels per variable, membership fun tion de nitions |obtained from a nonlinear s aling fun tion that de nes the fuzzy partition ontexts| and s aling fa tors). This geneti
learning method works ooperatively with an RB derivation method, onsidered to validate the
quality of ea h DB de nition generated. In this
paper we will use two di erent ones: Wang and
Mendel rule generation method (WM) [18℄ and
Cordon and Herrera generation method (CH) [4℄.

In this paper we ombine the latter two approa hes with the aim of learning the whole DB de nition, i.e., the fuzzy partition granularity, the s aling fa tors and the sensibility of the membership
fun tions for ea h linguisti variable. Our obje tive is to improve the FRBS performan e by nding an appropiate DB for a determinated problem
using a simple RB learning method.

2 Previous approa hes for the
de nition of the Data Base

3 Learning the DB of an FRBS using
Geneti Algorithms

As said, the majority of RB learning methods
need a previous de nition of the DB to operate.
A very ommon way to pro eed to design it involves onsidering uniform fuzzy partitions with
the same number of terms (usually an odd number between three and seven) for all the linguisti
variables existing in the problem. However, this
operation mode makes the DB have a signi ant
in uen e on the FRBS performan e. In [8℄, the
in uen e of the fuzzy partition granularity (number of labels per variable) on the FRBS a ura y
is analysed.

Geneti Algoritmhs (GAs) [15℄ are sear h and optimization te hniques that are based on a formalization of natural geneti s. The geneti proess starts with a population of solutions alled
hromosomes, that onstitutes the rst generation
(G(0)), and undergoes evolution over it. While
a ertain termination ondition is not met, ea h
hromosome is evaluated by means of an evaluation fun tion (a tness value is assigned to the
hromosome) and a new population is reated
(G(t + 1)), by applying a set of geneti operators
to the individuals of generation G(t).

On the other hand, there are some approa hes
that try to improve the preliminary DB de nition onsidered on e the RB has been derived.
To put this into e e t, a tuning pro ess onsidering the whole KB obtained (the preliminary DB
and the subsequently derived RB) is used a posteriori to adjust the membership fun tion parameters to improve the FRBS behaviour (for some
examples of these kinds of methods, based on
Neural Networks and Geneti Algorithms, refer
to [2, 3, 9, 13℄).

Reviews of di erent systems that use GAs in order
to design FRBS are ontained in [5, 10℄. GAs
have been basi ally applied to the learning of the
di erent omponents of the KB (RB in isolation
or both DB and RB) and to adjust a preliminary
DB de nition maintaining xed an RB previously
derived [5℄.

On the other hand, there are some ontributions
that onsider the de nition of the DB as an important task prior to the FRBS design. For example, a lustering method that obtains a good fuzzy
partition for problems with a single input variable
variable an be found in [17℄. In [8℄, a method to
learn a good uniform fuzzy partition granularity
using Simulated Annealing is proposed. Moreover, in [14℄, a learning me hanism for di erent
parameters of the DB (s aling fa tors and sensibility of the fuzzy partition in the variable work-

The important questions when using GAs are:
how to ode ea h solution (in this ase, the DB
of an FRBS), how to evaluate these solutions and
how to reate new solutions from existing ones.
Moreover, it is relatively important the hoi e of
the initial population, be ause we an obtain the
better solutions more qui kly if an adequate initial gene pool is hosen.
In this se tion, we propose a geneti learning
method for the DB of a Mamdani FRBS that allows us to de ne:

 The number of labels for ea h linguisti
able.

vari-

order to make easier the stru ture of the generated DB and to simplify the defuzzi ation pro ess.

1

0.8

Ea h hromosome odi es a omplete DB de nition by en oding the said parameters. To evaluate a romosome, we use an ad-ho data overing method to learn the RB onsidering the DB ontained in it, obtaining a omplete KB, and
measure the a ura y of the FRBS obtained on a
training data set.
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The next four subse tions des ribe the main omponents of the geneti learning pro ess.
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Figure 1: Fuzzy partitions with a = 1 (at the
top), a > 1 (down left), and a < 1 (down right)

 The variable domain (working range).
 The form of ea h fuzzy membership fun tion
in non-uniform fuzzy partitions, using a nonlinear s aling fun tion that de nes di erent
areas in the variable working range where the
FRBS has a higher or a lower relative sensibility, i.e., the fuzzy partition ontexts.

All of that elements will be adapted throughout
a geneti pro ess. Sin e it is interesting to redu e
the dimensionality of the sear h spa e for that
pro ess, the use of non-linear s aling fun tions is
onditioned by the ne essity of using parameterized fun tions with a redu ed number of parameters. In this paper we onsider the s aling funtion
proposed in [14℄, that has a single sensibility parameter alled a (a 2 IR). The fun tion used is
(f : [ 1; 1℄ ! [ 1; 1℄)
( ) = sign(x)  jxja ;

f x

with

a >

0

The nal result is a value in [ 1; 1℄ where the
parameter a produ es uniform sensibility (a = 1),
higher sensibility for enter values (a > 1), or
higher sensibility for extreme values (a < 1). Fig.
1 shows a graphi al representation for these three
possibilities.
Triangular membership fun tions are onsidered
due to their simpli ity. Moreover, the non-linear
s aling fun tion will only be applied on the three
de nition points of the membership fun tion, in

3.1

En oding the DB

The three main omponents of the DB are the
number of linguisti terms for variable, the membership fun tions that de ne their semanti s and
the s aling fa tors. The latter omponent allows
us to hange the variable working range, usually onsidered as a xed part of the problem. As
des ribed in [14℄ for the ase of Fuzzy Logi Controllers, an enlargement of the working range produ es a hange on the gain of the ontroller related to the orresponding variable. We will dire tly
translate this idea to the Fuzzy Modeling eld.
As regards the membership fun tions, we initially
onsider triangular-shaped fun tions, symmetrial and uniformly distributed a ross the variable
working range. Then, we apply the non-linear
fun tion previously des ribed on the three de nition points of ea h label. Thus, the number of
labels and the sensibility parameter for ea h variable are the only information needed to de ne the
whole fuzzy partition.
Therefore, ea h hromosome will be omposed of
three parts:

 Number of labels (

): For a system with N
variables (in luding input and output variables), the number of labels per variable is
en oded into an integer array of lenght N. In
this ontribution, the possible values onsidered are the set f3; : : : ; 9g.
C1

 Sensibility parameters (

): A real array of
lenght N, where the sensibility parameter (a)
for ea h variable is stored. In our ase, the
range onsidered for this parameter is the interval (0; 10).
C2

 Working ranges (

C3 ): An array of N  2 real values stores the variable working range
([vmin ; vmax ℄). If the initial domain of a varii ; vmax
i ℄, and d is the interval diable is [vmin
i
i
mension (d = vmax
vmin ), the range
onsidered for the variable domain lower limit is
i
i ℄, and the range for the
[vmin
(1=4  d); vmin
i
i + (1=4  d)℄.
upper limit is [vmax ; vmax

A graphi al representation of the hromosome is
showed next:
C1
C2

C3

= (l1 ; : : : ; lN )

M

3.3

 Generate the fuzzy partitions for all the linguisti variables using the information ontained in the hromosome. First, ea h variable is linearly mapped from its working
range [riinf ; risup℄, = 1
(third part of
the hromosome) to [ 1; 1℄. In a se ond step,
uniform fuzzy partitions for all the variables
are reated onsidering the number of labels per variable (l1 ; : : : ; lN , rst part of the
hromosome). Finally, the non-linear s aling fun tion with its sensibility parameter
(a1 ; : : : ; aN , se ond part of the hromosome)
is applied to the de nition points of the membership fun tions obtained in the previous
step, obtaining the whole DB de nition.
i

= C1 C2 C3

Initial Gene Pool

 The

rst #val  3 hromosomes will have the
same number of labels and the initial working range in all its variables. For ea h possible number of labels, three individuals with
the three main possibilities for the sensibility
parameter will be reated: one with a = 1,
another with a < 1 and the other with a > 1
(the latter two values are generated at random).

 The se ond #  3

val
hromosomes are equal
to the rst group, but randomly hanging the
variable working range. Ea h hromosome
will have the same number of labels in all
its variables. For ea h possible number of
labels, three individuals are reated as in the
rst part of the population (one with a = 1,
another with a < 1 and the other with a >
1). For the third part of the hromosomes,
two random values in the variable working
range interval (lower and upper) are sele ted.

Evaluating the DB

There are three steps that must be done to evaluate ea h hromosome:

sup)
= (r1inf ; r1sup; : : : ; rNinf ; rN

The initial population is omposed of three parts,
the rst two having #val  3 hromosomes, being
#val the ardinality of the term set (in our ase
#val = 7, orresponding to the seven possibilities
for the number of labels, 3 : : : 9). Therefore, the
number of hromosomes (M ) has to be at least
greater than #val  6. The generation of the initial gene pool is des ribed next:

val

omponents are sele ted at random. In our
ase, this part has 22 hromosomes, so, the
total population lenght is 64.

= (a1 ; : : : ; aN )

C

3.2

 In the rest of the initial population, the remaining
(#  6) hromosomes, all the

;:::;N

 Generate

the RB, by running a fuzzy rule
learning method onsidering the DB obtained.

 Cal ulate

the Mean Square Error over the
training set using the KB obtained (DB +
RB). This value will be used as the tness of
the hromosome.

3.4

Geneti operators

A set of geneti operators is applied to the geneti ode of the DB ontained in G(t), to obtain
G(t + 1). Due to the spe ial nature of the hromosomes involved in this DB de nition pro ess,
the design of geneti operators able to deal with
it be omes a main task. Sin e there is a strong
relationship among the three hromosome parts, operators working ooperatively in C1 , C2 and
C3 are required in order to make best use of the
representation used.
Taking into a ount these aspe ts, the following
operators are onsidered:

3.4.1

Sele tion

The reprodu tion operator is the Baker's sto hasti universal sampling [1℄, in whi h the number of
any stru ture o spring is limited by the oor and
eiling of the expe ted number of o spring, together with the elitist sele tion.
3.4.2

Mutation

Two di erent operators are used, ea h one of them
a ting on di erent hromosome parts. A brief des ription of them is given below:

 Mutation on

C1 : The mutation operator sele ted for C1 is similar to the one proposed
by Thrift in [16℄. When a mutation on a gene
belonging to the rst part of the hromosome
is going to be performed, a lo al modi ation
is developed by hanging the number of labels
to the inmediately upper or lower value (the
de ision is made at random). When the value
to be hanged is the lowest (3) or highest one
(9), the only possible hange is developed.

 Mutation on

C2 and C3 : Sin e both parts are
based on a real- oding s heme, Mi halewi z's
non-uniform mutation operator is employed
[15℄.
If Cvt = ( 1 ; :::; k ; :::; H ) is a hromosome
and the element k was sele ted for this mutation (the domain of k is [ kl ; kr ℄), the result is a ve tor Cvt+1 = ( 1 ; :::; 0k ; :::; H ), with
k 2 1; :::; H , and

0 =
k

(

k + 4(t; kr
k 4(t; k

k ) if e = 0,
kl ) if e = 1

where e is a random number that may have a
value of zero or one, and the fun tion 4(t; y)
returns a value in the range [0; y℄ su h that
the probability of 4(t; y) being lose to 0 inreases as t in reases:

4(

t; y

) = y(1

r

(1

t b
T) )

where r is a random number in the interval
[0; 1℄, T is the maximum number of generations and b is a parameter hosen by the user,

whi h determines the degree of dependen y
with the number of iterations. This property auses this operator to make an uniform
sear h in the initial spa e when t is small,
and a very lo al one in later stages.
3.4.3

Crossover

As regards the re ombination pro ess, two di erent rossover operators are onsidered depending
on the two parents' s ope:

 Crossover when both parents

have the same
granularity level per variable: If the two par-

ents have the same values in C1 (ea h variable has the same number of labels in the
two parents), then the geneti sear h has loated a promising spa e zone that has to be
adequatelly exploitated. This task is developed by applying the max-min-arithmeti al
(MMA) rossover operator in C2 and C3 and
obviously by maintaining the parent C1 values in the o spring. This rossover operator is proposed in [11℄ and works in the way
shown below.
If Cvt = ( 1 ; :::; k ; :::; H ) and Cwt =
( 01 ; :::; 0k ; :::; 0H ) are to be rossed, the following four o spring are generated

t+1 = dC t + (1 d)C t
w
v
t
+1
t
t
C2
= dCv + (1 d)Cw
t
+1
C3
with t3+1
k = minf k ;
t
+1
t
+1
C4
with 4k = maxf k ;
C1

0g
k
0g

k

This operator an use a parameter d whi h is
either a onstant, or a variable whose value
depends on the age of the population. The
resulting des endents are the two best of the
four aforesaid o spring.

 Crossover when the parents en ode di

erent granularity levels: This se ond ase high-

ly re ommends the use of the information
en oded by the parents for explorating the
sear h spa e in order to dis over new promising zones, onsidering that a good sensibility parameter or working range for a variable
probably auses worse behaviour if it is used
with a di erent number of labels. Hen e,

when C1 is rossed at a ertain point, the values in C2 and C3 orresponding to the rossed
variables are also rossed in the two parents.
In this way, an standard rossover operator
is applied over the three parts of the hromosomes. This operator performs as follows:
a rossover point p is randomly generated in
C1 and the two parents are rossed at the pth variable in C1 . The rossover is developed
this way in the three hromosome parts, C1 ,
C2 and C3 , thereby produ ing two meaningful des endents.
Let us look at an example in order to larify
the standard rossover appli ation. Let
t=(1

p p+1
N 1
p p+1
N
inf
sup
inf
sup
inf
sup
inf
sup
r1
; r1
; : : : ; rp
; rp
; rp+1 ; rp+1 ; : : : ; r
N ; rN )

C

l ;:::;l ;l

;:::;l

;a ;:::;a ;a

;:::;a

l1

0

0

0

0

0

0

0

0

0

0

0

0

be the individuals to be rossed at point p,
the two resulting o spring are:
t+1 = (l1 ; : : : ; lp ; lp+1 ; : : : ; lN ; a1 ; : : : ; ap ; ap+1 ; : : : ; aN ;
inf ; rsup ; : : : ; rinf ; rsup ; rinf ; rsup ; : : : ; rinf ; rsup )
r1
p p p+1 p+1
1
N
N
Ct+1 = (l1 ; : : : ; lp ; lp+1 ; : : : ; lN ; a1 ; : : : ; ap ; ap+1 ; : : : ; aN ;
inf ; rsup ; : : : ; rinf ; rsup ; rinf ; rsup ; : : : ; rinf ; rsup )
r1
p
p
1
p+1 p+1
N N
0

0

0

0

C

0

0

0

0

0

0

0

0

0

0

0

0

0

Hen e the omplete re ombination pro ess will allow the GA to follow an adequate explorationexploitation rate in the geneti sear h. The expe ted behavior onsists of an initial phase where
a high number of standard rossovers and a very
small of MMA ones (equal to zero in the great
majority of the ases) are developed. The geneti
sear h will perform a wide exploration in this rst
stage, lo ating the promising zones and sampling
the population individuals at them in several runs. At this moment a new phase begin, hara terized by the in rease of the exploitation of these
zones and the de rease of the spa e exploration.
Therefore the number of MMA rossovers rises a
lot and the appli ation of the standard rossover
de reases. This way to perform an appropiate
exploration-exploitation balan e in the sear h was
su esfully applied in [7℄.

a1

...

inf
sup
... a N r1 r1
...

inf
sup
... rN rN

Max-Min-Arithmetical Crossover
Non-uniform Mutation

4 Appli ation examples

;

0

lN

Figure 2: Geneti representation and operators'
appli ation s ope

0

0

...

C3

Simple Crossover

C

0

...

Thrift’s Mutation

t = (l1 ; : : : ; lp ; lp+1 ; : : : ; lN ; a1 ; : : : ; ap ; ap+1 ; : : : ; aN ;
inf
sup ; : : : ; rinf ; rsup ; rinf ; rsup ; : : : ; rinf ; rsup )
r1
; r1
p
p
p+1 p+1
N
N
0

C2

C1

A problem with estimations of minimum maintenan e osts whi h are based on a model of the optimal ele tri al network for a spanish town [6℄ will
be onsidered to validate the DB geneti learning
pro ess proposed. The problem has four input
variables: Sum of the lengths of all streets in the
town, Total area of the town, Area that is o upied by buildings and Energy supply to the town
and one output variable: Maintenan e osts of
medium voltage line. These values are somewhat
lower than the real ones, but ompanies are interested in an estimation of the minimum osts. Of ourse, real maintenan e osts are exa tly
a ounted but a model that relates these osts
to any hara teristi of simulated towns with the
optimal installation is important for the ele tri al
ompanies.
We were provided with data on erning four different hara teristi s of the towns and their minimum maintenan e osts in a sample of 1059 simulated towns. In this ase, our obje tive was to
relate the last variable (maintenan e osts) with
the other four ones. The training set ontains 847
elements and the test set ontains 212 elements.
We are going to onsider two RB automati learning methods:

 The WM fuzzy rule generation method [18℄.
 An adaptation of the simpli ed TSK fuzzy

rule generation method presented in [12℄,
that makes the pro ess able to deal with rules
with fuzzy onsequent, whi h an be found in
[4℄. This method onsiders the n-dimensional
table representation for the RB to generate.

On every ell of this table, the subset of the
input-output data pairs belonging to the orresponding input fuzzy subspa e is onsidered. The onsequent asso iated to the rule
will be the output variable label that maximizes some overing riterion over the training set. This method will be denoted CH.
The geneti parameters used in the experiments
are showed in Table 1.
Table 1: Geneti parameter values
Parameter
Value
Population size
64
Crossover probability
0.6
Mutation probability
0.1
Parameter b (non-uniform mutation) 0.5
Parameter d (MMA rossover)
0.35
Number of generations
1000
Four experiments were run for ea h one of the
two RB learning methods onsidered with di erent initial seeds, and the main results (M S Etra )
are ompared with the best results obtained when
running these methods onsidering uniform fuzzy
partitions and initial working ranges, obtained
from an exhaustive sear h, as developed in [8℄.
The results obtained onsidering uniform fuzzy
partitions are showed in Table 2 whilst the results obtained by our method are presented in Table
3, where the last two olumns show the improvement per entage of our method over the best result onsidering uniform fuzzy partitions with the
same number of labels per variable (1) and with
any number of labels per variable (2).

5 Con luding Remarks
Two main on lusions an be drawn from the results obtained:

 Our method obtains a signi

ative improvement with respe t to the lassi al uniform
fuzzy partitions onsidered in both RB learning methods.

 Our method is very robust, be ause it does

not ause over-learning. The M S Etra and
the M S Etst are very similar in all the experiments.

Our future work will be fo used on validating the
DB de nitions obtained for our geneti pro ess
ombined with simple and qui k RB generations
methods when onsidered to design FRBSs by
means of more sophisti ated RB generation proesses, and to modify the pro ess in order to apply other kinds of non-linear fun tions to de ne
the fuzzy partition ontexts, i.e., to hange the
sensibility of the membership fun tions into the
variable working range.
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