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Interpretation of Artificial Neural Networks by Means
of Fuzzy Rules

Juan L. Castro, Carlos J. Mantas, and José M. Berilember, IEEE

Abstract—This paper presents an extension of the method pre-
sented by Benitezt al. for extracting fuzzy rules from an atrtificial
neural network (ANN) that express exactly its behavior. The ex-
traction process provides an interpretation of the ANN in terms
of fuzzy rules. The fuzzy rules presented in this paper are in ac-
cordance with the domain of the input variables. These rules use
a new operator in the antecedent. The properties and the intuitive
meaning of this operator are studied. Next, the role of the biases

ophy. This method describes the action of the ANN indi-
cating, by means of polyhedra, the locations of the input
space which generate a specific output. It has the draw-
back of lack of conciseness, because it can produce an
exponential number of subpolyhedra in each stage of the
algorithm.

On the other hand, in [3], it is proved that ANNs with

in the fuzzy rule-based systems is analyzed. Several examples are
presented to comment on the obtained fuzzy rule-based systems.
Finally, the interpretation of ANNs with two or more hidden layers

is also studied.

Index Terms—Artificial neural networks (ANNS), extraction,
fuzzy rules, interpretation.

continuous activation function are fuzzy rule-based sys-
tems [7], [22]. Fuzzy rules which express exactly the
input—output mapping of the ANNSs are extracted. In this
way, a more comprehensible description of the action of
the ANN is achieved.
However, the fuzzy rules presented in [3] have a problem re-
garding their use for understanding the action of an ANN. The
rules are reasonable for understanding the real line domain func-
RTIFICIAL neural networks (ANNSs) [9], [18] are well tionwhichis calculated by the ANN, but sometimes they are not
known massively parallel computing models which havi the domain where the input variables work. To illustrate this
exhibited excellent behavior in the resolution of problems iproblem, let us consider the following fuzzy rule (presented in
many areas such as artificial intelligence, engineering, etc. Hol®]), extracted from an ANN that solves the iris classification
ever, they suffer from the shortcoming of being “black boxesproblem [5].
i.e., determining why an ANN makes a particular decision is a
difficult task. If sepal-length is greater than ap-
The “principle of incompatibility” of Zadeh [21] established proximately 22.916 i-or
“the complexity of a system and the precision with which it can sepal-width is not greater than ap-
be analyzed bear a roughly inverse relation to one another proximately 137.500 i-or

I. INTRODUCTION

This principle can be applied to the ANNs. The ANNSs are sys- petal-length is greater than ap-
tems with high complexity, which can achieve a good approx- proximately 14.013 i-or

imation to the solutions of a problem. Against that, it is very petal-width is greater than approx-
difficult to analyze their performance. According to this prin-  imately 17.886

ciple, the methods for understanding the action carried out by then
a trained ANN can be classified. We have two possibilities for
analyzing an ANN. The input variables of the IRIS classification problem take
1) To obtain a comprehensible system that approximates tr@ues on
behavior of the ANN (more comprehensienless com-
plexity = less accuracy). In this case, any rule extraction
method [1], [6], [14], [15], [17] can be used. A survey of
several rule extraction methods can be found in [2].
2) To describe the exact action of the ANN as comprehen-
sibly as possible (same complexiy same accuracy

same comprehension but with other words). In this case,eyen though the fuzzy propositions in the previous rule are
the methods presented in [3] and [11] can be used. TB§mprehensible, they are not in accordance with the domain of
method presented in [11] does not generate an exact s input variables. For example, the fuzzy proposition
rect representation of the ANN, but it aims at this philos- sepal-width is not greater than approximately 137.500
is comprehensible, butepal-width € [2.0,4.4], therefore
Manuscript received March 21, 2000; revised February 7, 2001. the degree of this proposition is always “almost one” for any
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Fig. 1. Multilayer neural network. 022

. . . . Fig. 2. Membership function for fuzzy set (“greater thanapproximately
whose propositions are in accordance with the domain of the)

input variables. The logical operator that combines fuzzy propo-
sitions changes correspondingly. This new operator has intgjere we have the following.
esting properties with a very intuitive interpretation.

This paper is structured as follows. Section Il is a summary of
the method for extracting fuzzy rules from an ANN presented
in [3]. In Section lll, the way of achieving fuzzy rules in ac-
cordance with the domains of the input variables is explained.
Section IV presents the intuitive meaning of a new operator that
appears in the fuzzy rules. Its properties are described in Ap-
pendix Il. The method for extracting correct fuzzy rules from an
ANN is presented in Section V. The role of the biases in the ob-
tained fuzzy rule-based system is analyzed in Section VI. Some
examples are presented in Section VII. In Section VI, the way
for interpreting ANNs with two or more hidden layers is ex-
posed. Finally, some conclusions are drawn.

» The system output is the vector whose components are
given by, = Z;‘zl v (additive fuzzy system),
wherew;;, is the firing strength for rulef2;; (matching
degree between inputs and antecedents). The fuzzy rules
R;; can be modified for obtaining a TSK fuzzy system
[16] (see Appendix I).

A" are fuzzy sets obtained from the weigthas;, the
biasesr; and the fuzzy setl defined by the membership
functiong 4 (z) = fa(z) [19], [20] (A may be understood

as ‘greater than approximately 2decausef, *(0.9) =

2.2 [3], see Fig. 2). So

Tiwi; + i is [noT] A
n

II. ANNs AS Fuzzy RULE-BASED SYSTEMS (SUMMARY ) —ziwi; + i is [nof greater than approximatety2
Multilayered feedforward ANNSs are the most common model " 9 -
of neural nets, hence they are studied in this work. Letus consider =, is [nof] greater than approximateléj>
an ANN with input, hidden, and output layers. Let us suppose Wiy

that the net has input neuronsg, . .., z,), h hidden neurons =x; is [nof] A;;’ Whereumk(ﬂf) = f4 (a:zw“ + T_J) )
(21, ..., 2x) andm output neuronsy, . . ., ¥). Let7; the bias ’ n
for neuronz; andy;, for neurony;,. Letw;; be the weight of the
connection from neurog; to neuror; andg;; the weight of the
connection from neurog; to neurony;. Fig. 1 shows the general
layout of these nets. The function the net calculates is ior(a,b) =

* ¢or is a logic connective defined as

ab
(1—a)(1—0b)+ab

, With a,b € (0,1)
F:§Rn_>§Rm,; F(xlv"'vxn):(ylv"'vyrn)

5 where
Yk =ga Z (2iBix) + ¢ .
=1 fa(Ziwr 4+ zows) = fa (zrwr) dor fa (w2ws)
with  z; =f4 <Z($iwij) +Tj> and
i=1
where g4 and f4 are activation functions. For example, Falzw) = {xﬂﬂv is f47 ?f w; > 0.0
gA(-T) — ande(x) _ 1/(1 + e—a;)_ T; |w7| isnotd, if w; <0.0

In [3], multilayer feedforward ANNs are seen as additive

fuzzy rule-based systems [8]. In these systems, the outputs of* There are rulesR,: If True theny,. = ¢x.,” derived from
each rule are weighted by the activation degree of the rule and the biasespy.
then, are added. In the obtained fuzzy system from an ANN,As we have mentioned in the introduction, it may happen that
there is a rulg;;, per pair of neurons (hidden, output}, () the fuzzy propositionsz; is [not] A;;"” are not in accordance

. . L ] 5 . ) N with the domains where the variablestake values. In the next
Ry« if 2y is Ajy” dor 2918 Aj” tor ... dor 2y, 1S Ajy section, it will be exposed a way of achieving that the fuzzy

theny, = B propositions work within the domain of the variables
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Fig. 3. (a) Domains wherex{wy;), (xzw2;) and (3ws;) work together with the fuzzy set§ and—A. (b) Domains of ;|w;;|), i = 1,2.3. (c) Domains
where @;|w;;| — 70), ¢ = 1,2, 3 work. (d) Domains wher&(z;|w;;| — 70), ¢ = 1,2, 3 work.
Ill. COHERENTFUZZY PROPOSITIONS can study the domains of{|w;;|), ¢ = 1,2,3 [Fig. 3(b)] be-

fause ifw;; < 0, the following lemma can be applied.

The idea for attaining f ropositions in accordance wi
! ining zzy proposit ! ! demma l:if pa(x) = fa(x) thenVe € R, zis A & —xis

the domains of the input variables consists of transforming thes
domains with the aim that they become to contain to the intervA18t A-

where the fuzzy propositions are coherent. To better explain the-€t70 = (Minimum{juw;;[,i = 1,2,3}/2) = |wy;|/2.70 can
idea, let us consider a simple example. be used for centering the most narrow domaigQfw;;|) ¢ =

Let us suppose three input variables of an ANN, i = 1,2,3 on the origin. The_z domgins of the_remain_ing variable_s
1,2,3. These variables will be normalized;( € [0,1], i = (xi|wi;|) are correspondingly displaced. Fig. 3(c) illustrates this

1,2, 3). The output of thei hidden neuron will be fact (domains wherex |wi;| — 7o), i = 1,2, 3 work).
This change can be carried out without difficulty because

3 3
#j = fa <Z (wiwig) + Tj) zj =fa <Z (wwgy) + Tj)

i=1

=1
that is equivalent to the degree to which the following proposi- =fa ((@1]wi;] — 70) = (@2|wa;] — 70)
tion activates (coherent in the real line domain): +(xs|ws;| —70) + (15, + 70 — 70+ 70))
3 =fa ((z1w1; — 70) + (w2w2; + 70)
Z(xiwij)"kﬂ' is A +(z3ws; — 70) + (75 + 70))
i=1 =fa(zrwr; — 10) tor fa(zowa,; + 7o)
whereu 4 (z) = fa(x) (A =“greater than approximately 22 ior fa(w3ws; — 10) ior fa(7; + 7o)
Let us suppose that,; < 0, wi; > 0, wy; > 0 and if =(a1wy, — 7o) IS Aior (zawa; + 7o)

it < kthen|w;;| < |wy;|. Sincexy, x2 andz; take values in
[0,1], the domains for variables:{w,;), (z2w2;) and E3ws;) ) i
are P, wy;], [wa;,0] and 0, ws;], respectively. Fig. 3(a) illus- =(x1w1; — 70) IS Aior — (z2w2; + 7o)

trates these domains along with the fuzzy sétand—-A. We is not A ior (zaws; — 70) IS A dor (7, + 70) IS A.

iS A dor (zzws; — 7o) IS Ador (1, +79) IS A
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Next, the domains are transformed by the function Lemma 3:If w;; < 0.0, i = (mMinimum{jw,;|,i =
o) — ' 8 B 1(,)1,71}/2) andu = 4/7 then((2.2 + w« - 7o)/ (—u - w;;)) €
U= T mimmumeg i =Lz v O

Now, the wanted operatap can be defined

Since the most interesting area of the neurons activation funcDefinition 1: Letn > 0, > 1.0 anda;, € (0,1),¢{ =
tion (and correspondingly fuzzy set membership function) is the. . ., n. The operato? : (0,1)" — (0, 1) is defined as
interval [-4.0,4.0], the transformatidfi maps the most narrow

domain of (¢;|w;;| — 7o) into [-4.0,4.0]. The fuzzy proposition @plat, ..., an)
“x is [not] A” is reasonable in this interval. ag’l coeals
Hence, the least domain 6f;|w;;| —70) ¢ = 1,2, 3, is trans- - a7 et (L—a) (L= ap)t

formed into the interval £4.0,4.0], where the fuzzy proposi- _ _ o
tion “z is [not] A” is reasonable. The domains of the remaining The following lemma confirms that, actually, this is the oper-

variables {'(z;|w;;| — 70)) contain to the interval£4.0,4.0].

ator we were looking for in order to state the equality between

Fig. 3(d) illustrates this transformatiom. will be greater or the newly formulated rules and the network neurons.
equal than 1.0, because-if were less than 1.0 the domains Lemma 4: The operatow,, verifies

would contain into the interval{4.0,4.0] and therefore, the

transformatiori” would not be necessary.

The last step consists of finding a logical connectiveeri-

fying

fa(zi+xo) = fa(T(21)@ fa(T(22)) = fa(u-z1)@ falu-z2).

With this logical connective we can get

zj =fa <Z (ziwij) + Tj)

=1
=fal(z1]wij]| — 70) — (w2]wa;| — 7o)
+ (z3|ws;| = 70) + (7; + 70 — 70 + 70))
=fa(u- (z1lwij| = 70)) @ fa((=1.0) - u - (w2|wz;| — 70))
@ falu- (zslws;| — 70)) @ falu- (15 + 70))
=u-(zrwij; —70)ISAQ (—1.0) - u - (wo|wo;| — 70) IS A
@ (u- (raws; —70))ISAQ@u-(1;+710) IS A

=u - (zrwij; — 70) ISA® (=1.0) - u - (x2wz; + 70) IS NOLA

@ (u- (raws; —70))ISA@u - (1;+ 70) IS A.

fa(er + -+ 2n) = Op(fa(T(x0)); - -, fa(T(2n)))

whereT(z) = w-z,n > 0,u > 1.0, fa(z) = 1/(1+e ™)
andz; € R.

It is immediate to check the resemblance between this new
operator and thé-or operator [3]. This relationship extends
through a number of properties that both operators share. The
most interesting properties of the new operator are described in
Appendix Il. One aspect of the utmost importance for its in-
tended role in the interpretation of ANNSs is that the new oper-
ator also has a natural, intuitive meaning.

IV. INTUITIVE INTERPRETATION OF THEOPERATOR®®"

The properties of the operater (presented in Appendix Il)
are used for providing it an intuitive interpretation. It can be best
exposed through an example.

Let us consider a person who wants to buy a car.
He/she is studying a particular model. Initially, he/she
does not know whether it is advisable to buy this
model (buying advisability ~ 1.0) or it is unsuitable

These fuzzy propositions are in accordance with the domauying advisability ~ 0.0), i.e., buying advisability= 1/2.

of the variables:; € [0, 1] because of the following.
1) For positive weights, i.ew;; > 0.0

— 7'0) isA

=u - (z;w;; — 70) IS greater than approximatedy2

. . .2 .
=z, is greater than approxmate!zyM

U - Wyj

224+u-T19

U~ Wiy

and € (0,1) (see the following Lemma)2

Lemma 2: If w;; > 0.0, 70 = (minimum {|w;;|,¢ =1,...,

n}/2) andu = 4/7 then((2.2 +u - 70)/(u - wi;)) € (0, 1).
2) For negative weightsy;; < 0.0
(—1.0) S (.’177111“ + 7'0) isnotA
E(—l.O) U - (a:zw“ + 7'0)
is not greater than approximatety2

. . 2 -
=z, is not greater than approxmate%yM

_u.wZJ
224 u-71p

—1 - w7]

and € (0,1) (see the next Lemma)3

With the aim of modifying thebuying advisability he/she
asks about: characteristics of the car model (motor, starter,
speeding up, comfort, etc). For example, what about the motor?
(good~ 1.0 or bad= 0.0). With thesen answers# values in
(0,1)), he/she obtains a new value for thying advisability

(e (0,1)). This last process of aggregation may be modeled
using the operatopy.

Let us have a closer look at several points.

1) The final decision of buying the car model and bheing
advisabilityare different things, although dependent.

2) The answers and thieuying advisabilityare also dif-
ferent. Hence, it is not reasonable to aggregate a value of
buying advisabilitywith an answer, i.e., it is reasonable
that the operator®? is not associative (Property 2 of
Appendix I1).

3) If a characteristic is not good or bad (answer 1/2),
it should not influence in the modification of thmiying
advisability (Property 3 of Appendix IlI). On the other
hand, if all the characteristics are neuter (answetsy' 2),
the buying advisabilitygoes on with the initial value=
1/2) (Property 4 of Appendix II).
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Fig. 4. ANN that solves th&or problem.
4) If the qualities of two characteristics are opposed V. ANNS ASFuzzy RULE-BASED SYSTEMS

but of equal strength, they do not influence in the
modification of thebuying advisability(Property 5 of
Appendix ).

5) If all the characteristics are positive (answerd/2), the

. S rocedure to produce such transformation.
buying advisabilityincreases from 1/2 to 1.0 (Property & . . . _
of Appendix Il). On the other hand, if all the characteris- Let us consider the multilayer ANN with one hidden layer

. . . -~ Tlllustrated in Fig. 1. Let us suppose that somg weights are
tics are negative (answers 1/2), thebuying adV|sap|I|ty positive and others are negative. Without loss of generality, let
decreasgg from 1/210 0.0 (Prpperty? of Appendix I1). us consider thatv;; < 0.0 for1 < ¢ < p andw;; > 0.0 for

6) If E(i)_osmveansweiLS— ;/2.) 'S grdea_lteerlhtar?S(l/2 ___p < i < n.The procedure for transforming this ANN into a
negativeanswers, the buying a Visaolllly Increases fuzzy rule-based system is composed of the following steps.
from 1/2 (Property 8 of Appendix Il). On the other

At this point, we have all the tools necessary to express a
given ANN (of the kind under study) in terms of fuzzy rules
coherent with their input domains. In this section, we present a

hand, ifS(positive answers- 1/2) is less thart(1/2 — 1) Transform the domains of the input variables. This can be
negativeanswers, the buying advisability decreases carried out for each hidden neuron independently, so the
from 1/2 (Property 9 of Appendix I). obtained system will have fuzzy rules with different op-
7) If a characteristic of the car model is totally perfect, erstorsgg. To obtain fuzzy rules with the same operator
the buying advisabilitywill be 1.0 (Property 10 of Ap- ®%, a common value. must be used for all the transfor-

pendix II). On the other hand, if a characteristic is totally ~ Mations. Hence, this step consists of calculating
dreadful, thebuying advisabilitywill be 0.0 (Property 11
of Appendix II). _minimum{|w;;|, 1 <é<n, 1 <5 <A}

8) A buying advisabilityof a car model will be less than the 7o 2 and
buying advisabilityof other car model with better charac- u _4
teristics (Property 12 of Appendix Il). 7o

9) The credibility of the answers about the characteristics
is determined in terms of the parameterThe greater Now, the functionZ'(z) = « - = and the operatop
. . . . ! n
is u, the lesser is the importance of the answers (influ- 56 common for all the fuzzy rules.

ence on the result) and vice versa (Property 13-16 of Ap- 2) For each output neuran, a fuzzy rule ‘Roy: If True then

pend_ix ”),' . o yr = 1" is added to the rule base.
We canfinday applicability in many other situations. For ex- 3) For each pair of neurons (hidden, output). ¢, the fol-
ample, an editor can us#: to determine whether it is advisable lowing rule is added:

to publish a scientific paper or not, starting from the features of
the paper included in the reviewers’ reports.

The operatorR? determines the advisability of carrying out Ry If —T(xrwy; + 70) IS not
an action through the aggregation of several evaluations or opin- greater than approximately 2.2 On1
ions about independent facts. ..
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—T(x,wpj + 7o) IS not greater where a default value is modified as new information is
than approximately 2.2 ®na1 considered [10].
T(zpenyweper); — 7o) IS greater 2) The biases; generate the constants = fa(T(r; —p-
than approximately 2.2 ®na1 10 + (n — p) - 70)) that appear in the antecedents of the
......... fuzzy rulesR;;. In order to understand the interpretation
T(znw,; — 79) IS greater than of the constants;, the following lemma explains the role
approximately 2.2 il of the; parameters.
Vi Lemma 5:Letb, aq,...,a, € (0,1),w > 1 and®} (b) =
then y. = Bjx, k € (0,1). Then we have the following.
1) 1f 3 ai/n) >1/2= @nyy (byar, ... a,) > k.
where 2) F (30 ai/n) <1/2= @k, (bay,...,an) > k.

a) —T'(z;wi; + 7o) is not greater than approxi- According to the previous lemma, the constantgrovide
mately2.2 = z; is not greater than approximatelya default value @t (v,), for the firing strength of the an-
(224w -70)/(—u wi;) =6.2/(—u-w;;) = X\;y; tecedents. The remaining fuzzy propositions in the antecedents
and pis not greater than approximately; () = only modify this default value. This is a kind of rule more
fa((6.2/Xi;) -« — 4). flexible than usual ones where unmatched rules always activate

b) T'(x;,w;; — 70) is greater than approximatelyat zero level, so this rule representation power is greater.

2.2 = z, is greater than approximateli2.2+
u - 7o)/(u-wiy) = (6.2/u-wy) = Ay and VIl. EXAMPLES
pis not greater than approximately; () =
fA((G.Z/)\Z‘j) X — 4)
C) v; = fa(l(r5 —p- 70+ (n—p)-70))

In this section, two problems are used to illustrate the
interpretation of ANNs as fuzzy rule-based systems:xbr
problem [12] and the breast cancer problem [4]. These binary

Therefore o .
classification problems are solved by means of multilayer
Ry If 2, is not greater feedforward ANNs with one hidden layer composed of two
; “ neurons. An output value of the ANN greater than 0.5 cor-
than approximately Aij il

responds to a classification value equal to 1.0 and an output
value less than 0.5 corresponds with a classification value equal
to 0.0. These networks are trained with the Backpropagation
algorithm [13]. Then, the procedure presented in Section V is
applied to extract fuzzy rules from the ANNs.

zp is not greater than
approximately Apj @1

Z(p41) IS greater than
approximately A(p+1)j @1

IR A. XORProblem
z, IS greater than ap-

proximately Anj Y 'I_'his problem_has two binary inputs. Fig. 4 displays an ANN
i WhIC.h solves this problem. Now, we detail the steps for the ex-
then i = B traction of fuzzy rules.
Step 1)
This procedure is an extension of the one presented in the o

proof for the theorem of equality [3]. It shares its main charac- _ minimuny[1.85/, |3.10|, | -1.83], | -3.05[}
teristics specially its constructive nature and its efficiency, run- 2
ning in a time proportional to the size of the net. Moreover, :@ — 0915
even though it produces propositions coherent with the input 2
domains, this task does not increase its algorithmic complexity. w A4 4.38.

o 0.915

VI. INTERPRETATION OF THEBIASES . ) ]
) Step 2) From the biag; = 1.45, the following rule is ob-
So far we have analyzed the role of the network weights. Now tained.

we turn our attention the other free parameters of the ANN,
namely, the biases.

Two kinds of biases appear in the multilayer ANN of Fig. 1:
biasesyi (K = 1,...,m) of the output neurons and biases
7; (4 = 1,..., h) of the hidden neurons. Each kind of bias has Step 3) For the pair of neurons;( 1)
a different role in the fuzzy rule-based system.

Rule 1. If True then Y = 1.45.

1) The biasegy generate the rulesityy: If True theny, = At = 6.2 — 076
©x” in the fuzzy rule-based system. These rules provide a HTyss185
default value for each outpyy. If the remaining rules are Aoy = — 6.2 -
fired, they only modify this default output value. This is 4.38 - (—1.83)

in straight connection with the human reasoning process v1 =fa(4.38 - ((—=1.01) + 19 — 79)) = 0.012.
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Therefore, the following rule is added. B. Breast Cancer Problem

This problem is composed of nine continuous variahtesg
[1,10], normalized taz; € [0,1],% = 1,...,9) and one binary

pI?rLcl);eimitel)I/f 0.76 oS gre;%ifg than ap- output Y = 0 = benign,Y = 1 = malignant). The input
o IS not greater than approxi- variables are
mately 0.77 @338
0.012  (where ®%38(0.012) = 0.267) z1 : Clump thickness
then Y = 2.96. x2 : Uniformity of cell size
x3 : Uniformity of cell shape.
For the pair of neurons:{, y1) x4 : Marginal adhesion.
x5 : Single epithelial cell size.
A = 62 _ 0.456. zg : Bare nuclei.
4.38 - 3'1602 7 : Bland chromatin.
A2z = — m = 0.464. xs : Normal nucleoli.
o =fa(4.38- ((1.94) 4 70 — 70)) = 0.999. xg : Mitoses.

Next, the fuzzy rules extracted from an ANN that achieves
98.468% of successes on 457 training examples without missing
values, are presented.

So, the following rule is added.

Rule 3. |If x; is greater than ap-
proximately 0.456 @538 1) If True then Y = 0.99.
o IS not greater than approxi- 2) If 1 IS not greater than approx-
mately 0.464 ©338 imately 0.03 ®15?
0.999  (where  ©13%(0.999) = 0.874) x2 IS not greater than approxi-
then Y = —2.56. mately 0.24 RT9
xg IS greater than approximately
i 0.09 QT
Please note the following remarks. x4 is not greater than approxi-
* The fuzzy rule 1 establishes the default output valie mately 0.07 @7H°
1.45). Rules 2 and 3 modify this value in terms of their x5 is not greater than approxi-
output values and the firing strength of their antecedents.  mgately 0.27 QT
« The values??-3%(0.012) and®?-2%(0.999) provide the de- 6 is not greater than approxi-
fault firing strength of the antecedents of the fuzzy rules 2 mately 0.07 R0
and 3. _ _ _ z7 iS not greater than approxi-
» The valuex = 4.38 determines the influence of the inputs mately 0.03 R0
on the modification of the default firing strength in the o5 is greater than approximately
antecedents of the rules 2 and 3. 0.26 @759
» Allthe fu.zzy proposn!ons ofthg antecedents are in accor- 2o is not greater than approxi-
dance with the domains of the input variables € [0, 1], mately 0.03 Q139

1 = 1,2). This property is not fulfilled by the fuzzy rules

—10-25 (s 7.59 —_10-25) —
extracted with the method presented in [3]. These rules are 1-10 (= 1.0) (where ;" (1-107%)

1-10712 (= 1.0)

as follows. then Vv — —0.97.
3) If ;1 iS not greater than approxi-

1) If True then Y =145, mately 0.34 ®7p” _
2) If x; is greater than approxi- rz 1S not greate;rfgthan approxi-
mately 1.46 ior mately 0.72 O15° _

z, is not greater than approxi- z3 is greater than approximately
mately 1.48 0.20 75?

then Y = 2.96. x4 IS not greater than approxi-

3) If x1 is greater than approx- mately 0.21 @7?
imately 0.39 ior x5 IS not greater than approxi-

x2 is not greater than approxi- mately 0.76 @7
mately 0.40 z¢ IS not greater than approxi-

then Y = —2.56. mately 0.27 @7
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x7 IS not greater than approxi-

X,

mately 0.14 @75°
xg IS greater than approximately
0.07 @75° X
zg IS not greater than approxi- '
mately 0.21 @7y .
10720 (=  0.0) (where @]% (1072) = ; 4 Y
83*10~7 (~ 0.0)) * < L O
_ Input Hidden Hidden Output
then Y = 3.84. Layer Layer 1 Layer 2 Layer

It can be noted that the default firing strength of the ar'I:-'g' 5 ANN with two hidden layers.
tecedent of the fuzzy rule 2 is almost 1.0 and the one of the q
Zj =fa <Z(Ipl/pj) + 9J> ,i=1...,h

fuzzy rule 3 is almost 0.0. This fact is reasonable thanks to the

output value of each rule p=1
Y;ule_l + 1-0*Y;ule_2 + O-O*Y;ule_l% Ip :fA <z—;(xzw1p) i Tp) e 1’ oot

=0.99 + 1.0*(—0.97) + 0.0*3.84 = 0.02.
We can insert a new hidden layer between the original hidden
: . e
Therefore, the classification of the ANN will be benign ex/2Y€rs (Fig. 6). This new layer hasneurons [,p" =1,.. ., ¢,
{th linear activation function. The output weights of these neu-

cept that either the input values fire very little the antecedeft ' .
of the rule 2, or the input values fire very much the antecedent Ly are the same than the ones of the neurhn the

i . = . — / — .
of the rule 3. This last analysis would have to do it a spec:ialigfIglnal ANN, thatis,vy; = vp; if p = p',p = 1,....q;

doctor p =1,...,qgandj = 1,..., h. The input weights of the neu-
ronsi, are
VIII. | NTERPRETATION OFANNS WITH TWO OR MORE 1 ifp=0o
H L 5pp':{ "P=P p=1,...,qandp =1,...,¢q.

Previously, the interpretation of ANNs with a single hidden _ . =
layer has been explained. However, the presented method B&§ides. the neurong, do not have biases, i.el, =
not be used for interpreting ANNs with two or more hiddeﬁA(Zgzl (Ip - Oppr))- _ o
layers, because it is hard to understand the obtained rules. Fofis néw layer does not modify the output of the original
example, fuzzy rules with the following format can be attainedNN with two hidden layers (Fig. 5) because

q
Ly =94 < Iy 6PP’> =ga(lpy) =1y

If (@ is Ayt @Y, wis Ayt @Y,
z-l—l T, IS Aljn@)z_i_l’yf) is Bjkl ®Z+1 p=1
(21 is Azt @Y,  wais At @Yy p =1,...,q, therefore
L @hyy @ IS Ay@n ) I8 B’ Qg1 1 1
............ Z5 IfA Z Tp/ * Uyl § = fA Z Ip/ * Uyl §
(21 is qul Dpt1 za IS qu2 Dnt1 r=1 r'=1
;;4’51 zn is Agtot ) is Bp? o oby,

v

then ]yk = ﬁjk

EfA <Z Ip . Upj) -
p=1

_ ) ) ) ) The action of the new ANN with three hidden layers (Fig. 6)
The idea for solving this problem consists of transforming the equivalent to the chained action of two ANNs with a single
ANNwith N (N > 2) hidden layers intaV chained ANNs with  higden layer (Fig. 7).
asingle hidden layer each. Next, every one of these ANNs is in-According to previous sections, an additive fuzzy rule-based
terpreted as a comprehensible fuzzy system. This way, chairgdtem can be extracted from each ANN with a single hidden
fuzzy rule-based systems are obtained that express the actiop@é of Fig. 7. Therefore, starting from an ANN with two
the ANN with V" hidden layers. _ hidden layers, we can extract two chained fuzzy rule-based
In order to explain this procedure, let us consider the AN stems. Similar reasoning can be used for extraciig
with two hidden layersillustrated in Fig. 5. This ANN calculateghained fuzzy systems from an ANN wiii hidden layers.
In this manner, starting from an ANN with two or more
n hidden layers, we can obtain chained fuzzy systems that are
. more comprehensible than a single fuzzy system obtained from
= the ANN.
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First ANN with a single hidden layer Second ANN with a single hidden layer

Fig. 7. Two chained ANNs with a single hidden layer that have the same behavior than the ANN of Fig. 6.

IX. CONCLUSION Without loss of generality, we can make the assumption.

In this paper, we have presented a procedure to representlfhgns case, the rules are

action of an ANN in terms of fuzzy rules. This method ex-

tends another one which we had proposed previously. The main Ry Wz is Ay dor wais Ajdor ... dor 2,18 Aj

achievement of the new method is that the fuzzy rules obtained theny = 3,

are in agreement with the domain of the input variables. Ry : If True theny = ¢ (b)
In order to keep the equality relationship between the ANN j=1,...,h.

and a corresponding fuzzy rule-based system, a new logical op-
erator has been presented. This operator has a higher representgor a particular input«?, 29, ..., z%), the output provided

tional power than theor operator. Nevertheless, both operatorsy the additive fuzzy rule-based system [8] is equal to
are very similar, they share many properties. In particular, both

of them have a natural interpretation. h
These new fuzzy rules along with the new operator render= Zﬁj . (AiL
a more coherent and understandable interpretation of multilay- \j=1
ered ANNSs. +p- 1. (a.1)
We have also studied the role of biases and therefore, gained
further knowledge in the understanding of ANNs behavior. Our goal is to modify the fuzzy rules for obtaining the output
Finally, the range of neural models to which the proposegusing a weighted average (TSK fuzzy rule-based system [16]).
interpretation may be applied has been extended by considefiiwye consider the previous rules as component of a TSK-type
ANNs with two or more hidden layers. These networks can lfezzy rule-based systemwould be computed as shownin (a.2)

(x?) tor A? (xg) ior ... tor A} (xg))

expressed as chained fuzzy rule-based systems. at the bottom of the next page.
In order to achieve this, we can modify the expression (a.1)
APPENDIX | so we have (a.3) shown at the bottom of the next page, where
ADDITIVE FUzzYy SYSTEM AS TSK FUzzy SYSTEM ,
Let us consider the following fuzzy rules extracted from a B; = bj — cj, Y= Z ¢+ ,y.
trained ANN: h+1 ohtl
. , . . . . n Expression (a.3) allow us to rewrite the rules of a fuzzy addi-
R : If 3 is AL, ior zois A% dor ... ior z, iS ATy, _EXP _ )
gk = T ELIS Syp 10T X2 S L 107 ory ik tive system in (b) as the following rules for a TSK system:
thenyk = /3Jk
Roy. : If True theny,, = ¢, @) R} f z1is A} 101 T2 IS A? 10T ... 10T Tp IS A%

ji=1,...hk=1,...,m. theny = b;
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R If =(21 is Aj ior xo is AT dor ... ior x,, is A}) ANNs of the kind considered in this paper can be translated into
theny = ¢; TSK systems.
Ry : If True theny =~ APPENDIX I
J=1...h PROPERTIES OF THEOPERATOR®}!
In addition, the following lemma give us a way to rewrite the L€ta, a1, .. € (0,1). The operator;; verifies the fol-
prewoust rule. lowing propertles
1) ®¥ is commutative.
A. Lemma 2) ®p is not associative.
3) n (1/2,@1,.. s Qp— 1) Rn_ 1 (al,...,an,l).
4) @n (1/2,1/2,...,1/2) = @ () = 1/2.
—(z1 is At ior x4 is A% dor. .. dor 1, IS A™) 5)
= x1 IS NOtAL ior x4 iS NOtA? ior . . . ior x, iS NOLA™, @%ay,...,a;,(L—a;),...,a,)
Proof (Lemma): See (1) shown at the bottom of the pade. = @nz (@1, 01, G2, On).
Now the ruIeRf can be expressed as 6) If a; > 1/2, ¥i = 1,...,n =
) ) L. ) 5. . o lim,, oo @ (a1,...,a,) = 1.0
RJ i (.Tl IS nOtAJ 20T L2 IS nOtAJ 0T ... 107 Ty IS AJ) 7) In partlcular, if a; — a > 1/2 =
theny = ¢; lim,, 0o @Y (a,...,a) = 1.0.
j=1,...h 8) If q < 1/2, ¥i = 1,...,n =
lim, 0o ®¥ (a1,...,a,) = 0.0.
The expressions and results presented in this section provide9) In particular, if ¢, = o« < 1/2 =
a straightforward procedure to transform an additive fuzzy rule- lim;, 0o @ (a,...,a) = 0.0.
based system into a TSK fuzzy rule-based system. In particular,10) If (31, a;)/n) > 1/2 = Q% (aq,...,a,) > 1/2.
(E;L:l 3 - (Ajl (x)ior Af(azg) ior ... ior A;’(x%))) +¢ -1 @2)
Yy = . a.
(Z?:l (A} (a9)dor A2(x9) dor ... dor A;’(x%))) +1
2/3 tor A ( ) ior. . .ior A} (x%)) +p-1

(E?_lb (AiL (29) dor A2 (29) dor. . .ior A7 (3791)))"‘(27:1 cj-(l—(A (29) dor A (29) dor, .. .ior A"( ))))—i—fy 1

( , (A5 (29) dor A3 (49) ior.. ior A} (a:%)))—i— (ELI (1= (A} (9) dor A3 (x3) dor. . .ior A7 (x%)))) +1
(a.3)

—(z1 is At dor xo is A dor.. .dor , is A™)

=1—(x1is Al dor x5 is A ior .. .ior z, iS A™)
Al (z1) - A%(z2) - A™(xp)

Aoy A2() -~ A(an) + (1= A an)) - (L= A(w2)) - (1 = A}
_ (1= A1) - (1= A2(22)) -+ (1 — A"(z0)
A (er) - A2(a) - A (o) + (1= L)) (1= A2(a2)) - (1 = A7)
=(1 —zy is AY) ior (x4 is A?) dor. . .ior (1 — z, is A™)
—=—xy is AL ior —as is A% dor .. ior —x,, IS A™

=z IS NOtA* ior 3o is NOtA? ior . ..ior z,, IS NOLA™. Q)

=1—
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11) f (X ai)/n) < 1/2= @% (a1, ..., a,) < 1/2. and

1oy T o o) 7 &3 (04,3(0.3,0.7)) = ©3(0.4,0.5) = 044949,

14)a; < af = @ (a,...,0},...,6,) > Therefore®¥ is not associative. |
QY (a1,..., af, ey Gp)e 3) See (2) shown at the bottom of the page. |

15) @} (a1,...,an) = dor (ai,...,a,). 4) See (3) shown at the bottom of the page. On

16) If  wy < up and (>°0 a;)/n) > the other hand, applying Property 3, we have
1/2 :>®rull (alv"'van) > ®7u12 (alv"'van) > 1/2 ®Z(1/271/2771/2) = ®8 ()

17) If g < up and (30 a;)/n) < Therefore@® (1/2,1/2,...,1/2) =% () =1/2.|
1/2 =@% (a1, ...,6n) < Q¥ (a1,...,a,) > 1/2. 5) See (4) shown at the bottom of the page. L

18) lim, 0o ®¥ (ay,...,a,) = 1/2. 6)
A. Proof of Properties A @ (a1, an)
1) ltistrivial because the product and the addition are com- _ lim a'ib_l 'G}Li_l
mutative. | n—oo\ @™ at T + (L—a) e (- ap) !
2) Letu =2, n =3,a; =04, a; = 0.3andas = 0.7.
Then 1
= ()™ (e
@3 (©3(0.4,0.3),0.7) = ©3(0.348 3310.7) = 0.527 586 1+ af—l e
1 wt . =1
o <1 ar.....a 1) - 3) caf eany
A2 (3)" a7 @i A (-3 - (U an)t
_ (3)" ot -an
o 1yt w— w1 u u~ 1L
B et e ()]
_ af ap_)
ap " a A a)” (= a)
- ®$L*l (alv ) an—l) (2)
ey 1y
w (11 1\ _ (3) (3) (3)
S, USYARRIDY PR 1yuL 1yuL 1 1wt 1 1wt 1 1wt
(z)° () (3" +(-3)" (1-3)" (-3
1y et 1yu
B G G)
BN 1yut
(3 () () -L+1
1 1
=== -, 3
5=75 3)
@ (a1,...,a5, (1 —ay),...,an)
_ al ---ad - (1—ay)” cat
T a1 w1 u—1 — u u—1 u—1 w1
afap Uma)t a1 ma) (a1 — et (L)
u*l uw u*l u*l —1
aj - (1-ay) [al al ) -al, - -al }
@ (—a) e e e e F L ma)” (gt (G ag) (e
=®Z_2 (al,...,aj_l,aj+2,...,an) (4)
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1 a.2) If3ap, < 1/2withl < k < (n+ 1) then we can
= lim — choose the least and we can da, = a,41 and
el W ((l—al) (l—an))“ a.+1 = ax. Next, case b) can be applied.
“ b) If a1 < 1/2 then, as((X1 4 a:)/(n + 1)) >
Asa; > 1/2,¥i = 1,...,n, we have((1 — a1)/a;) < 1/2 we have
1.0, Vi. n )
Therefore > ai >S5+ 1) = ang
=1
1 1 1
im 1 | = 1 10 >§n + <5 — an+1> > 3™ therefore
e 1+(MM) 1+ (0.0)" .
@ an Dici@i 1
== >
I n 2
7 On the other hand
n+1 )
lim ®) (a1,...,a,) @ >1 =
n—od ) ) n + 1 2
. aui . a“7 1 n
= lim L n - ,
n—oo <a%l . az—l + (1 _ al)u—l (1 _ an)u_1> An+1 >2(7’L + 1) ;al
1 By induction, we have
= lim — — "
noeo | g 4 Gma) (1—aw) D1 @i >1
' n n 2
, 1
I 1 = ®Z (al,...,an) = pp
= lim — (1_(11)...(1_0’”)
Y B E—— 1 (e
(1—a1) (1—an) [*3Raad* 2%
1 + (T - a—n) . ) 1
ASa7;<1/2,Vi:1,...,n,Wehave((1—a1)/a7;)> 2
1.0, Vi. (1—a1)(1—a)\"
Therefore = < P ) <1.0
1 An,
1 1 Hence, together witf(3>". | a;)/n) > 1/2,
lim — | = — = 0.0. we have
Sl (u u) 1 4 oo™ . .
e <<1—a1>~~<1—an>>“ _<<1—an+1>>“
L ai - Qap an+1
8) We proceed by induction. (1= apny1) u”
Letn = 1. <1.0- E—
As a > 1/2, we have((1—a)/a) < 1.0 = " ot
(1 =a)/a)*~ ") > 1.0. S <1 1 _ 1)
Therefore s(n+1)> a
at 4 )u '
Ug) = < -1
®1 (a) a/'u,*1 + (1 _ a)'u,*l <(7’L =+ 1)71
1 1 et
_ 4 -
- u~! ~ g <| - — = 1% =
1+ (12)" 2 <(5-1) -7
Let us suppose that Property 8 is true fofn > 1), is Therefore
Property 8 true fofn + 1)?: u B 1
Let us consider two cases. Onr (010 tns) _1 (1—a1)(—ans) |
a) If a,41 > 1/2 then +( @1+ @n+1 )
al) Ifa; > 1/2V¥i = 1,...,(n + 1), we have((1 — Lot 1
a;)/a;) < 1.0, Yi. Therefore 1+1 2
N 1 I
@nt1 (@1, 50, Ang1) = oo (o 9) Once again, a proof can be obtained by induction.
14 (G (en)) Letn = 1.
1 1 Asa < 1/12, we have((1 — a)/a) > 1.0 =
112 (1 =a)/a)" ") > L0.
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Therefore
w~t
wsn a
®1 (CL) _au—l + (1 _ a)u—l
1 1

= < .
L+ ()2

Let us suppose that Property 9 is true fofn > 1), is
Property 9 true for« + 1)?:
Let us consider two cases.
a) Ifa,4+1 < 1/2then
Ifa; < 1/2Vi = 1,...,(n + 1), we have((1 —
a;)/a;) > 1.0, ¥i. Therefore

a.l)

1
1+ (=ay) . (—anii)
( )

®Z—|—1(a/lv vy Apy, an-l—l) =

ay An 41

1

STy 72
If3ap > 1/2with1 < k < (n + 1) then we can
choose the least and we can day, = a,4+1 and
an+1 = a. Next, case b) can be applied.

b) If @41 > 1/2 then, as(> 7 ai)/(n + 1)) >
1/2 we have

a.2)

. 1
Z a; <§(n +1) — ant1
i=1

>1 + L < 1 therefore
271 5 Qpit1 271,

E?:l a; 1
n <2'
On the other hand

n—+1
Zi:l a; <1

n—+1 2

1 n
= Ant1 >§(n +1) Zai-

113

By induction, we have

Toa; 1 ,
Z:Z:Tla<§:>®;§(al,...,an)
B 1 1
(ma)-G-e)\" 2
14 ({mtaltizen))
1— (1 —a, u?
:s<( w):(l-a )) > 1.0.
al...an

Hence, together witl{(}""" | a;)/n) < 1/2,
we have

() ()
o (U)o

_1>“

-1

1
> m
<%(” +1)>

—1

()

Therefore
1
®Z+1(ala vy Ap, an—l—l) = w1
(1—ay)-(1—ani1)
1+ (—;1~~~an+1 - )
SRR
1+1 2
I
10) See (5) shown at the bottom of the page. |

11) See (6) shown at the bottom of the page.
12) Ifa} < af then((1 —a})/a}) > ((1 —a3)/a3). There-

P} fore we have (7) shown at the bottom of the next page.
L uw~t wt
. 4 aj Q. G/n'
lim ®7 (a1,...,65,...,6,) = lim —— I
a;j—1 7" (a1 ! ) a;—1 gy aff at™ ' (1 —ap)* (1—aj)™" - (1—ap)v!
=1 =1 =1 =1
— alu a};_l a/};‘Fl i a"lff _ 1 0 (5)
— a1 w—1 w—1 — M
aj aj_y - aiyy oo ag Y 4+0.0
lim @ (a1,...,a4,...,a,)
a; —0
wl ! w1
. ! a Ty
= 111n ap—1 —1 —1 —1 —1 —1
a;—0 qf ay a '+ (l—a)* (=g (L= ap)
0.0
= = 0.0. 6
00+ (1 —a) (A= a0 (A= ay) (L= a) ©
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13) S 1
1 1 (1—ay)- (1 an)
o) = i Nre—
mAT T at a1 —a)t e (1 —a)t =@l (al,...,an).
. al...an L
e (e (1=an) 15) As((X, a;)/n) < 1/2then@® (ay, ..., a,) < 1/2
=107 (a/la...’a/n)- and®uz (a/17 G ) < 1/2
. I
14) As((3> ;_jai)/n) > 1/2then®@¥! (a1,...,a,) > 1/2 (1—ay)---(1—ap)
and®“2 (a1, .. a,) > 1/2. >1.0and
1—a1 l—an )
(1- - (1—ayp < >1.0
< ) a ) <1.0and
- (1= ay
<1—a1---1—a ) :>111< @) ¢ ) >0.0 and
i >1.0 :
(1—a1)-(1—ay
(1= ar)-(1— ay) 1n< al) ( e ) >0.0.
=>1n< 3 - ) <0.0 and ap - an
Hence and a$ < u; < uo, We have
(1—a1)~~~(1—a,, !
1 0.0 — (1= w
n< al...an > 1n<(1 al) (1 an)) '
al...an
Hence and a% < w; < uz, we have . (1—a)---(1—ay)
= In n
(1—ay)---(1—a)\" o < ay-ay )
1 B P S 1— (1 —a,
n< al...an ) >U/ lln ( a’l) ( a)
2 al...a
=u1ln (1-a)---(1—an) u;t
! ai - -an :1n<(1_a1)"'(1_an)> 2
N () woan
2 w;
a1 A (1_a1)...(1_an) 1
1_ e 1_ “’2_1 :>< ai - ap
:m(( a) - >) .
ap---Qp ><(1—a1)...(1—an)>”2
_ <(1_a1)...(1_an)>u1 ap---a,
ap---a, Therefore
> <(1_a1).“(1_an)>u2 ®Zl (a17~~~7an) = ! —1
ai---Gp ((1 al) (1 an))
Therefore 1
< T
4 1 —a)e(l—a U,
l—aq l—a, .
e 5 (agse s an).
au—l (al)uil au—l
. w (gl ca¥
®n (CLl;-..,Cl]l';-..,an): . et . : . A .
al ~(aj) cap T+ (1 —a) T (T—ap) (1= ap)

1

A1 Q11O

1+ (<1—a1>---<1—aj71>-<1—aj+%>---<1—a71>)“’1 (<1;g}>)“’

J

1

1

=5 (a1,...,a

?,...,an).

<1—a1>---<1—aj4>-<1—aj+1>---<1—an>)“’1 (@)7

Qa1 Q510541 On

J

(1)
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16) finally, from w;; > 0.0 we have
lim ®; (a1,...,an .2 mini iil,e=1,...
Jim @5 (a0 ) 0.0 < &2 minimumfjwi;li=1,....n} 62 0
—1 8 w“ 8
_ 1 (al e an)
= lim pp=Y
n=o0 \ (ay - an)" 4 ((1—ay)-- 1—an |
(a1 an)° ! f
=—% - )---(1—a))° 1+1—§ C. Proof (Lemma 3)
(a1 an)"+ (1 = " Fromw = 4/79, we have
|
2.2+U,-7'0 _(22+4) 70
APPENDIX Il —u-wy; —d-wg
PROOF OFRESULTS 6279
A. Proof (Lemma 1) —4 - wi
From [3], we havef4(—z) = 1 — fa(x). Therefore from 7o = (minimum{jw;;|,i = 1,...,n}/2), we have
VezeRaisA 6.2-19 _ 6.2-minimumy|w;;|,i =1,...,n}
S palr) = falz) =1—(1— fa(z)) —4-wy -8 w;; ’
=1-fa(=2)=1—pa(=2) = p-a(-2) finally, from w;; < 0.0 we have
& —xis—A o
& —2iSNOtA. 6.2 minimum{|w;;|,i =1,...,n}
-8 Wiy
| __6.2minimumfwi;|,i = 1,...,n}
B. Proof (Lemma 2) 8 |wij]
Fromu = 4/79, we have therefore
22+u-1 :(2.2 +4)-7 0.0 < 6.2 minimum{|w;;|,=1,...,n} < 6.2 < 10.
U~ Wiy 4. Wiy 8 Wiy 8
_6.2 =70
o 4. Wiy |_
from 7o = (minimum{|w;,;|,7 = 1,....n}/2), we have D. Proof (Lemma 4)
6.2-79 6.2 -minimum{|w;|,i=1,...,n} By Definition 1, we have (8) shown at the bottom of the
4. Wy 5 o 8- Wy 5 page. |_
@ (fa(T(21)); -, fa(T (1))
w~t uw~t
_ (fa(T(z1))" - (fa(T(zn)))
- w—1 w—1 w—1 w—1
(fa(T(z1))" - (fa@(2n)))"  + (1= fa(T(2z1)))" - (1= fa(T(2n)))
1
(TG | - fa @)
—JA Tl —JA Tn
1+(ﬁmwm o mm%»>
_ 1
1 1 u
1+ ((m —1)"' (m —1))
1
_1+ ((1+6_T(x1) _ 1) . (1+@_T(Wn) _ 1))u*1
_ 1
14 (e (@@)++TE0))
_ 1
1+_(64%4x1+.w+xn))u71
1
= falzr + -+ 2p). (8)
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E. Proof (Lemma 5)
(.
i) —
®1( ) bu—l + (1 _ b)u—l
_ 1
1+ (54"
1-b\* 1-k
=k = <T> — T
Hence and as

(1 —a)- (1 —ap)/(a1 -+ a,))* ") < 1.0 because
(o, a;)/n) > 1/2, we have

u _ 1
T () (2
1
:14-(9—%35%—&ﬁ)”_1(ﬁfﬂ)
1 o
>1+(u;fm) “rriok "
2) As ((1—0b)/b)* " = (1—k)/k becausen(b) = /E

O (b,al,...

(1]

(2]

(3]

4

(5]

(6]

(7]

(8]
El

and as((((1 —ay) -~ (1 — ap))/(ar---ax))" ) > 1.0
becausé(}"; , a;)/n) < 1/2, we have

1
(1—a1)

(l—an) ! (1-b) uw!
o ) (57)
_ )" ()

pyE—
1 k

<1+(u;fm) Tkt1-k

1

L Gn)

(1=ay)--
ay---
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