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Abstract

A general nonparametric imputation procedure, based on kernel regression, is proposed to estimate points as well as set- and
function-indexed parameters when the data are missing at random (MAR). The proposed method works by imputing a specific
function of a missing value (and not the missing value itself), where the form of this specific function is dictated by the parameter
of interest. Both single and multiple imputations are considered. The associated empirical processes provide the right tool to study
the uniform convergence properties of the resulting estimators. Our estimators include, as special cases, the imputation estimator of
the mean, the estimator of the distribution function proposed by Cheng and Chu [1996. Kernel estimation of distribution functions
and quantiles with missing data. Statist. Sinica 6, 63—78], imputation estimators of a marginal density, and imputation estimators of
regression functions.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In many nonparametric estimation problems, a drawback to the imputation of missing covariates and their substitution
for the actual missing values in the statistic of interest is that the theoretical (asymptotic) properties of such statistics can
become intractable. Examples include the empirical distribution function and nonparametric estimation of a marginal
density function. In the case of the empirical distribution function, the method used by Cheng and Chu (1996) overcomes
such difficulties by imputing the indicator functions directly, and not the missing values themselves.

Our contributions may be summarized as follows. In the first place, we extend the approach adopted by Cheng and
Chu (1996), in a natural way, to the estimation of points as well as set- and function-indexed parameters. The associated
empirical processes provide the right theoretical tools to study asymptotic properties of the proposed estimators. Our
contributions also include the derivation of some new exponential performance bounds on the uniform deviations of
the resulting statistics from their expectations, in the presence of missing covariates. These bounds will be used to
assess the strong uniform consistency properties of a number of important curve estimators. In particular, we apply our
results to nonparametric estimators of regression and density functions, in the presence of missing data. In addition to
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single imputation, we also propose a multiple imputation procedure, that can be applied to many problems in practice.
Both mechanics and the asymptotic validity of these procedures are discussed.

Consider the following setup. Let Z, Z, ..., Z, be iid R4*P_valued random vectors with distribution function F R
where Z= (XT, YT)T. Hereitis assumed that X € RY,d > 1,1s always observable but Y € R”, p > 1, could be missing.
Also, define §; = 0 if Y; is missing; otherwise ¢; = 1. Note that the full data may be represented by

D@n = {(Zlv 51)7 M (Zm 5}’1)} = {(Xls Ylv 51)7 M (Xnv an 571)}

There are many different missing mechanisms in the literature; see the monograph by Little and Rubin (2002). For
example, the missing mechanism is sometimes called MCAR (missing completely at random), when P(6 =1|X,Y) =
P (6=1).A more realistic assumption widely used in the literature is the so-called MAR (missing at random) assumption,
where, P(6 = 11X,Y) = P(5 = 1|X), and this will be our assumption in the rest of this article. Let ¢ be a class of
functions g : R4*? — R and for each g € ¥ define the “mean”

7(8) = E(g(2)),

and its empirical version, based on the complete cases only, by 7", (g) = (1/ r(n))Z?=1 0;g(Z;), where r(n) = ZL] 0;
is the count of the complete cases. Unfortunately, if a large proportion of the observed data (say 70%) have missing
Y;’s then, from a practical point of view, it makes sense to somehow revise ¥, (g) to take into account the information
which is available from the X;’s corresponding to those missing Y;’s. There are also fundamental theoretical reasons for
revising the estimator ¥, (g). For example, in general, under the MAR assumption, E (7", (g)) is different from 77(g),
which implies that the resulting empirical process {7 ,(g) — ¥ (g) : g € %} is not centered (not even asymptotically).
To motivate our estimation approach, consider the hypothetical situation where the regression function E[g(Z)|X] is
available, and define the revised estimator

- 1<
V(@) =~ 10i8(Z) + (1 = 0) Elg(Z)IX;1}. ey

i=1

It is a simple exercise to show that, under the MAR assumption, 4 " (g) is unbiased for ¥7(g). Of course, in practice,
the regression function E[g(Z;)|X;], used in (1), is not available and must therefore be estimated. Here we consider a
Nadaraya—Watson-type kernel estimate of 77(g):

o 1 n n n
Ta@==|D 0g@)+Y (1=8)3 Y 0,;XeZj¢ |, ©)
o i=1 j=1,%i
where
5 (X —X;)/ hy
o 1K) = (Xj = Xi)/ hn)

Dokt ik A (X = Xi)/ )’

with the convention 0/0 =0, and #" : RY — R is a kernel with the smoothing parameter &, (— 0 as n — 00).
There are a number of important examples of the function g in the literature. The case where ¥ € R! and 8(Z) =
g(Y, X) =Y has been studied in the literature extensively; see, for example, Cheng (1994). In this case YV n(g)=EY
= n’lzyzl [6;Y; + (1 — 51-))},-], where ﬁ = Z'}zl’#i (pn,j(Xi)Yj. In fact, one can consider the more general class
of estimators n_lz;’zl [6;Yi/pnXi) + (1 —0;/pn (X,-))}A’i], for some weight functions p, (X;),i =1, ..., n; see, for
example, Wang et al. (2004). When p, (X;) = 1, this reduces to Cheng’s imputation estimator, whereas p,(X;) = oo
gives Cheng’s (1994) other estimator. The case where p, (X;) is the Nadaraya—Watson kernel regression estimator of
E(6;|X;) corresponds to the so-called propensity score estimator of EY. These three estimators of EY turn out to be
asymptotically equivalent to the estimator of Hirano and Ridder (2003), defined by EY = n_IZ?:l Y;0i/pn(X;). This
last estimator is essentially a corrected version of the naive estimator based on the complete cases, where the correction
is done by weighting the complete cases by the inverse of the estimated missing data probabilities. The case where the
missing data probabilities are known has been studied by Robins et al. (1994). In a more recent article, Wang et al.
(2004) studied the situation where Y follows the semiparametric model, Y; = X; 8 + g(T;) + &;; here the covariates
X;, T;) e RY x R9* are observable and Y; could be missing at random, (¢&; are independent with E (¢;|X;, T;) = 0).
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These authors show that their estimator is asymptotically more efficient under the semiparametric assumption. Another
important example of the function g is the indicator function g(Z) = g, (Y, X) = I{Y < y}. This corresponds to the
estimation of the marginal cdf of Y and has already been considered by Cheng and Chu (1996). In this case the class 4
may be identified by the collection {/c : C € {(—00,X),Xx € R“}}. Unlike the usual approaches to imputation where
one replaces each missing ¥; with some data-based version Y;, the approach adopted by Cheng and Chu focuses directly
on the imputation of the indicator function itself. In addition to its intuitive appeal, this approach can also be more
tractable from a theoretical standpoint for kernel-based estimators (clearly the indicator function of the event {ﬁ- <y},
where Y is the imputed value of Y, is not easy to work with in general).

How good is ¥, as an estimator of %2 Recall that a class of function ¢ is said to be fotally bounded w.rt. the
L ,-norm, 1 < p< oo, if forevery e > O thereis aset %, ={g1, ..., gn()} such that for every g € ¥, thereisa g* € ¥,
satisfying ||g — g* ||, < &. Here % is called an e-cover of 4. The following exponential bounds on the uniform (in g)
deviations of ¥~ (g) from ¥7(g) are readily available.

Theorem 1.1. Suppose that ||gllco < B, for every g € 4. If G is totally bounded with respect to the ||||co-norm, then
foralle >0andalln>1,

Psup|7u(g) = V()] > e} <2 (5.9) OB,

g€y
where N (&, 9) is the size of the smallest e-cover of 9.

Bounds such as the one in the above theorem have many applications in probability and statistics. For example, they
can be used to establish strong uniform consistency results in nonparametric curve estimation problems; here a curve
can be a regression function, a density function, a distribution function, etc.

To study the more practical estimator 7, (g) that appear in (2), we first state a number of regularity conditions.
In order to avoid having unstable estimates (in the tails of the pdf f of X), it is often assumed in the literature on
nonparametric regression that f is compactly supported and is bounded away from zero, and so we shall make this
assumption. More specifically, it is assumed that

(F) The pdf f of X satisfies infy f (X) =: fmin > 0. Also, both f and its first-order partial derivatives are uniformly
bounded on the compact support of f.

We shall further assume that the conditional probability of 6 = 1 is nonzero:

(p) infx P{60 = 1|1X =X} =: pmin > 0.

As for the choice of the kernel, we shall require

(A") The kernel A is a pdf and satisfies f lui| A (m)du<oo,i=1,...,dand || # ||cc < 00.

We assume in addition

(") The first-order partial derivatives of the function (of X) E(0g(Z)|X = X) exist and are bounded on the compact
support of f, uniformly in X and g.

Conditions (#), (p), and (") are standard in the literature. Condition (¥"), which has also been imposed by Cheng
and Chu (1996), is technical. The following result gives exponential performance bounds on the uniform closeness of
Y (g) to 77(g) (cf. Remark 1.1 for measurability conditions):

Theorem 1.2. Let 4 be a totally bounded class of functions g : R4P — R, with ||g|leo < B forevery g in . Also, let
YV n(g) be as in (2). If, h, — 0 as n — 00, then, under the stated conditions, for every ¢ > 0, Anqg such that Vn > ny

P isup [774(g) = 77(9)l > ¢ <10nA oo (i,g)e—cm:ﬁe{
geYy 3

where C = (f )/ [2GAB) A Nloo (1| f lloo + 2 Pmin fmin/3)] does not depend on n.

2
in Pmin

Quite often, with more efforts one can study the uniform almost sure properties of various curve estimates. The
following theorem, which is not a corollary of Theorem 1.2, is one such result. Suppose that there are constants o >0,
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s >0, and M > 0 such that for every x > 0,

Mx* if >0,

log N oolx, 9) < Ha(x) := { log(Mx™) if 2=0. ¥

Such conditions on the rates of growth of the entropy are common in the literature; see, for example, Polonik and Yao
(2002). Since the case of o =0 is trivial (and not interesting in practice), the following result focuses on the case where
o> 0.

Theorem 1.3 (Not a consequence of Theorem 1.2). Suppose that the bound (3) holds for some o> 0, and that as

n— oo,
1/(2+
logn nhd [
- — 0 and hp, — 0. “4)
nh logn

Then, under the conditions of Theorem 1.2,

a4\ /@)
. nn, — a.s.
lim ( ) sup |77 (8) — ()] 20.
n—oo \ logn ¢c%

Remark 1.1. When the class 4 is uncountable, the measurability of the supremum in the above theorems can become
an important issue. One way to handle the measurability problem is to work with the outer probability (see the book
by van der Vaart and Wellner (1996)). Alternatively, one may be able to avoid measurability difficulties by imposing
the so-called universal separability assumption on the class ¥, (cf. Pollard, 1984, p. 38). That is, there is a countable
subclass %y C ¥ such that each g € 4 can be written as a pointwise limit of a sequence in %p. In the sequel, we shall
assume that the supremum functionals do satisfy measurability conditions.

2. More flexible estimators and multiple imputation

Recall the estimator 7, (g) in (2):

. 1 n n n
Ta@ =13 0ig@)+Y (1= D ¢u;XgZpy |,
i=1 i=1

J=L A

where Pn,j Xi)=06;4(X; =X;)/hy) +ZZ:1,;£1‘ Ox A (Xgx —X;)/ hy). Observe that the term 27:1’# Pn,j X)g(Z;)
in the above expression, which is the kernel regression estimate of E[g(Z;)|X;] based on the complete cases, is our
imputed “value” of g(Z;), for the case where d; = 0. Since each missing g(Z;) is imputed once only, the estimator 7",
above is a single imputation estimator. Another popular estimator in the literature is based on multiple imputation; see
Kolmogorov and Tikhomirov (1959). This works by Eonstructing many, say N > 2, different imputed values of g(Z;),
which would then result in N estimates of ¥7(g): ¥ ,1(8). ..., ¥ n,~(g). The multiple imputation (MI) estimator
corresponding to these N single estimators is simply the average

N
~ 1 —~
Vwi(e) =+ ; P k().

To construct our proposed multiple imputation estimator of ¥ start by randomly splitting the sample &,, into a subsample
of size £, say &, and the remaining part ¥,, = &,, — Yy, of size m =n — £. Also, let

- 1|
Vn(e) =~ Zéig<zi>+% Yooa=| Y e XogZp |t )

i=1 i:(Z;,0;)€Dm Ji(Zj,0))eDy
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)/ e

k:(Xp,00)€Zy

where

(pf/(x)_5%‘<

Repeating this process a total of Ntimes results in the sample splits (7, g\ .9 (1)) (EZ(N) @,(,iv)) and the corresponding
estimators Vn’l(ﬁ) » 7"n.N(g) of 77(g). Finally, define the imputation estimator ‘//Ml(g) N1 Zﬁvzl?n,r(g).

How good is v~ Ml(g)” The following performance bounds show that VMI(g) is uniformly (in g) close to ¥, for
large n. First we need the following condition:

(ML) h, — 0, nhz—>oo, {— o0, and £/m — 0 asn— o0.

Theorem 2.1. Let G be as in Theorem 1.2 and suppose that conditions (¥ ), (p), (X)), (¥"), and (M L) hold. Then,
for every € > 0 there is a no such that for all n > ny,

sup |7 wi(g) — 77 (g)| > 8] <CINnN o (g g) e—Cath{s?
g€Y

where C and Cy are positive constants not depending on n.

Note that strong convergence results for v ‘Mi(g), (uniformly in g), follows from the Borel-Cantelli lamma, under
the minimal condition that log(N Vv n)/(éh?) — 0,asn — oo.

Supnorm covers, or equivalently ./ (&, %), can be very large. Of course, for 1 < p < 00, L ,-norm covers are weaker;
unfortunately, they depend on the underlying distribution which is unknown. In what follows we consider data-based
covers of ¥ based on weighted empirical norms. More specifically, fixed (z1, 01), ..., (z,, 9,), X, and consider the
weighted seminorm

n
lellwoo =D W nj(X)8,18))l,
Jj=1

where W), j(X) = Wy j(X,X1,...,X,) € R, j =1,...,n are weight functions depending on X, X1, ..., X;, but not
Yi,...,¥n, (recall that z = (xT, yT)T), and satisfying Z’}ZIW,,J‘(X) = 1. Note that if %", j(x) = 1/n for all j’s then
lellw,x = lghhn = (l/n)Z;leéjlg(zj)L For any & >0 define A" (¢, 9, ||l (x)) to be the cardinality of the
smallest collection of functions 4, . = {g1, ..., gu,,} With the property that for every g € ¥, 3g* € %, . such that
lg — &l x) <e. Clearly, /(e, %, |y, x) <N (e, %). There are many choices for the weight function %",.
Here we have in mind the kernel-type weight

H((Xj —x)/hy)
Yo A (X —x)/hy)’

for the kernel 7" : R?Y — R. The following theorem provides exponential performance bounds for the uniform
deviations of ¥ \mi(g) from 77(g).

Wn,j(x) =

Theorem 2.2. Let % be a class of functions g © R*TP — R, with ||g|lec < B for every g in %, and put m =n — £.
Suppose that conditions (F), (p), (X)), (V), and (M L) hold. Then, for every ¢ > 0 there is a ny such that for all
n > no,

- . & ) 2
sup |7 wi(g) = 7(9)] > & { SENE [N (2. %, I,0) |77/ 01280
ge% 16

+8NmE[/V(p§; gllllm(X))] —me? /(5125%)

+ 8NmAy(9, 8)[56_thcl + 36_61,!%‘,282]’
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where c1 and cy are constants not depending on n and

_ Pmin fmin€ ) 2
A4¢(9, 8)—\/E|:JV (mg ||||1//((X)):| . (7

Remark 2.1. The constants ¢; and ¢, that appear in the bound of Theorem 2.2 depend on many unknown parameters,
and no attempts have been made to obtain their optimal values. However, for later sections, they may be taken to be
c1 =by ANby A b3 A by and co = bs A bg A by, where

by =1/ A ool flloo + 1)), ®)
by = | flloo/ A2[1.7 Nl o), &)
2A
b3 — min , (10)
32”%”00(”]0”00 + fmin/4)
2 2
Prnin/mi
b — min < min , 1]
#7181 oo (11 oo + Prin fonin/®) (o
P2 12
b — min Y min , (12)
> T 8GO B2 H ool flloc + Prmin finin/3)
2 2
p . .
b — min Y min , (13)
® 7 8108 B2H oo f lloc + Prmin fmin/36)
2 2
b7 prnin fmin (14)

T 5126542 B2 A oo (1 flloe + D)

In practice, when the members of the class ¢ have certain desirable functional properties, one may then revise the
estimator in (5) accordingly. Consider the following setup. Let

M @
X=(§(2)>, U=<§ ) where X!V € R, X@ € R, and d) +dr =d.

Also, suppose that g = g1 * g» for every g € ¥, where g1 : R — R' and g» : R“2 — R'. When the operation ‘x’ is
either “x’ or ‘4, or ‘—’, one obtains E[g(Z)|X =x] = g1 (x")*E[g>(U)|X = x], and thus the estimator in (5) may
be changed to

~ 1<
Valg) =~ Zé,-g(z,-w% Y- |aXMx Y g (XU

i=l1 i:(Z;.0,)€Dm Jji(Z;.6;)eZy

In this case, one may revise Theorem 2.2 as well. In fact, the following result is the counterpart of Theorem 2.2 for
the case where g is multiplicative: g(z) = g((xT, yT)T) = gl(x(l)) X go(u), g1 € 91, g2 € %», for some classes of
functions % and %,. Of course, the choice of the classes %1 and ¥, are determined by the statement of the problem
of interest. (An example along these lines is the problem of nonparametric least-squares estimation in the presence of
missing covariates; see Section 3.)

Theorem 2.3. Let ¢ = 9| x 9, be a multiplicative class of functions, as stated above, with the property that
Ig1lloo < By <00 and ||g2llco < B2 <00, for every g1 € 91 and every g» € %,. Then, under the conditions of



M. Mojirsheibani / Journal of Statistical Planning and Inference 137 (2007) 2733—2758 2739

Theorem 2.2, for every & > 0 there is a no such that, for all n > n,

P {sup 17 mi(g) — 77 ()] >s}
g€y

£ — 2 2 N 2
<GNE [Af (E’ 9, ||||1,n)] e /128 4 NmELN (cse, %o, [y 00)]e 0™

d . d .2
+ crNmELA (cse. %o, [y, x)P x [eoe 0 4 ¢pemerthie’),

where c3, ..., c12 are positive constants not depending on n.
The following result, which is the counterpart of Theorem 1.3 for the multiple imputation estimator 7 Mi(g), is
useful when studying the uniform asymptotic properties of the least-squares regression (as well as density) estimators,

with missing data.

Theorem 2.4. Let 7~ mi(g) be as before and suppose that the bound (3) holds for some «>0. Also, suppose that
conditions (F), (p), (KX, (V"), and (M L) hold. If,asn — oo, N = N(n) — oo and

1/Q4x)
¢h?
—log(m VN — 0, ——t he — 0, and _E — 0,
Ul? log(m v N) nhy

then

d 1/(2+)
him sup |7 mi(g) — 7 (9)] 20
n—00 log(m\/N) geg MIRS ==

Proof of Theorem 2.2. Start with the simple bound

N
Plsup |7 wmi(g) = 7(@)l>ep <Y Pisup |V u,(g) — 7 (9)>et. (15)
g€9 =1 g€Y
Let "?n (g) be as in (5) and observe that “//}',,,,(g) 4 "?n (g),r =1,..., N.Furthermore, since the data are iid, we may
assume w.o.l.g that &y = {(Z1, 01), - . ., (Zy¢, d¢)}, which can always be achieved by a re-indexing of the observations

in Z,. Thus, one may take

n n 14
—~ 1 N
V@)=~ Zaig<zi)+% D=0 D 0, XgZ)) | 1 (16)

i=1 i=0+1 j=1
We will use a nonstandard symmetrization argument in the rest of the proof.

1. A nonstandard first symmetrization (w.r.t. a hypothetical sample): Let 7, = {(Z, 8}), . .., (Z},, &)} be a ghost

n>-n

sample, i.e., (Z}, 5; ii=d(Z1, 51). Also define
1 n n n L
!
Ta@ =~ 3 0g@)+— 3 (1= 1> 00 ;XDeE) ¢ | (17)
i=1 i=0+1 j=1

where @, ;(-) is as in (6). Note that (17) is not exactly the counterpart of (16); this is because unlike (16), the expression
Zf‘:l ¢¢,;(X)g(Zj) in (17) is a function of both the true and the hypothetical samples. (In fact, the term ¢, ;(X})
in (17) is a function of both X; and (01, X1), ..., (0¢, Xp).) Here, a ; (g) does not have any direct applications as an

estimator of 77(g); it is only a symmetrization device to deal with the empirical process corresponding to v w(g). To
this end, fix the data &, and observe that if sup,c4|7 ', (g) — 77(g)| > &, then there is at least some g, € %, which will
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depend on &, (but not the ghost sample 9;), such that |’?n (ge) — 7V (ge|Zn)| > €, where V' (g:.1Zy) = Elg: (L)<, ].
Now, put

Bu@n) = P17 (8) = ¥ (gelZ)| < 5| 7}

and note that

-~ -~ -~ . - &
Bu@n) <P =17 (80) = T (@)l +17 u(e) = 7 (gl %) < 5| 7 }
- _~ 8
<P {1708 = Tuteo)l > 5| 7]
- —~ 8
<P{sup|"/;<g)—~mg)|> 5\%}. (18)
g€y

Next, let

o YU 10,8@NAH (X; = X))/ he)  E[8,g(Z))X!] )

n,i 8) = . - s

YC 18, (X — X))/ he) pX))
and define
- ne
m (@) = P Y suplhi (@)= 2| Tt 20)
i=0+18€9 8
and
" ne
Ty = Elmy(Z)] =P D supllyi(@)l>—1t. @1)
. @ 18
i=0+18€7

It will be shown in Section 4 that

1ty < 12mAg(%, £)[e—hibse® 4 e=thibo), (22)
and

Bu( @) 21 —de™ /OB _ (), (23)
where A,(%9, ¢) is as in Theorem 2.2, bg = bg A bg A by, and bg = by A by, and the constants by, ..., by are as in

(8)—(14). Now, observe that the above lower bound on f3,(Z,) and the upper bound on the far right side of (18) do
not depend on any specific g, and that the chain of inequalities between them (in (18)) remains valid on the set
{supgegl?” ‘n(g) — 77 (g)| > €}. Therefore, integrating the two sides with respect to &,,, over this set, one finds

E [(1 — 4B _ o (9,))1 {sup 17 (g) — V()] > s” <P {sup 177(8) = T n(@)] > f} L4
14544 g€Y 2
On the other hand, since
~ (2.21)
E | my(Zn)l sup [V n(g) — 7 (@) >¢ <E[n, (Zn)] = 7,
g€y

one concludes that, for large n,

—~ 1 —~ —~. £
— < — — .
P {;‘ég 1770 () = 7 (@)1 > 8} S _ 4e—ne?/(288B2) |:P {Z‘elg [77,(8) — V()] > 2} + 7r,,:| (25)
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To complete the proof of the theorem, it remains to bound the probability statement that appears on the r.h.s. of (25).
First note that, with ¥",, and 7 ; given by (5) and (17), respectively, one may write

s

14
1
+Pisup—| Y | (A=) (D o ;XD)e(Z))

m
89 ™ i1 =1

Z[&g(z ) = 8i8(Z))]

SHPI"V Q-7 (g)|>§} <P{Sup
ge%y gey 1

¢
/ v &
—(1=9) Z(pl,j(xi)g(zj) >

j=1
=m(n) + m2(n) (say). (26)
2. Second symmetrization (w.r.t. an independent Rademacher sequence): Let Ry, ..., R, be an iid Rademacher
sequence (i.e., P(R; = +1) = 1/2 = P(R; = —1)), independent of &, and Z,. Since the joint distribution of
(018(Z1), ..., 0n8(Zy)) and that of (&) g, ..., 0,8(Z})) are not affected by randomly interchanging their cor-

responding components, one can write

mo0 =P L sup ~ 3 Riloig (@) — 8jg(Z)1| > > 21 <2P {sup ZR 0i8(Z)|> ¢
geg gev |2
& 2 2
< 4 —ne/(512B7)
<4E [m(m, AlMIE . @)

As for the term 75 (n) in (26), first observe that

4 ¥4
S 1658 A (X; — X0/ ho)
(1—=0) ) ¢ X)gZj)=~1-9;)
j; " ! Y1 O (X — Xi)/ o)
= Ho(Zy,(X;,0;)) (say) i=£41,...,n
Similarly,
4 ¥4 - /
, , 21058 A (X — X))/ he)
(1=0) ) ¢ ;XDgZj)=(1-0;)
,-Zl o ’ b0 (Xe — X))/ he)
Ho(Z0, (X[, 00)), i=C+1,....n
g
> — .
4

Furthermore, (X;, J; )ud(X;, 0)).i =€+ 1,....n and Z is independent of both (X;, d;)"_,,, and (X[, o))", .

Consequently, the joint distribution of the vector

Therefore

Z [He(Ze, (X, 6:)) — Hg(Ze, (X, 67)]
i=f+1

my(n) =P {supm

g€y

(Hg(Ze, Xpg1, 0¢41)), - - Hg (D4, (X, 62)))

is the same as that of the vector

(Hg(glv (X2+1’ /€+]))7 R} Hg(géy (X;l7 5;1)))’
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and, more importantly, this joint distribution is not affected if one randomly interchanges the corresponding components
of these two vectors. Therefore, for an iid Rademacher sequence Rj, ..., R,, (which is taken independent of &,
(Xi, d;), and (X, 67),i =€+ 1,...,n), one deduces
e
> =
4

ma(n) =P {supm™! Z Ri[Hy(Zy, (Xi, 01)) — Ho (%, (X[, 6))]
gey i=l+1

n

14
— &
<PRsupm™ | Y Ri(1=6)) ¢ ;(Xg(Z)) >3
gey i=l+1 =1

n Jé
_ &
+PIsupm | Y R(=0)> o ;(XDe(Z))| > =
8€¥ i=t+1 j=1 8

=1, +11,=2I, (28)
(since I, and I1,, are precisely the same). To bound the term 1,,, fix &,, and for any ¢ > 0 put
&' = epmin/32. (29)

Let %il, be an &’-cover of 4, w.rt. |||l (x,), i.e., for every g € ¥, there is a gf) € %gl, such that,

lg — &Py x) <€ (30)

Also, let A"(¢', 9, |Illy,(x;)) be the &’-covering number of ¥, with respect to |||, x,). Foreachi =€+ 1,...,n,
choose gi") e @gl, such that ||g — g 9 ,x;) <&, and write

n

4
Do R =6)) o ;Xi)g(Zj)

i=0+1 j=1

n

14
<Y | R =6D) 90 ;X (Z))

i=0+1 j=1
n 4 )

+ Y [ RA=6)) 0, X@EZ) — (@) ||. 31)
i=0+1 j=1

Fori=¢+1,...,n,let pX;) = Z?zléj,%”((Xj — Xi)/hg)/ZLl.%f((Xj — X;)/h¢) be the kernel estimate of
E(6;1X;). Then the 2nd term on the right hand side of (31) is bounded by

n 1 ) n 8/
> IR =60 ||g—gi”|w—g<x,.>] <Y = (by (30))
Naryd) [ P(Xi) i P
_ Pmin® Z ! (32)
3255, P

Define the events €2, and [E, . according to:

n

. 1
o= {p(xi»Epmm},

i=l+1
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and

n £ n
— —1 ) ) _ ‘ _1 { Pmin€ 1 &
Eo=i s |30 RO =00 )00 K0e@)) || +m (L) 3 ottt
seUize119, i=t+1 j=1 i=t+1

and observe that (32) in conjunction with (31) and (28) imply that

L, <E[lig,) P{E, .| Z,}] + P{Q,}

n 4
-1 & &
SE|Py sup omTH D Ri(1=00) ) 0 XD | |+ 16> 5|
gGUi:Hl%VS/ i=0+1 Jj=1
- 1
+ 2P {ﬁ(xi)< Epmin}
i=0+1
=10 + 1@, (33)

where A denotes the complement of an event A. Using standard arguments, one can show that

n
IV<2 S ELNVE G Ny yx,)]e e /G128
n (( t)
i=0+1

) 2
=2mE[N (', %, ||l n,cx)le ™/ C12ED), (34)

To deal with the term 1,§2), first let fg(X,-) = (th)_1 Zﬁ: 1A ((Xj — X;)/ hy) be the usual kernel density estimator of
/. based on Xy, ..., Xy, at the point X;, i =€+ 1, ..., n. Itis a simple exercise to show that P{fe(Xi) < 1/2 funin)} =
P{fXi) — feX) > fXi) — 1/2 fmin} SP{feXi) — fX)| > 1/2 fnin} S2exp{—Lh{ £ /1320H oo (Il flloo +
Jmin/4)1}. Consequently, the fact that P{p(X;) < 1/2pmin} < P{|p(X;) — p(Xi)| > 1/2 pmin}, together with (43)—(45),
and (52) imply that P{p(X;) < 1/2pmin} <4 exp{—hd £2. p2. /112811 lloo (| f lloo~ Pmin fmin/8)1}. This latter bound
in conjunction with (33) and (34) lead to

In <2mELN (', G, [y x)le ™" /51287 4 dgne=thi banbo), (35)
where b3 and b4 are given by (10) and (11). Now Theorem 2.2 follows from (15), (25), (22), (26), (28), and (35). O
3. Applications to nonparametric least-squares regression and density estimation
3.1. Least-squares regression in the presence of missing covariates

In this section we consider the problem of nonparametric estimation of a regression function when some of the
covariates may be missing at random. More specifically, consider the random pair (Z, Y), where Z = (VI, WHT ¢
R4P Ve R? and Y € R. Let y*(z) = E(Y|Z = z) be the least-squares solution of the regression of ¥ on Z in the
sense that E[y*(Z) — Y|* = inf . pavr_, g EWY(Z) — Y% Let Z, = {(Z1, Y1,01), ..., (Zy, Yy, 5,)} be an iid sample,
where §; = 0 or 1, according to whether W; is missing or not. Let ¥ be any class of candidate regression functions,
(this could be, for example, a particular nonlinear class, a linear class, or a partially linear class). For any y € V¥, put
L) = E|W(Z) — Y|* and define its kernel-based estimator by

~ 1| & -
La) =~ Zéi|l//(zi>—yi|2+% > A=)l |, (36)

i=l i(Z;,0;)€Dm
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where &,, is any random subset of &,,, of size m, and

Lei() = EWA(Z)|Xi] = 2VEW(Z)IXi] + Y7, X = (5) € R, and

EWr@oXil= Y. ot @pa (X —Xn/hy =Y 84 ((X; = X)/hy),
j:(Zj,éj)GfZg jZ(Z_/,éj)E@g

where 9y = 9,, — 9y. Here Zg,,‘(l,b) may be viewed as the imputed value of L; () := E(|W(Z;) — Y,~|2|2(l~) =
E[lpz(Z,-)|X,~] - 2Y;EW(Z)|X;] + Yl.z. Repeating the entire procedure N (> 1) times yields N copies of L, ()):
LOW), ..., LN W), where L () is computed based on the rth sample split (2, 2{), r =1,..., N. Also, let

ZMI(np) =N _IZf;l’L\f,r) (). The proposed multiple imputation least-squares estimator of the regression function is
given by

¥, = argmin ().
ye¥V

Note that in the hypothetical situation where L; () is available for all i’s for which W; is missing, one would choose
Y, as the minimizer of the empirical error function n_l[zl'.’:léi W(Z) — Yi|* + Y (L= 8)Li(Y)]; cf. (1) and
Theorem 1.1. To study the properties of the L,-error of ¥,,, we first state the following fundamental lemma.

Lemma 3.1. Let ™ and \,, be as before. Then
E[W,(Z) — " (Z) P12, <2 sup [Lmi () — EWW(Z) — Y|?| + L;r;{pEW(Z) — @)% (37)

Ye¥

The following result gives exponential performance bounds on the difference between the L;-error of ¥, (as an
estimator of 1) and that of the best member of ¥, i.e., the difference

ElY,(Z) = (D)1 2] — Inf EW(Z) - V@I,
€
Note that if ¥ is large enough so that y* € P, then the above infimum is zero.

Theorem 3.1. Suppose that |Y|< B < 0o. Let ¥ be a class of functions  : R¥TP — [—C, C], C= B > 0. Suppose
that conditions (F), (p), (A, (V"), and (M L) are satisfied. Then for every € > 0, there is a no such that, for all

n>no,
>g}

<cuNELN (cise, P, [1a)]le™ " + NmEV2[A (care, P, |l y0) Pleize 80 4 e —enth],

P ”Ewn(Z) — @)1 D] — ujngW(Z) — @)

where c14, . . ., c21 are positive constants not depending on n.

An immediate consequence of the above theorem is the strong consistency of the L, error of y/,,. More specifically,
if, as n (and thus ¢ and m) — oo,

log(m v N) log A4¢(¥, ¢)
——— >0 and ———— =0,

Lhy, Lhy,
then an application of the Borel-Cantelli lemma yields E[|y, (Z) — V*(Z)[%|Z,]1 %> infycy EWW(Z) — y*(Z)]*. In
fact, in many cases, more is true: suppose that the d-entropy, log A"« (9, ¥), of the class ¥ satisfies condition (3) for
some 0. >0. If, as n — 00, (N = N(n) - o0),

1/2+
log(m v N) end [+ ¢
0, s S hy — 0, and — — 0,
ehd log(m v N) nhy
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then, under the conditions of Theorem 3.1, one can show that

1/2
. fh? /(2+a)
Iim | ———
n—oo \ log(m v N)

Example 1 (Differentiable functions). Fori =1, ..., s, let k; >0 be nonnegative integers and put Kk = k| + - - - + K.
Also, for any g : R® — R, define

Elly(Z) = " @|Z0] =~ inf EW(EZ) " @) 2 0.

K
DWegm) = —;

——g(u).
Gull,...,Gu?Sg( )

Consider the class of functions with bounded partial derivatives of order 7:

W=1y:0, 1177 - R'| > sup | DWg(u)| <A < o0

K<r u
Then, for every € > 0, log N (¢, V) < Me™% where = (d + p)/r and M = M(p, d, r); this is due to Rubin (1987).

Example 2. Consider the class ¥ of all convex functions {y : € — [0, 1], where € C RIAtP g compact and convex. If
 satisfies | (z1) — Y (z2)| < L|z; — 2], forall 21, z; € €, then log N (g, ¥) < Me=@+P)/2 for every ¢ > 0, where
M = M(p,d, L); see van der Vaart and Wellner (1996).

3.2. Maximum likelihood density estimation

Let Z = (XT, YT)T € R*tP where X € R?. Here Y could be missing (MAR) but X is always observable.
We consider the problem of estimating the marginal probability density of Y, in the presence of missing data:
X1,Y1,01), .., Xy, Yy, 0,), where as usual 6; = 0 if Y; is missing, (otherwise, 6; = 1). In what follows, it is
assumed that the true density po belongs to a class of densities, say 2. Note that when there are no missing data, the
usual maximum likelihood estimator of py is simply p, =argmax pegzz;’:l log p(Y;). Next, let Z; be a random subset
of 9, of size £, and put 2, = ¥, — 9. For any function p : R? — (0, co) define

—~ 1 n n ~
L(p) =~ Zé,-logpmw% > (U =68)Lei(p) |, (38)
i=1 i:(Z;,0;,)€ED
where
Loipy= Y 0jlogp(Y)#(X; —=Xp)/he) = > 0;4(X; —Xi)/ hy).
Ji(Zj.0))eDe Ji(Z;,6))ePy

Also, let /L\f,l)(p), cey Zle) (p) be copies of (38), based on N independent sample splits (,@g), Eifrf)), r=1,...,N.Put
ZMI( p)=N ’129/:1 Z,([)( p), and consider the MLE-type density estimator

Pn = argmax Lmi(p).
peP

To study py, let dy be the Hellinger distance between two densities, i.e., for py, pr € 2,

1
du(p1, p2) = /5/ Ip%/z(y) - pi/z(y)lzdy'
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Also, put p, = (p, + po)/2. Then by Lemma 4.2 of van de Geer (2000),
diy(pn, Po) <16d3(pn, po)- (39)

The following lemma may be viewed as a counterpart of Lemma 4.1 of van de Geer (2000), tailored to fit our missing
data setup. Let Ly be as before and define

L, (ﬁ"+p01{p0>0}>:E[logwl{po(Y)>0}‘9{|. (40)
2po 2po(Y)
P+ po _ p(Y) + po(Y)

Lemma 3.2. Let p, = (p, + po)/2. Then

2= 1 [~ ﬁn ﬁn
dig(pn, po) < 3 |:LMI <—l{po > 0}> - Ly <—1{po > 0}>] .
Po Po

Putting together (39) and Lemma 3.2, one obtains

-~ + Po + Po

Ly (” 2 1ipo > 0}) -1 (ul{Po > 0})
2po 2po

where L is given by (41). Now let ¢ be the class

d3i(Pn, o) <8 sup
pEZ?

i

1
G =1 10g 2P0 1 1po >0} p e 2}
2 2po

The above results (in conjunction with Theorem 2.2) can be summarized in the following theorem.

Theorem 3.2. Define the class 4 as above. Then, under conditions (¥), (p), (KX, (V"), and (M L), for every € >0
there is a ng such that for all n > n,

A . 2 PN 4
P{du(pn, po) > e} <coNE[AN (c236”, 9, ||ll1,0)]e” "¢
172 2 2 —cp7thde* —ca9th?
+ NmE'2[A (256, 9, [l x)Please™ 7 4 ege™ ],
where ¢27, . . ., c29 are positive constants not depending on n.

The above theorem can be used to study strong convergence results for the density estimate p,. Suppose that the
o-entropy, log A (0, 9), of the class ¥ satisfies condition (3) for some o> 0. If, as n — oo,

d 1/(4+20)
log(m v N) Lhy Y4
- - 0, _ hy — 0, and — — 0,
Zh? log(m v N) nhy

then, under the conditions of Theorem 3.2, one has

d 1/(4+42a)
lim (— dsi(Pn> po) =0
n—oo \ log(m v N) HPn, PO) = T
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3.3. Kernel density estimation

As an alternative to maximum likelihood estimation, which assumes the knowledge of the underlying class of densities
2, one can also consider the popular kernel density estimate pg of po defined by (in the presence of missing data)

po(y) = Za—éf( )Z(l—a) Z%,(X) ( y)

E 5 H }( 1(1 hn H j A
I’lCln

n - Y10 A (X —Xi)/ hn)

where # : RP — R is the kernel with smoothing parameter @,,. When p =d = 1, (i.e., when (X, Y) is bivariate),
and upon taking ¥ = # with possibly different smoothing parameters %, and a,, the estimator in (42) coincides
with Hazelton’s (2000) estimator. For this special case, it is shown in the cited paper that if nh,a,/logn — oo

A a.s. . . . . . . . . .
then sup,cp|po(y) — po(y)| — 0 holds under classical assumptions (i.e., Lipschitz continuity and symmetricity of
the common kernel, with a compact support, and the uniform continuity of the density po(y)). In fact, it is rather

straightforward to show that if nhza,f /logn — oo then SUPy ey | Po(y) — po(y)] 230 for the estimator defined in 42),
under similar assumptions on the analytic properties of # and pg. The estimator (42) is essentially a single imputation
estimator. One can, alternatively, consider a multiple imputation estimator.

4. Proofs of auxiliary results
Before proving various auxiliary results of this paper we state a number of technical lemmas:
Lemma 4.1. Let 9 be a totally bounded class of functions g : R4TP — R, with ||g|leo < B for every g in 4. Also, let

Y n(g) be as in (2). Then, under conditions (F), (p), (A), and (), for every e >0 andn>2

— &
! {S“p 7a(8) =7 (9)] > ‘9} 2N oo (5. 9) 126715/ g (e 0-b
g€Y

4 e—ds(e—dsh) n=Dh | —ds(s—d()hn)z(n—l)hff]’

where the positive constants dy, . . ., ds do not depend on n or ¢ and are given by

Cf N2
di=dz = (%) /(ZIIJ’f”IIoo(IIfIIoo + 2pmin fmin/3)).

_ Pminfmin 2 ) )
—( 54B )/(2”%”00(”](”00+pm1nfm1n/3)),

27 d
dy=——"— __supsup
Pmin fmin (\/’:1

o7 :
—a()f"‘)‘ Il + Bdnf’noo) > [l
i j=1

geYy x
dy = Bd>,
54B -
do=—25 duf’uoozf 1 (y) dy
Pmin fmin =

Here, ¥ (g|x) = E[0g(Z)|X =x].
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In order to state the next two lemmas, define

d(g1X) = fFX)E[Ig(Z)|X], (43)
. 1 ¢ X — X

X)= — 2 RITVAE J . 44
$(g1X) Eh;? j=15jg( ;)%”< e ) (44)

Lemma 4.2. Suppose that conditions (¥ ), (X), and (V") hold. Then

sup |E[p(g|X)IX] — ¢(gX)| <|cons.|hs.

g€Y

Lemma 4.3. Suppose that || f|leo <00 and || A ||cc < 00. If hy — 0 and Eh? — 00, as £ — o0, then for every y >0
there is a ny such that for all n > ny
X}

_2ppd 2 _ypd _pd
< ELV G/ G20 Flloo)s 9. lllypyx)PLe™ 512810 | o =tht4bio] 4 ge=thon, (45)

P {sup |$(g1X) — E[(g|X)[X]| %
g€Y

where b1o = || oo (| flloo + 1) and b1 = || flloo/ (12]| A [l 00)-
Proof of Theorem 1.2. This is an immediate consequence of Lemma 4.1. [

Proof of Theorem 1.3. Put 9, = (n’lh;d log n)/@+% Then, for any ¢ >0, Lemma 4.1 in conjunction with the
entropy bound (3) lead to

P {sup S n(g) — 77 (9)] >e}
g€y

3
< 2elogn+E0a/3 7" by |:Ze—n8253/28832 + Z e—dz,-l(aén—dg,-h,,)z(n—l)hff:|

i=1

Cdexn | s & (e/3)7*M logn
IR I T T S TR

3
+2) " exp{—dai_1 (8, — drihn)*(n — DA + (/3)"*M3,* + logn}
i=1

3
= 41,0(e) +2 ) Ini(e) (say).
i=1
Given conditions (4), it is straightforward to show that Z;"Zl 1,,.0(¢) < oo. Furthermore, fori =1, 2, 3,

2 —a
i— iln M 1
Ii(e)< exp{_éinhz |:d2 1<8_ drih ) (/3 ogn ]]

2 On 52 upd B O2nhd

Therefore, Z;’f: 1In,i (e) < 00, (since h, /5, — 0), which completes the proof of Theorem 1.3, via the Borel-Cantelli
lemma. [l
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Proof of (22). Put

ne -
Ty =P {supl|l, ;i (g)|= K , and note that 7, < Z Tn.is
g€Y m i=0+1

where I, ; (g) is as in (19). Next, define

Y 18;8@NA (X — %)/ he)

1 (glx) = E0'g@)HIX =x), 7 (g|x) =
YO A (X — %)/ he)

and

Y510, 4 (Xj = %)/ he)

]S(X): s
Yol A (X = %)/ he)
and note that fori =¢+ 1, ..., n,
7 @X) 7 (g|X!
ps<p lsup| T EXD T GXD| e |
eew| PX}) p(X}) 18

At the same time, since |"? (21X)/pX)| < llgllco < B, elementary algebra yields

7 lX) 7 (glX) 7 (g1X) = 7 (gIX)

(PX) — p(X)) +

_ '—"?‘(gIX)/ﬁ(X)

PX) pX) rX) rX)
< |p(X) — p(X)| + 177 (g1X) — V(8|X)|.
pmiﬂ/B Pmin

Also, let f( be the usual kernel density estimator (of the distribution of X), based on Xi, ..

2749

(46)

(47)

(48)

L Xy, ie, fi(x) =

(Zh‘g)_IZf:le%f ((Xij — x)/ hy). Then, it is straightforward to see that the second term on the r.h.s. of (48) can be

bounded by

1

Pmin

$EX)  $(glX)
fiX) X

‘%gm — 7 (gX)

Pmin

1 A A
S———[BIfeX) = fFX] +10(g1X) — ¢ (gIX)[],

~
Pmin fmin

where <2>(g|X) and ¢(g|X) are given by (44) and (43). Furthermore, for every y > 0,

P {sup 1p(glX) — ¢(g|X)|>v}

g€Y

54 g€y

<E [P {sup 1b(21X) — E[$(eX)IX]] + sup |E[d(21X)IX] — d(g|X)] >V|X”

<EP {sup 1$(g1X) — E[$(gIX)[X]| %
g€Y

X} for large n (by Lemma 4.2)

_2ppd 2 _opd _¢hd
<A ELV /G2 f loo), B, Nl 0)Ple 3128010 go=th 4h0) o=t

(by Lemma 4.3).

(49)

(50)
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Next, the term p;i]nB| p(X) — p(X)| that appears on the right-hand side of (48) can be handled as follows. Let ¢(1|X)
and ¢ (1|X) be as in (43) and (44) with g = 1, and note that

~ ~

PUX) _ dUX)| _ [ fX) - X ‘&(HX)—MX)

1p(X) —p(X)|=‘ (D

fX) X | - F(X) f(X)

By straightforward arguments, (and in fact much simpler than those leading to (50)), one also finds Vy > 0, (and for n
large),

p{|(2,(1|x) — o(11X)] >y}gze_eh?/z/g”fuoo(”f”oo‘“//z). (52)

It is also trivial to show that Vy > 0, (and for n large) P{|fg(X) — f(X)| > 7|X} is also bounded by the r.h.s. of (52).
Putting together (47)—(52), and the fact that X; is independent of (Z;, 6;)’s, one finds for n large enough,

i e fo A o fo
i < P {sup bgIX)) — ¢(g|x;)|>p‘“;%f““} +P {|¢(1|x;> - ¢<1|X;>|>”‘“5+§““‘}
g€Y
P LIAK) - pxp) > Poindnin
o V17 08B

<2[2{e—£hfb752 + ze—éhfbl}Al(g’ £) + 2e—thibr | o—thiqi(@)® | e—Zh?qz(s)ez]’

where by, by,, b7, and 4¢(9, ) are as in (8), (9), (14), and (7), respectively, and

2 2
Do, .
(8) — min Y min , (53)
B 8(54)2Bl|'%/||oo(3”f”oo + (8pminfmin)/108)
q2(8) — pmm min (54)

8(108)2 B2 (| |l oo (Il f lloo + (ePmin fmin)/216B)

Referring back to the definition of 7,; in (46), it is clear that one only needs to consider ¢ <36B, (because m,; = 0, for
& > 36B). In other words, one only needs to consider g (&) > bs and g» (&) > bg, where bs and bg are given by (12) and
(13). Thus one finds the loose upper bound

Mo <4[3e—5h§(b5m6/\h7)g2 4 3e—£h?(b1/\h2)]AK(g’ £).
Now, (22) follows from the above bound on 7, ; in conjunction with (46). [J

Proof of (23).

> 8e(Zi) = nV (36| D)
i=1

ﬁn(gn)>l - P

ne
2?'911}

- P { D (= 6)(8e(Z)) — Elge(Z))IX}, Z,))

ne
- g z\%}
i=1
n ) / / E
> (1= ) Elge(Z)IX}, 7] — (1 n E)

i=1

n 12

ne
20 A= | 3o Ksel) || > = |2,
1= j=

=1—dy1 — Ao — 4y 3. (55)
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The term 4,1 can be bounded using Hoeffding’s inequality (recall: ||g|loc < B, Vg € 9):
A <267/ T2B%) (56)

The term A, ;. First observe that, conditional on Z,, (X, ’1), ol (X;,, 5,’1), and under the MAR assumption, the
terms

Wi=(1-0)(8:(Z) — Elg:(Z)IX}, Zul), i=1,....n

are independent, zero-mean random variables (due to MAR assumption), which are bounded by —2B and +2B.
Invoking Hoeffding’s inequality once again,

n
A = E|:P{ oW
i=1

The term A4, 3. Start with the bound

> 2| 70 X, ’1>,...,<X;,5;)}

Qn:| gZe_"sz/agng). (57)

1 n 14 n
An3<PA= 10 =0 | D 00 ;XDee@)) | = 3 (1= 5)Elge(ZDIX], Fn]
i=0+1 j=1 i=0+1

i=0+1

N aoolse &
| > =0 Zlq)g,j(xi)gg(Zj)
j:

2
l / / / 7
[ 2 (= 6D Elge(ZDIX], 7]

i=1

> 4]

n 14 n
STA=D D 0, XDgeZy) | = > (1= )EINZ)IX]. Zy]

<P{-
i=t+1 Jj=1 i=0+1
+i + i} f‘ 9,,] (for large n), (58)
18 187 6
n 4
<P D sup |y o ;(XDe(Zj) — Elg(Z)IX]]| > %]9 , (59)
i=0+18€Y | j=1

where (58) follows from the two trivial bounds |Z§-:1(pg’j(X;)g8(Z~/)|< ligllco<Band |E[ge (Z)X}, Z,]| < lIglloo<B,
and the fact that £/n — 0. Furthermore, we may replace E[g(Z!)|X!] in (59) by (1/p(X)))E[5;g(Z})|X]], where
p(x) = P(3' = 1]X’ = x). This is because E[3,g(Z])[X] = E[E(S,g(Z))|X,, Y) X1 ¥* E[g(z) p(X))X!].
Thus one obtains

n

ne
A3 <P Y sl (@)1= | F | =T,
i=0+18€Y 18

where (as before)
3521818@NA (X; =XD/he)  EL58(Z))IX]]

1,,i(g) == .
U185 (Xj — XD/ he) p(X))

This last bound on 4, 3 together (55)—(57) gives
Bu( @)1 — 47"/ BED _ g (),

which completes the proof of (23). [
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Proof of Theorem 3.1. First note that in view of Lemma 3.1

p HE[W”(Z) R AREAE wilelquEllﬁ(Z) -y

<P {sup L) — EWY(Z) — Y *| > 5}

YeV 2

<NP{sup |Lop) — EWW(@Z) — YP|> 2t where L, is as in (36).
Ye¥ 2
But

P { sup L () — EW(Z) — Y 2| > %}
YeV

<P{ [Zéw(ZH— > a-EW? (Z)|X)]—E(¢2(Z>) >§}
1//e'{/ i=l+1
{ [25 Y2+— Z (1—5)Y2:|—E(Y2) >2}
i=t+1
{2 sup [Za Y (Z) + — Z (1 — )Y EGY(Z:)|X; )} — E(YY(Z))| > %}
'*//elp i=0+1
=1, +1I, + III,, (say), (60)

where E(J* (Z:)|Xi)= 3" 0 )" (Zi) 4 (X —Xi)/ he) = Y52 84 (X; =Xi)/ he). fork=1, 2,and X;=(¥;, VD).
We may bound I, as follows. Let % = {(i)*|y € ¥} and observe that Vg', g” € %

¢
lg" = &"llw )= Y_0;We;®IgZ)) — g (Z))l
j=1

Ja
<Y 8 W eI Zj) =" @) x W (Zj) + " Z))]]
j=1

L2CIY" =" llyyx) where C = (1Yl = [ lloo-

Inother words, if {i}, ..., ¥} isaminimal ¢/2C-cover for ¥, w.r.t. || || -, (x) then the class of functions {gy,» - 8yy b

where gy, (Z) = lﬁiz(Z), is an g-cover of 4. Therefore, N"(e, 9, |[ly,x)) <A (e/2C), ¥, llll%,x))- Now this fact
together with Theorem 2.2 give the bound

- o
L, <c30E[A (care, ¥, ll1,0)]e” 2" + c3smE[ A (c3ae, Y, |y, x))]e” 5™

. S d _c d .2
iy ELV (€368 9 o) x [ezre 8 4 czpeethie’),

where c39, . . ., cao are positive constants not depending on n. The term II,, is rather trivial to deal with:
& Lp 1 &

> — — > —
12 m 12

<26_C4‘"82 + 2 caame (via two applications of Hoeffding’s inequality).

Y =6)YE— E((1 -8

i=l+1

1 . 2 2
I, <P H;;aiyi — E(6Y?)
1=
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As for the last term, III,,, Theorem 2.3 implies that for large n,

_ 2 _ 2
ML, <z E[A (cane, ¥, Nll1.0)1e ™" + casmE[N (case, ¥, Iy, x))]e 4™

o d o pd2
+m\/E[JV(C48& ¥ Ml x)1? X [eage ™4t 4 cspe=cstthie™y,

for positive constants, c43, . . ., 51, that do not depend on n. This completes the proof of Theorem 3.1. [J

Proof of Lemma 3.1. Using the decomposition E (|, (Z) — Y |*|Z,) = E(|Y,,(Z) — y*(Z)|*|Z,) + E|W*(Z) — Y|,
one may write

E(W,(Z) — " (Z)1*1Zn) = [E(It//,,(Z) —~ Y 2,) - djg{yElzb(Z) - Y|2]

. _ 2 _ * _ 2
+[¢I€1fWEIlP(Z) YI" = EW(Z) YI]-

However, the second square-bracketed term above is equal to infyey E[Y(Z) — Y*(Z)|%, and

the first square-bracketed term = sup{E(|y,,(Z) — Y 1*1Z,) — ZMI(lpn)

yeV
+ Lavi(Y,) — L) + Lav(W) — ENW(Z) — Y1)
<2 sup [Lavi(Y) — El(Z) — Y| since (61) <0. O (61)
Ye¥

Proof of Lemma 3.2. By the definition of j,, for every 0 < p € 2, one has Lyi(pn/p) = Lvi(Pn) — Lai(p) =0.
Furthermore, by the concavity of the logarithmic function

1 D D +
“1og P2 1{po > 0y < log 2P0 1 py > 0).
2 Po 2
Therefore,
- [Sn
0<Lwm (—1{P0>0}>
Po
<2Lwi <MI{P0>0}>
2po
=2[ZMI(””+”°1{po>0}) —Ln(”"+”°1{po>0})}+un(p”+p°1{po>0}),
2po 2po 2po

where L, is given by (40). But (p,, + po)/2 is also a density and hence, by Lemma 1.3 of van de Geer (2000),
L, Pn+POI{pO>0} S—ngl Pn+P0’p0 ’
2po 2

which completes the proof of the lemma (since p;, := (pn + po)/2). O

Proof of Lemma 4.1. Fix ¢ >0 and let %,/3 be an ¢/3-cover of 4, w.r.t. the ||||oo-norm, (recall that ¥ is totally
bounded). Also, let A "o (e/3, D) be_the cardinality of the smal_lest such covers. Then for every ¢ € % and every
£ >0, there is g* € ¥, /3 such that [77,(g) — V" (g)|<2¢/3 + |77, (g") — ¥ (g")|, where we have used the fact that

Z;f:l’#iq)n’j(X) < 1. Hence

P {sup |7n<g>—%‘(g>|>e} <Hoo (5.9) max PUS4(9) = 17 (9)] > ¢/3). (62)
9% 8€%e3
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However, P{|7 ,(g) — 7" ()| > &/3) < Dyu.1 + Dy + Dy 3, where

Dp1=P {nl Eg(zi) —n¥ (g)| > g}
Dyy=P <n—l ;a — 0)lg(Zi) — E(g(Zi)|Xn)]| > g}

n n
_ &
Dia=Pin ' |32 =0)| 3 0, Xs(@) ~ EGQEZ)X) || > 5
i=1 j=1,#i

Using Hoeffding’s inequality, (also, cf. (56) and (57)) one immediately finds D, <2 exp{—ng2 / (72B?%)} and
D, 2<2 exp{—rw2 /(288 B?)}. Furthermore, arguments similar to (and in fact simpler than) those used in the proof
of (22) lead to the bound: D, 3 <Y 7, qn,i, with

0<gn;<P {28|fn1(Xz’) — XD+ B~ 1,1 (g1Xi) — d(gIX))]

oy (11Xi) — G(1X)| > Pm_fmS} _

9B

Here, fu—1(X0) = (n — D)7 hy Yy L (X; —Xi)/ hy) and §(glXi) = f (X0 E[6:¢(Z)[Xi] and &, (g1X) =
n— 17! hn_dZ;f:L#éjg(Zj)%((Xj — X;)/hy,). On the other hand, under the assumptions of Lemma 4.1,
|E[g?)n_1 (g1 X)IXi]1— ¢(g1Xi)| < hpda pin fmin/27, where d; is defined in Lemma 4.1, (the proof is similar to, and in
fact simpler than, the proof of Lemma 4.2). Using this fact, it is straightforward to show (via Bennett’s inequality) that
for every y > 0,

. (y — cohn)*(n — Dh?
P Xl' — Xl' 1 X,’ §2 - 1,
19101610 = 95101 > 1% expi 2B||th||oo[15e||f||<,o+<y—cohn)]}A

where co = d> Pmin fmin/27. Similarly, one can also show that |E[ fn_l(X;)|X;] — X< coohy, where cop =
de Pmin fmin/ (54 B). Consequently, for every y > 0,

h - hy 2(n — 1)h9
Pl fa—1(Xi) —f(Xi)|>V|X,-}<2exp{_ (y — coohn)”(n — Dhy, }A

21 ool flloo + (7 = coohn)]

The rest of the proof is trivial. [

Proof of Lemma 4.2. Since X is independent of (Z1, 01), ..., (Z¢, 0¢),
E[d(g1X)IX] — p(gX)

= h; E[618(Z) A (X1 — X)/he)|X] — £(X)E[58(Z)[X]

=h; ELA (X1 = X)/ he) E(S12(Z) X, X1)X] + £(X) 7 (2/X),

where 77 (g|X) = E (0g(Z)|X). Once again, from the independence of (Z{, ¢1) and X, one obtains E (01g(Z1)|X, X{)=
E01g(Z1)|X1) =: 7 (g|X1). Consequently, one finds
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E[$(g1X)IX] = $(3IX)
=hYE[(/"(g1X1) = 7 (g[X) A (X1 — X)/ h)[X]
+ E[7(IX)(hy ! A (X1 = X)/ he) = f(X)[X]
=T (X) + 1(X) (say). (63)

where X ; and X; are the ith components of X; and X, respectively, and X* is on the interior of the line segment
joining X and X. Thus

A one-term Taylor expansion gives

d .
o7 (g|X* X;—-X
Tl(X>=hsz[<Z%(Xu—X»)%( - )

i=1 L

077 (glx)
ax,'

d d
_ X —X
I X)|<C E E||Xi;—Xi|l-h d%( )'X] where C, = sup su
I l( )| gi=1 [| 1,i z| ¢ he g \/ Y Xp

i=1 8

d
. (x-X
=CgZ/Rd|x,-—X,-|h[d%( m )f(x)dx
i=1

d
<Cllfll Y- [ byl )y (64
i=1

As for 75 (X) that appears in (63), note that

u—X
he

N(X) =77(g1X) fRd hg_d%( ) [f(w) = f(X)]du

=7"(g1X) /d[f(X + hey) — f(X)]A (y) dy.
R
Since |7 (g]|X)| < B, a one-term Taylor expansion results in
d
T2(X)| < (Bdllf/llooZ/ Iyilf()’)d)’> hy. (65)
i=1

This last bound together with (64) and (63) complete the proof of Lemma 4.2. [J]

Proof of Lemma 4.3. We will use standard symmetrization arguments as follows. Let

¢ X, —X Xo — X
ﬂ<g|X)=z—125/-g<zj>%( L ) and u(g|X>=E<5og(Zo)%( - )‘X) (66)
L V4

j=1

where (Zg, 69) = (Xo, Yo, o) iE(Xl, Y1, 7). Now, clearly

P { sup |h(g1X) — E[(|X)|X]| %

g€Y

X} =P suph;lgli(eX) — u(gX)gl> >
g€y 2

X} . (67)

Fix 2, and X, and note that if supgegh;dl,&(gm) — p(g|X)| =v/2 then there is at least some g* € % (which will
depend on &, and X), such that hzdm(g*IX) — u(g*1X, Z¢)| =7/2, where

n(g™1X, 9@)=E<50g (Zo)%”< e )'X %).
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Let 92 = {(X;, Y;, 5;), i =1,...,¢} be a hypothetical sample independent of &, and X. Define the counterpart of
f(g1X) by

¢ X —X
ﬂ’<g|X>=z—125;g<Zg>%< 0 )

j=1

and observe that

l
PR 1% = we X, 20l < 7| X, 2e) >1—sup P L e Y Wy > X (68)

g€y j=I

where, for j =1, ..., ¢,
_ X, —X (X —X
Wj:hed[(sjg(zj)%/( ]he )—E <5og(Zo)%( Ohg >‘X)}

However, conditional on X, the terms W; are independent, zero-mean random variables, bounded by —he_d B|| A || oo and
+h ;4 B|| # || o Furthermore, Var(W; [X)=E (W7 |X) <hy 2 B2E[A2((X;—X)/ h)|XI <Ay B2 A Nloo [ra H (@) f

X +uhy)du< h*”IBZH,}i/HOO Il flloo- Therefore, by Bennett’s inequality, and the fact that th? — o0, as n — 00, one
d ‘ ‘
finds

< - 69
32B||A (oo (Bl flloo + 7/4) ©9)

14 d.2
9 —Ch4y for large n |
PLeOT YW =X <26Xp{ ¢’ } :
j=1

Combining the above results, one finds for large n (and thus ¢),

—d i~ Y
<P {n7lelil("1%) — (g 1X. 08l < | X. 7

N =

- N N —d - Y
<P —hy gl (71X = g™ IX01 + hy glR(g"IX) — (s IX. )| < 4| X, 2

=27/2

y R yhY
<Py sup | (glX) — u(glX)| > e
J454

X, 94} . (70)

Note that the far left and far right sides of (70) do not depend on any particular g* € %. Multiplying both sides by
I{sup,cq| w(glX) — u(@glX)| > yh? /2} and taking expectation w.r.t. the distribution of &, one finds (for large n),

. yhd
P 4 sup |u(g|X) — u(glX)| > >
g€

hd
A~/ A ’yﬁ
Xt <2P ysup it (glX) — fu(gX)| > —

g€y 4

X} (71)

Now, observe that the joint distribution of the vector

X —X X, — X
(mg(Zl)%( lh ),-.-,528(Ze)f< ‘ ))
¢ he

is the same as that of the vector

’ ’ X/1 - X / / . X@ -X
8L e eg(ZZ)Q%/ s
hg hi
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and this joint distribution is not affected if the corresponding components of these two vectors are randomly
interchanged. Thus, for an independent Rademacher sequence, oy, ---, oy, independent of X, (X;,Y;,d;),
and (X}, Y}, 07),i =1,..., ¢, one has

1771

1] X; — X oo X, — X
; ;[aig<zi>%<7)—5ig<zi>%( N )H

14

1 Xi—X\ o ., (X -X
7 > i |:5ig(Zi)<1/ (h—e> —5,-g(Z,~)<%”< e ):|

i=1

>

which leads to
¢

T oo (X=X yeh¢
ZUZ |:518(Zz)1/( I )i”>T

i=1

R.H.S. of (71)<2P {sup
g€Y

X} . (72)

Next, fix Z¢, pute”=y/(32|| f o), and let &, o~ be an&”-cover of 4 withrespect to ||[| -, x). Also,let A (", F, ||y, x))
be the ¢” covering number of 4 w.r.t |||, (x). Then, for some g* € ¥, .,

14

(X, —X
E gj [5i8(zi)9i/( )}
he

i=1

<

X

+ehd FeX)llg — ¥y, x)

14
S Gibig" @A (—X - X)
he

i=1

< |the first term above| + Ehgﬁ(X)SU.
Therefore, one finds

(R.H.S. of (72))

<2E [z{ﬁoo <2 flloo)

4 d
X, — X h —~
S 6iig @A ( >| > SL = fu0e”

i=1 he

1

xP{ sup

geg@.s”
+2P{fi(X) =2 flloo}

X @Z} x}
l

X; — X yhd
> «riéig(ziw( ’he >‘> o 1% 9@}

1
<2E [W(a”, G, Mlyy0) max P {—
geg“u E

X]
i=1
+2P{fe(X)>2] £ lloo}
=T+ 1,2 (say). (73)
On the other hand, conditional on Z; and X, the terms 6;9;¢(Z;)# ((X; — X)/h¢), i = 1, ..., £ are independent,

zero-mean random variables bounded by —B .7 ((X; — X)/hy) and +B.# ((X; — X)/ h¢). Therefore, bounding the
above inner conditional probability (in the definition of I,, 1) via Hoeffding’s inequality, one obtains

y yZEZh%d
1,1 <4E M(—,ﬁé, Iy >exp - x| (74)
" 32 fllos ) 51282, 42 (Xi — X)/ he)
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Put V; = ' ((X; — X)/ he) — ELA# (X; — X)/ h¢)|X] and observe that since E[#"((X; — X)/h¢)|XT< || £ looh?, one
may write
y2£2h%d
256B2Y (A2 ((X; — X)/hy)

exp

VZEZh%d
256 B2 A Nloo (It Vil + I f oo €hd)
l l

d d
x |1 Zw <thdt+1 Z"f >ehd 1) 1X
i=1 i=1

<E

4
+P{ > Vil >enf|X
i=1

y2ehd

<expy—
P T 256B2 A o (1 11 fl1o0)

At the same time, since E (V;|X) =0 and Var(V;|X) < h? |4 |l ool f | oo, ONE may once again invoke Bennett’s inequality

to conclude that P{|Zf:l Vil >€hZ|X} <2 exp{—EhZ/[ZH%'Hoo(l 4+ I flloo)]}. Now the first term on the r.h.s. of (45)
follows from (71)-(74) in conjunction with Cauchy—Schwarz inequality and the elementary fact that [x+y|" < [x|"+|y|",
which holds for all 0 <r<1. As for the term I, in (73), it is straightforward to show that I, » <2P{|fe(X) —
FX)| > 1 flloo} <4exp{—Eh;’||f||oo/(12||,}{f||oo)}. This completes the proof of (45). [
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