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Linear Fuzzy Clustering Techniques With Missing
Values and Their Application to Local Principal
Component Analysis

Katsuhiro Honda, Member, IEEE, and Hidetomo Ichihashi, Member, IEEE

Abstract—In this paper, we propose two methods for parti-
tioning an incomplete data set with missing values into several
linear fuzzy clusters by extracting local principal components.
One is an extension of fuzzy c-varieties clustering that can be
regarded as the algorithm for the local principal component
analysis of fuzzy covariance matrices. The other is a simultaneous
application of fuzzy clustering and principal component analysis
of fuzzy correlation matrices. Both methods estimate prototypes
ignoring only missing values and they need no preprocessing of
data such as the elimination of samples with missing values or the
imputation of missing elements. Numerical examples show that
the methods provide useful tools for interpretation of the local
structures of a database.

Index Terms—Fuzzy clustering, missing value, principal compo-
nent analysis.

1. INTRODUCTION

USEFUL technique for knowledge discovery from data-
base (KDD) is to extract local feature values by using
the simultaneous applications of multivariate analysis and fuzzy
clustering. Fuzzy c-varieties (FCV) proposed by Bezdek et al.
[1]-[3] is the fuzzy clustering method that partitions a data set
into several linear clusters by using linear varieties as the pro-
totypes of the clusters. Because the FCV algorithm estimates
the vectors spanning the prototypical linear varieties by solving
the eigenvalue problems of the fuzzy scatter matrices, it can
be said that the vectors are equivalent to local principal com-
ponent vectors derived in each cluster and the algorithm per-
forms a simultaneous application of fuzzy clustering and prin-
cipal component analysis (PCA). In the algorithm, the eigenvec-
tors corresponding to the largest eigenvalues of the fuzzy scatter
matrices span the prototypical linear varieties. Using the linear
combination of the objective function of FCV and that of fuzzy
c-means (FCM) [1], which is useful to derive spherical clusters,
the methods can be expanded to fuzzy c-elliptotypes (FCE) for
the detection of ellipsoidal clusters. Though it is difficult to de-
scribe characteristics of a large-scale database by only one sta-
tistical model, we often obtain practical knowledge from a local
model of each cluster.
In spite of the usefulness, however, the analyzing techniques
often suffer from the presence of missing values in real world
applications. For such an incomplete data set, a simple strategy
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is to remove all sample data or attributes including missing
values. But the strategy isn’t desirable because the elimination
brings a loss of information. Another technique for dealing
with an incomplete data set is to impute the missing values.
Besides imputing the averages of the attributes, we can yield
the maximum likelihood estimates of the missing values using
the EM algorithm [4] under the condition that the defects
arise randomly. But the imputations are often computationally
demanding and the errors in the imputation may accumulate
and propagate through the iterative optimization procedures.
Therefore, it is desirable to analyze the incomplete data set
without elimination or imputation of data. In the application
of PCA, several methods that extract principal components
without any preprocessing of data have been proposed. Ruhe
[5], Wiberg [6], and Shibayama [7] proposed PCA-like
methods for capturing the structure of incomplete multivariate
data without any imputations and statistical assumptions, and
Shum et al. [8] applied such techniques to object modeling.
The methods are based on the lower rank approximation of the
data matrix, which accomplishes the minimization of the least
square criterion, and they extract principal components of the
covariance matrix of the sample data set. In the methods, such
an iterative optimization technique as Gauss—Newton algorithm
is used. Generally, PCA is not scale invariant and the results are
sensitive to the scales of the measurement of the variables. Then
we often use the correlation matrix instead of the covariance
matrix to derive unique principal components. Takane [9]
proposed a technique that can handle missing values in PCA of
the correlation matrix. Takane’s method can derive the solution
analytically even when the data set includes missing values.

Fuzzy clustering also suffers from the presence of missing
values. Miyamoto et al. [10] proposed several methods for han-
dling missing values in FCM. A basic strategy is to replace
missing values by the weighted averages of the corresponding
attributes. Another simple approach is to ignore the missing
values and calculate the distances from the remaining coordi-
nates. Timm ef al. [11] also proposed similar techniques and re-
ported that the simple approach of ignoring the missing values
gave fuzzier membership assignments than the strategy of re-
placing the missing values with the averages. Other observations
such as the convergence property and the initialization problem
are discussed in [12].

In this paper, we propose two methods for partitioning an in-
complete data set including missing values into several linear
fuzzy clusters by using local principal components. One is the
direct extension of FCV to an incomplete data set and it uses the
least square criterion as the objective function. FCV is the same
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technique as the extraction of local principal components based
on the minimization of the least square criterion, which per-
forms the lower rank approximation of the data matrix. While
the objective function of FCV is based on the minimization of
the distances between data points and prototypical linear vari-
eties, we can derive the same objective function from the least
square criterion under a certain condition. The proposed objec-
tive function is equivalent to that of FCV when the data matrix
includes no missing values; hence the technique is regarded as
an extension of FCV into incomplete data sets.

The other is a hybrid technique of fuzzy clustering and
Takane’s PCA with missing values. Because the principal
components are extracted from the fuzzy correlation matrix
in each cluster, the method is a simultaneous application of
fuzzy clustering and PCA of correlation matrices. Although
the proposed objective function with no missing values is not
equivalent to that of FCV, the local principal component vectors
are derived by solving a set of eigenvalue problems.

In Section II, the objective function of FCV is rewritten by
using the least square criterion and the FCV algorithm is ex-
tended to incomplete data sets including missing values. In Sec-
tion III, a simultaneous approach to fuzzy clustering and PCA of
correlation matrices, in which the objective function is defined
by ignoring missing values, is proposed. Several experimental
results including the knowledge discovery from point-of-sales
(POS) transaction data are presented in Section I'V. Section V
contains the summary conclusions.

II. EXTENSION OF FCV ALGORITHM TO INCOMPLETE DATA
SETS USING LEAST-SQUARE CRITERION

Let X = (z;;) denote an (n x m) data matrix consisting
of m dimensional observation of n samples where X includes
missing values. In this paper, we often represent the data ma-

trix as X = (z1,...,%,,) using n dimensional column vec-
tors x;”s composed of the elements of the #th columns of X, or
X = (#1,...,%,)" using m dimensional column vectors Z;’s

composed of the ith row elements of X, respectively. (In the fol-
lowing, bold symbols represent column vectors and the column
vectors superscripted by “~” are composed of the row elements
of a matrix.)

Unfortunately, it is difficult to apply the existing clustering
algorithms without any modification such as the completion of
the data matrix. This paper deals with only the techniques that
simply ignore the missing values without any elimination or im-
putation of data, so that the techniques are free from the influ-
ences of the preprocessing.

In this section, we use the fuzzification technique so called
entropy regularization [13] instead of the weighting exponent
in the standard FCM-type algorithm. Ignoring missing values,
the objective function of FCM with entropy regularization and
missing values is written as follows [10]:

C n m

Lfcmm = Z Zuci Zdu(xu - bcj)2
e=1i=1  j=1
C n
A D uiloguc (1)

c=1i=1
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where b. = (b.1, ...,
d;; is defined by

bem ) is the center of the cth cluster and

1, x;; is observed
d'ij = {0, ! 2)

Z;; is missing.

U.; 1S the membership with the constraint

c
Zucizl, 1=1,...,n. 3)
c=1

The larger ) is, the fuzzier the membership assignments are.
The fuzzification technique has several merits, e.g., “singulari-
ties” do not occur even if several sample points are on the proto-
types and cluster centers are the means of z; simply weighted by
u¢;’s. In the case of linear fuzzy clustering, the vectors spanning
prototypes are also derived from standard fuzzy scatter matrices
using the regularization method.

This strategy of using (1) is useful only for spherical clus-
tering. In this paper, we enhance the method of partitioning
an incomplete data set into several linear fuzzy clusters by ex-
tracting local principal components.

A. Local Principal Component Analysis Using Least Square
Criterion

In this section, we show that the objective function of FCV
can be rewritten by using the least square criterion introduced in
PCA [14]-[16]. The goal of the simultaneous approach to PCA
and fuzzy clustering is to partition the data set using local prin-
cipal component vectors to express local linear structures. FCV
is the clustering method that partitions a data set into C' linear
fuzzy clusters. The objective function of FCV with entropy reg-
ularization consists of distances from data points to p-dimen-
sional prototypical linear varieties spanned by linearly indepen-
dent vectors a.;’s as follows:

C n
Lfcv = Z ucz{(-'i'z - bc’,)—r(ii - bc)
c=1 =1
p
- Z a,c;RCia,Cj
i=1
C n
+ A Z Z Ue; 10g Ue; 4)
c=1 i=1
Rci = (iz - bc)(i'z - bc)T (5)

where u.; denotes the membership degree of the data point z;
to the cth cluster and T represent the transpose of the matrix or
the vector.

From the necessary condition for the optimality
OLfcy/0ac; = 0, the optimal a.;’s are derived by solving the
following eigenvalue problem:

Sfca'cj = HcjQcj (6)

where S, is the fuzzy scatter matrix:
Sf(‘ = Z u(‘iR(‘i- (7)
i=1

Because the optimal a.;’s are the eigenvectors corresponding
to the largest eigenvalues, the vectors are regarded as the fuzzy
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principal component vectors extracted in each cluster consid-
ering the memberships [17].

In the same way, cluster centers and memberships are updated
from the conditions L ¢, /0b. = 0 and OL.,/0uc; = O re-
spectively. An iterative algorithm is used to derive the clustering
result.

In this section, we extract local principal components by
using a least square criterion. We define the least square
criterion for local PCA using membership u.; and entropy
regularization as

Lise = fjtr{(X —Y)TUX - Yo)

c=1
C n
+ Z Z Ui logue;  (8)

c=1 =1

where U. = diag(uet, - - ., Uen). Ye = (Yeij) denotes the lower
rank approximation of the data matrix X in cth cluster,

Y.=FA" +1,b' )

where F. = (fo1,.-., fon) T is the (n X p) score matrix and
A. = (@c1, ..., acp)is the (m x p) principal component matrix.
1,, is n dimensional vector whose all elements are 1.

With fixed memberships, the extraction of local principal
components in each cluster is equivalent to the calculation
of F,, A. and b. such that the least square criterion of (8) is
minimized.

From the necessary condition for the optimality of the objec-
tive function dL;s./0b. = 0, we have

b= (170.1,)"
and if FTU.1, = 0

(X" -4A.F") U1, (10)

X'U.1,. (11)

Here, (11) is equivalent to the updating rule for the cluster center
b. in the FCV algorithm. Substituting (9), (8) is

C
Lige = Y {tr (XJUX) = 260 (X[ U.F.A])

c=1

be = (17U.1,)"

+tr (AF] UF.AT) |

C n
A Z Zu 10g Ui (12)
where X, = X — 1nb:.
From 0L;s./0F. = O
F.ATA. = X A.. (13)

Under the condition that A" A. = I, we have F,. = XA, and
the objective function is transformed as follows:
c
Lige = Z{tr (XTUX.) = tr (AT X] U(XCAC)}
c=1

C n
+A Z Z Ue; 1OG Ue;
c=1i=1

= Lyey. (14)

Therefore, it can be said that (8) is equivalent to the objective
function of FCV and the minimization problem is solved by
computing the p largest singular values of the fuzzy scatter ma-
trix and their associated vectors, when the data matrix does not
include any missing value.

B. Extraction of Local Principal Components From Incomplete
Data Sets

When we deal with an incomplete real world data set in-
cluding missing values, we cannot define the objective function
of FCV composed of the distances between data points and pro-
totypical linear varieties. In this section, we propose a new clus-
tering method that partitions an incomplete data set into several
linear or ellipsoidal fuzzy clusters using the least square crite-
rion. Because the least square criterion with a complete data set
is equivalent to the objective function of FCV, the new method
is an extension of FCV to incomplete data sets.

To extract principal components from an incomplete data set,
Shibayama [7] proposed to estimate the lower rank approxima-
tion of the data matrix, ¥ = FAT + 1,b", minimizing the
following objective function:

¢ =tr(ETE)
E=Do((X-Y)

15)
(16)

where D is the (n X m) matrix whose elements are defined
by (2) and ® denotes the Hadamard product. In this method,
only the elements of Y whose counterparts of X are observed
are approximated while others are estimated depending on the
effects of the observed elements.

The objective function to be minimized is defined by the
convex combination of L¢.nm and Ljs. as follows:

Lfcom = aLlsc + (1 - O5)Lfv:mm

+ (1 = a) (i — bcj)g}

C n
+A Z Z Uci lOg Uc;

c=1 =1

7)

where « is a constant which defines the tradeoff between FCM
and local PCA. When « is 0, (17) is equivalent to (1).

To obtain a unique solution, the objective function is mini-
mized under the constraints that

FIU.F. =1, c=1,...,C (18)
F'U1, = c=1,...,C (19)
c
Doui=1 i=1....n (20)
c=1

and A A, is orthogonal.
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Here, the optimal solution cannot be derived from eigenvalue
problems because the data matrix includes missing values. In
this paper, we derive the solution based on alternating least
squares.

To derive the optimal A, and b.., we rewrite (17) as follows:

C m
Licem= 3 Z{a(zj — Flic; — 1abe;)TUD;

c=1 j=1
X (Ej — Fc&cj — 1nbcj)
+ (L= a)(z; — Labej) "

X UCDJ'(IJ' — 1nbcj)}

C n
+ A Z Z %% IOg Ucq

(21)
c=1i=1
where
A(‘ = (&(’,17 R 76'(',m)T
D]' = diag(dlj, ceey dn])
From 0Lgcer, /Oac; = 0 and 0 Licer, /0b.; = 0, we have
a.; =(FU.D;F.)'FU.D;j(x; — 1,b.;)  (22)
bej = (1) U.D;1,)7 "1 U.D;(x; — aF.ac;).  (23)

In the same way, we can derive the optimal F, and u.;. Equa-
tion (17) is equivalent to

C n
Lf(‘,em = Z Z u(‘i{a(ii - Ac}-ci - bC)lei

c=1 1=1
X (i’i - Ac}-ci - bC)
+ (1= )@ — b)T Dyl ~ be) }

C n
+A Z Z Uei lOg Uc;

c=11i=1

24
and O Lgeem/0f,; = 0 and 9 Lgcer /Oue; = 0 yields (25) and
(26), as shown at the bottom of the page, where

Di = diag(di1, - - -, dim)-

27)

The proposed algorithm can be written as follows.
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FCE With Missing Values (FCEM)
Step 1) Initialize U., A., b., F. ran-
domly in each cluster and nor-
malize them so that they sat-
isfy the constraints (18)-(20)
and Al A, is orthogonal.

Algorithm

Step 2) Update A.’s using (22) and
transform them so that each AlA,
is orthogonal.

Step 3) Update F,.’'s using (25) and nor-
malize them so that they satisfy
the constraints (18) and (19).

Step 4) Update b.’s using (23).

Step 5) Update U.’s using (26) and nor-
malize them so that (20) holds.

Step 6) If

max | uNEW — uOLP |< e
1,C

then stop. Otherwise, return to

Step 3).

The orthogonalization of the matrices in Steps 2) and 3) is
performed by such a technique as Gram—Schmidt’s orthgonal-
ization.

Here, we can rotate the score matrix F. and the principal com-
ponent matrix A. applying the technique used in factor analysis.
Assume that T' is an arbitrary orthonormal matrix as

T'T=TT"T =1 (28)

and F and A} are the transformed matrices

F*=F.T
Ar = A,T.

F} and A} are also the solutions of the minimization problem
because

Y, =F*A*T +1,b.
=F'TT"A] +1,b,
=F.A! +1,b.. (29)

Thus, the principal component vectors derived by our method
have flexibilities and we can give some meanings to the prin-
cipal component scores through a suitable rotation in the inter-
pretation of the results based on a priori knowledge.

(25)

(26)
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III. EXTRACTION OF LOCAL PRINCIPAL COMPONENTS OF
CORRELATION MATRIX

There are two alternatives in fuzzy PCA [17]. One is to use
fuzzy covariance matrices (or fuzzy scatter matrices) and FCV
is included in this category. The other is to use fuzzy correlation
matrices. In this section, we propose a linear clustering tech-
nique that is a simultaneous approach to fuzzy clustering and
PCA of correlation matrices.

Takane [9] proposed a technique for the extraction of prin-
cipal components from an incomplete data set by extending the
linear equating method proposed by Shibayama et al. [18]. Let
Dj denotes an (m x m) diagonal matrix whose diagonal ele-
ments are the ¢th row elements of matrix X and Z; is the trans-
formation of Dj. as follows:

Zi=DgV + Vo, 1=1,...,n (30)
where (m x p) matrix V" and (m x p) matrix V} are unknown
weight matrices. The objective function of PCA for an incom-
plete data set with missing values is defined as follows:

Lpcam = _ tr ((Zq; —tw)) D (7 - 1mw1.T)) 31)
1=1

where f)i is defined by (27). To derive a unique solution, the
objective function is minimized under the condition

VsV =1 (32)
where S is the diagonal matrix composed of the diagonal ele-
ments of the scatter matrix. The objective function is minimized
when all the elements of the jth column of Z; are equal to the jth
element of w;, i.e., all elements are mutually equalized by the
Jth column vector of V', and the optimal solution is derived by
PCA of the correlation matrix if the data set includes no missing
values. Although the technique can be applied only to PCA of
the correlation matrix, the optimal principal component vectors
are derived by solving an eigenvalue problem even when the
data set includes missing values.

In the following, we propose a linear fuzzy clustering tech-
nique by combining Takane’s technique and FCM in the same
way as FCE, in which the objective function is the linear com-
bination of two criteria (FCM and local PCA of covariance ma-
trices).

A. Fuzzy Principal Component Analysis of Correlation Matrix
With Missing Values

In this section, we propose a technique for fuzzy PCA of cor-
relation matrices when data include missing values. In the tech-
nique, memberships are introduced into Takane’s technique. As-
sume that the data set was partitioned into C fuzzy clusters and
the membership values are given.

To extract local principal components in cth cluster, we define
the following linear model:

Zei = Dg Ve + Vo, (33)

where Z,; is an (m X p) matrix and V.. and V{,. are (m X p)
weight matrices. The objective function is defined as

Jo = Zn:ucitr ((Zm- —1w))  Di (Zei - 1mw;)) (34)
=1

and is minimized under the condition
VIS V.=1 (35)

where S, is the diagonal matrix whose jth diagonal element s;
is that of the modified fuzzy scatter matrix

n
sej = p_ dijuci(wij = bej)”.
=1

When V. and Vj,. are fixed, the optimal 12;; is derived from
8JC / 8wm- =0

1 .
W) =—1] D;Z.; (36)
m;
m; =1 Di1,,. (37)
Consequently, (34) is transformed into
TE (Ve Voe) = Y tteitr (25Ci i) (38)
i=1
where
1 .
Qu/pi =1~ Elml,TnDi. (40)
Substituting (33), the objective function is rewritten as
T2 (Vey Voo) = tx(V.T P Ve) + 26r (V. Pea Vo)
+ir (VoL PeaVor)  (41)
where P.1, P.o, and P.3 are given by
P =Y ueDg CiDg, (42)
i=1
Py = ueiDg,Ci (43)
i=1
Py =) uciCi. (44)
i=1
From 0.J*/0Vy. = O, we have
PiVoo = =P3V.. (45)

We can obtain the optimal solution ‘A/()c from (45). But the in-
verse matrix does not exist because of the depression of the rank
of P.3 since the data set includes missing values. Therefore, VOC
is calculated by using P which is the Moore and Penrose gen-
eralized inverse of P.3

Voo = —PLPLV.. (46)
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Accordingly, (41) is

I (Vo) =t (VT (P = PaPEPL) V)

=tr(V.' P.V,) (47)

where P. = P4 — PCQPCEPCTQ. The constraint can be trans-

formed into

VIsve=vT(s7) (1) ve=1 @
Then, (47) is
gy = (VI (s72) P (s W) @)
where
Ve =87V, (50)
V.IV.=1 (51)

Minimizing (47) under the constraint of (51), we have the char-
acteristic equation

S712p. STV, = V.A.. (52)
Therefore, we obtain the principal components from the eigen-
vectors corresponding to the least eigenvalues of (52).

In the following, we show that the aforementioned technique
is equivalent to PCA of the correlation matrix when the data
matrix includes no missing values. For the illustrative purposes,
let us consider the case of p = 1 and the goal is to estimate the
weight vector v. = (ve1, - - -, Vem ). The linear models and the

Yeij = VejTij + Vocj, 1=1,..., n, j=1,..., m
(53)
Jc = Z Z uci(ycij - wci)2~ (54)
=1 j5=1
From the necessary condition for the optimality, we have
=3 s = &8
Wey = — cij = Yei
m 4 Yeij Y.
j=1
E UC’L‘Dii
B = — . (56)
Z Uci
i=1
Then, the objective function is transformed into
I (ve) =v] (Z uci Dz, Ci Dy,
i=1
o=l _ i=1 ) V..
Z Ueq

1

K2

(57)
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When the data matrix includes no missing values, D; = 1.
Therefore, (40) is represented as
T
1 1
C; = <I— —1m1,Tn> (I - —1m1;>
m m
1 T
T (58)
m
and, substituting it, we have
Dy CiDy =D2 — ~ &7 59
T, Vilg, = ji_axi:’;i (59
> ueiDg. | C; (Z Ui D )
i=1 i=1
D Uei
i=1
n 1 n
= D — — cibeb) 60
2t~ 2

where Dy, is the diagonal matrix composed of the elements of
be ’

b = =L (61)
D Ui
i=1
Consequently, the objective function becomes
J* =v] P, (62)
P.= Y u.(DZ - D§)
=1
L™ (i — )@~ b)T
- E . Uei Ty (',)($7 c)
=1
1
= Dlag(Sfc) — Sfc (63)

where S, is the fuzzy scatter matrix in the cth cluster. Consid-
ering Diag(Sy.) = S.

1
S712p, 5712 — 1 — ESc—l/zsfcsc—ln (64)

1
—I— "Ry (65)
m
Here, Ry, is the fuzzy correlation matrix in cth cluster. Then,
when p = 1, the eigenvalue problem of (52) is equivalent to

1
S712p.S71 2%, = <I - —Rfc> Ve =M,  (66)
m

Rsv. = (1 — N)mw. (67)
and yields that the eigenvector corresponding to the smallest
eigenvalue of S, 1 ’P.S. 2 s the principal component vector
of the normalized data [17]. In the same way, we can extract
two or more principal component vectors as the eigenvectors
corresponding to the smallest eigenvalues of the fuzzy correla-

tion matrix.
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B. Simultaneous Application of Local PCA of Correlation
Matrix and Fuzzy Clustering

Next, we combine the above technique with FCM to apply
PCA of normalized data sets and fuzzy clustering simultane-
ously. In the following, we adopt the fuzzification method called
“regularization by Kullback-Leibler (K-L) information” [19],
[20] that is useful to partition a data set into several fuzzy clus-
ters considering the proportions of the clusters. Using K-L in-
formation instead of entropy terms, the FCM algorithm with a
regularized objective function is closely related to the EM al-
gorithm with Gaussian mixture models, in which the capaci-
ties of clusters correspond to the a priori probabilities in the
mixtured models. Because the local PCA technique proposed in
Section III-A considers the normalization of data in each cluster,
we should consider the normalized clustering criterion in which
the capacities of the clusters are also optimized. Let the objec-
tive function of the proposed method be

C n m
Llpcam = Z Z Uci Z dij

c=1i=1 j=1

p
X (a Z(ycijk

k=1

- wcik)z

(68)

where 7. represents the capacity (proportion) of the cth cluster
and has the constraint that the sum of 7.’s with respect to c is
equal to 1. (yeiji — weir)? in the brackets corresponds to the ob-
jective function for local PCA introduced in Section III-A and
(wij — be;)? is the criterion for the FCM clustering. « is the
trade-off coefficient between the two criteria. When oo = 0, we
have spherical clusters. As a approaches 1, we have ellipsoidal
or linear shape clusters. u,; log u.; /7. represents the K-L in-
formation term and is added for the fuzzification instead of the
weighting exponent or the entropy term. The minimization of
the K-L information forces memberships u..;’s to take the same
value 7. that represents the capacity of the cluster. The larger
A is, the fuzzier the membership assignments are. When the ca-
pacity is large, the memberships become large, and vice versa. In
this way, the memberships are fuzzified considering the capac-
ities of the clusters unless all other 7.’s except for only one are
zero and all samples are crisply belonging to an identical cluster.
v; and 7 are the Lagrangian multipliers whose corresponding
terms represent the constraints about the sum of memberships
and that of capacities.

From the necessary condition for the optimality
OLipcam/Ouc; = 0, we have
c Eci
Upj = ge}(# (69)
Z ™ exp(Eli)

=1

1 m
Ei == > d; (OZZ Yiijk — Wiik)”
=1
+(1 = a)(xij - sz)2>. (70)

In the same way, the conditions dLjpcam/07. = 0 and
OL1pcam/0b.; = 0 yield

1 n
== U (71)
n =1
n
2 UcidijTij
bej = =L (72)
> ueidij
i=1
The proposed algorithm can be written as follows.
Local PCA With Missing Values (LPCAM)
Algorithm
Step 1) Initialize uy, ¢ = 1,...,n ran-

domly in each cluster and nor-
malize them so that they satisfy
the constraint of (20).

Step 2) Solve the eigenvalue problem
of (52) to derive the local prin-
cipal component vectors, Yeij 'S
and wg's for each cluster.

Step 3) Update w.’'s using (71).

Step 4) Update b.’s using (72).

Step 5) Update u.’'s using (69).

Step 6) If

NEIV OLD |< €

max | u,,
i,c

then stop. Otherwise, return to

Step 2).

C. Fuzzy Factor Loadings

To analyze the relation between the local principal compo-
nents derived in each cluster and the original attributes, we can
use fuzzy factor loading 7)., [17] that is equivalent to the corre-
lation coefficient between the kth principal component f..,. and
the jth attribute x.;.

Cove{ fer,x.j}

T o o Vel )

(73)
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where Cov.{ fer,®.;}, Ve{fer} and V. {z.;} represent the co-
variance between f..,, and «.;, the variance of f..; and that of
x.j, respectively.

In the case of no missing values, the principal component
score vector f; is calculated by

foi = V. (& - bo). (74)

However, that cannot be applied to the incomplete case in which
the sample includes missing values. It is natural to assume that
the sample data is on the most likely point. In our experiments,
we calculated f; using the following equation:
~ - -1 ~
fa=(V/Div.) VIDi@i-b). (9
The equation is equivalent to (25) when the missing values are

imputed as if the sample is on the prototypical linear variety or
exists on the nearest point to the prototype.

IV. NUMERICAL EXPERIMENTS

In this section, we give two examples of how the proposed
methods achieve the linear clustering of incomplete data sets.
We first show illustrations of the application to a simple artificial
data set and then the differences of the techniques are discussed
through a real world application.

A. Analysis of Artificial Data

We generated an artificial data set consisting of 24 data
points distributed uniformly on two lines in three-dimensional
(3-D) space. Table I lists the coordinates of the samples and
Fig. 1 shows its 3-D plots. In order to test the clustering abilities
of the proposed methods, we performed several experiments
using the data set. Table II shows the prototypes derived in each
cluster. For the comparison, the principal component vectors
of the LPCAM algorithm are transformed to the original
coordinate system as follows:

a. = SY%,. (76)

Because the FCEM algorithm is a direct extension of the FCV
algorithm, the two algorithms extracted the same prototypical
lines except for the magnitude of the principal component vec-
tors in the case of no missing values. And the LPCAM algorithm
also captured the similar prototypical lines because the three at-
tributes seem to have similar variances in each clusters.

After that, we made an incomplete data matrix including 33%
missing elements, withholding one attribute from every sample
data randomly. The withheld elements are represented by bold
letters in Table I. Even though all samples lost one-third infor-
mation, both methods captured two local structures properly. In
this way, the two methods have the ability to capture the local
linear structures of the incomplete data set and they provide sim-
ilar clustering results if all attributes have identical variance in
each cluster.

B. Analysis of Point of Sales (POS) Transaction Data

In this subsection, we discuss the characteristic features of
the proposed methods through the analysis of a real world data
set. We applied the linear fuzzy clustering algorithms introduced
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Fig. 1. 3-D plots of artificial data set.
TABLE 1
COORDINATES OF ARTIFICIAL DATA SET
No. L T2 T3
1 0.750 | 0.250 | 0.000
2 0.705 | 0.295 | 0.091
3 0.659 [ 0.341 | 0.182
4 0.614 | 0.386 | 0.273
5 0.568 | 0.432 | 0.364
6 0.523 [ 0.477 | 0.455
7 0.477 | 0.523 | 0.545
8 0.432 | 0.568 | 0.636
9 0.386 | 0.614 | 0.727
10 0.314 | 0.659 | 0.818
11 0.295 | 0.705 | 0.909
12 0250 | 0.750 | 1.000
13 0.000 | 0.000 [ 0.250
14 0.091 | 0.091 | 0.295
15 0.182 | 0.182 | 0.341
16 0.273 | 0.273 | 0.386
17 0.364 | 0.364 | 0.432
18 0.455 | 0.455 | 0.477
19 0.545 | 0.545 | 0.523
20 0.636 | 0.636 | 0.568
21 0.727 [ 0.727 | 0.614
22 0.818 | 0.818 | 0.659
23 0.909 [ 0.919 | 0.705
24 1.000 | 1.000 | 0.750

in Sections II and III to a POS transaction data set to extract
meaningful knowledge and compared the results. The POS data
set collected in 1997 at two supermarkets in Osaka includes
333 sample data and each sample datum is composed of the
following 20 values (meteorological elements, transaction data,
and so on).

Items of POS transaction data set 1: National holiday; 2:
Friday; 3: Saturday; 4: Sunday; 5: Average temperature of the
day; 6, 7, 8, and 9: Temperature at 6, 12, 15, and 18 o’clock; 10:
Humidity; 11 and 12: Weather category during day and night;
13: Precipitation,14, 15, and 16: Precipitation during 9-12,
12—-15 and 15-18 o’clock; 17 and 18: Number of customers
of supermarket A and B; 19 and 20: Sales of perishables of
supermarket A and B.

The items of holiday, Friday, Saturday, and Sunday are
dummy variables and weather categories have integer values
(0: Sunny or Cloudy, 1: Light Rain or Shower, 2: Rain, 3: Heavy
Rain). Here, “perishables” mean foods such as egg, milk, and
tofu (bean curd) etc., which are made in factories and should be
consumed within a few days. The goal of the analysis is to find
some knowledge about the relationship among the elements.
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TABLE 1I
RESULT OF ANALYSIS OF ARTIFICIAL DATA

local principal component vector ac cluster centers b
algorithm c=1 c=2 c=1 c=2
1 T2 z3 T z3 T T2 z3 T3 | m> | =3
FCV(0% missing) 0.666 | 0.667 | 0.334 | -0.408 | 0.409 [ 0.817 || 0.500 | 0.500 | 0.500 [ 0.500 | 0.500 | 0.500
FCEM(0% missing) 1.085 | 1.086 | 0.544 | -0.542 | 0.543 | 1.085 || 0.500 | 0.500 [ 0.500 | 0.500 | 0.500 | 0.500
LPCAM(0% missing) 0.616 | 0.619 | 0.312 | -0.322 | 0.332 | 0.657 || 0.500 | 0.500 | 0.500 | 0.500 | 0.500 | 0.500
FCEM(33% missing) 0.461 | 0.825 [ 0.109 | -0.222 | 0.163 | 0.651 0.562 | 0.456 [ 0.493 | 0.475 | 0.488 | 0.496
LPCAM(33% missing) || 0.479 | 0.779 | 0.295 | -0.214 | 0.133 | 0.524 |[ 0.530 | 0.475 | 0.488 | 0.491 | 0.482 | 0.513
TABLE 1II TABLE IV
RESULT OF FCEM ALGORITHM WITH NO MISSING VALUES (o = 0.9, RESULT OF LPCAM ALGORITHM WITH NO MISSING VALUES
A =1.0) (a =0.9,A=1.0)

cluster center ||  factor loading(c = 1) factor loading(c = 2) cluster center factor loading(c = 1) factor loading(c = 2)
variable || c=1 c=2 || 1stPC [ 2nd PC 1st PC 2nd PC variable || c=1 c=2 1st PC 2nd PC 1st PC 2nd PC
1. -0.197 | 0.198 0.000 -0.003 -0.080 0.117 1 -0.021 | 0.020 0.056 0.005 0.036 0.014
-0.022 | -0.022 0.223 -0.383 -0.227 -0.449 2 0.033 | -0.031 0.192 -0.163 -0.120 -0.203

3 0.000 | 0.000 -0.043 0.456 0.087 0.338 3 -0.070 | 0.065 -0.072 0.128 0.106 0.081
4, 0.021 0.021 -0.273 0.289 0.332 0.428 4. -0.038 | 0.035 -0.120 0.144 0.077 0.352
S -0.786 | 0.790 0.252 0.471 0.257 -0.404 5. -0.829 | 0.777 0.669 0.660 -0.841 -0.022
6. -0.775 | 0.779 0.291 0.481 0.255 -0.378 6. -0.823 | 0.771 0.666 0.646 -0.822 -0.033
7 -0.765 | 0.769 0.205 0.468 0.397 -0.443 7 -0.820 | 0.768 0.641 0.674 -0.854 0.047
8 -0.766 | 0.770 0.112 0413 0.381 -0.472 8 -0.812 | 0.761 0.624 0.678 -0.866 0.065
9 -0.768 | 0.771 0.164 0.412 0.326 -0.444 9. -0.814 | 0.762 0.634 0.661 -0.857 0.028
10 -0.344 | 0.345 0.568 0.262 -0.647 0.335 10. -0.279 | 0.261 0.488 -0.034 0.035 -0.497
11 -0.177 | 0.178 0.687 0.246 -0.750 0.453 11. -0.119 | 0.112 0.339 -0.200 0.231 -0.544
12. -0.105 | 0.105 0.391 0.034 -0.422 0.421 12. -0.107 | 0.100 0.330 -0.103 0.180 -0.246
13. -0.140 | 0.140 0.830 0.449 -0.669 0.393 13. -0.155 | 0.145 0.488 -0.105 0.165 -0.525
14 0.058 | -0.059 0.426 0.040 -0.693 0.260 14. -0.093 | 0.087 0.387 -0.094 0.113 -0411
15 0.033 | -0.034 0.698 0.435 -0.522 0.182 15. -0.089 | 0.083 0.430 -0.083 0.109 -0.408
16. 0.033 | -0.034 0.641 0.387 -0.306 0.258 16. -0.088 | 0.082 0.296 -0.181 0.097 -0.290
17 -0.140 | 0.140 -0.601 0.552 0.608 0.490 17. -0.194 | 0.182 -0.195 0.442 -0.008 0.588
18 -0.162 | 0.163 -0.577 0.687 0.630 0.608 18. -0.227 | 0.213 -0.188 0.457 0.025 0.607
19 -0.197 | 0.198 -0.628 0.709 0.645 0.658 19. -0.257 | 0.241 -0.168 0.536 0.024 0.639
20, -0.089 | 0.089 -0.554 0.712 0.562 0.740 20. -0.138 | 0.130 -0.252 0.383 0.143 0.588

Before the experiments, the data set was preprocessed so that TABLE V

each attribute had zero mean and unit variance.

First, we applied the FCEM algorithm and local PCA of the
correlation matrix proposed in Section III to compare the differ-
ences between fuzzy scatter matrices and correlation matrices
using whole elements of the data matrix with no missing values.
Tables III and I'V show the cluster center and the factor loadings
of two principal components derived in each cluster. In the ta-
bles, the elements whose absolute values are greater than 0.35
are represented in bold letters.

The cluster centers in Tables III and IV show that both
methods partitioned the data set into warm season and cool
season by considering the temperatures(variable 5-9). From
the comparison of the factor loadings, we can derive the
following characteristics: the first principal components (first
PCs) derived from correlation matrices are closely related to the
temperatures and indicate that the temperatures have positive
correlation with the precipitations only in cool season. On the
other hand, the first PCs derived by the FCEM algorithm are
closely related to the precipitations and the transaction data
and, indicate that the numbers of customers and the sales of
perishables have negative correlation with the precipitations.
The difference came from the influences of the data parti-
tioning. Because the data set was partitioned with respect to the
temperatures, the variances of the temperatures in each cluster
became smaller than that of other elements and the FCEM
algorithm neglected the influences of the temperatures. In this
way, the factor loadings of the FCEM (or FCV) algorithm can

RESULT OF FCEM ALGORITHM WITH MISSING VALUES (o = 0.9, A = 1.0)

[ cluster center || factor loading(c = 1) factor loading(c = 2)
variable [ c=1 c=2 IstPC_ | 2nd PC 1st PC 2nd PC
1. -0.018 | 0.021 0.042 0.032 0.001 0.020
2. 0.016 | -0.026 0.164 -0.395 -0.327 0.114
3. -0.040 | 0.052 0.002 0.372 0.169 0.333
4. -0.054 | 0.056 0.233 0.333 0.379 0.270
5. -0.791 | 0.748 0.300 0.366 -0.010 -0.176
6. -0.761 | 0.720 0.302 0.375 -0.067 -0.166
7. -0.771 | 0.760 0.190 0.391 0.051 -0.219
8. -0.775 | 0.707 0.224 0.369 -0.007 -0.239
9. -0.797 | 0.738 0.279 0.359 0.012 -0.210
10. -0.274 | 0.208 0.580 0.195 -0.418 0.452
11. -0.054 | 0.112 0.611 0.204 -0.445 0.541
12. -0.107 | 0.099 0.391 0.068 -0.305 0.397
13. -0.036 | 0.054 0.659 0.195 -0.466 0.564
14. -0.067 | 0.104 0.472 0.028 -0.391 0.398
15. 0.093 | -0.066 0.505 0.200 -0.269 0.280
16. 0.006 | 0.016 0.493 0.151 -0.269 0.280
17. -0.206 | 0.229 -0.454 0.611 0.677 0.249
18. -0.263 | 0.261 -0.411 0.718 0.749 0.379
19. -0.263 | 0.261 -0.445 0.739 0.749 0.366
20. -0.141 | 0.148 -0.410 0.725 0.705 0.491

be influenced by the change of the variances (the result of the
partitioning) while the local PCA of correlation matrices is
scale invariant.

Second, we analyzed the data set with missing values. With-
holding two values from meteorological elements (variable
5-16) of every sample data randomly, we made an incomplete
data set in which 10% of the elements of the data matrix
are missing. Results of analysis by the FCEM algorithm and
the LPCAM algorithm are shown in Tables V and VI, and
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TABLE VI
RESULT OF LPCAM ALGORITHM WITH MISSING VALUES (o = 0.9, A = 1.0)

cluster center factor loading(c = 1) factor loading(c = 2)
variable c=1 c=2 1st PC 2nd PC 1st PC 2nd PC
1 -0.016 | 0.016 0.046 0.040 0.038 -0.022
2 0.049 | -0.047 0.280 -0.073 -0.247 -0.114
3 -0.083 | 0.080 -0.166 0.100 0.159 -0.001
4. -0.062 | 0.059 -0.211 0.082 0.266 0.268
5. -0.793 | 0.742 0.286 0.783 -0.680 0.354
6. -0.764 | 0.718 0.295 0.751 -0.664 0.304
7 -0.759 | 0.755 0.227 0.785 -0.630 0.454
8 -0.762 | 0.698 0.269 0.755 -0.647 0.411
9. -0.791 | 0.736 0.271 0.769 -0.674 0.391
10. -0.314 | 0.229 0.377 0.163 -0.174 -0.444
11. -0.106 | 0.138 0.354 0.038 -0.022 -0.538
12. -0.109 | 0.091 0.336 0.056 0.017 -0.277
13. -0.132 | 0.114 0.421 0.097 -0.068 -0.504
14. -0.075 | 0.104 0.352 0.044 -0.073 -0.363
15. -0.098 | 0.077 0.323 0.111 -0.059 -0.336
16. -0.084 | 0.079 0.311 0.058 -0.055 -0.288
17. -0.228 | 0.219 -0.433 0.335 0.332 0.512
18. -0.263 | 0.252 -0.448 0.359 0.380 0.505
19. -0.294 | 0.283 -0.463 0.431 0.392 0.525
20. -0.185 | 0.177 -0.479 0.261 0.476 0.421

the elements whose absolute values are greater than 0.35 are
represented in bold letters.

The cluster centers in Tables V and VI show that the methods
also partitioned the incomplete data set into warm and cool sea-
sons regardless of missing values. From the comparison of the
factor loadings, we can derive the following characteristics: the
FCEM algorithm extracted the principal components similar to
the complete case although the absolute values of the fuzzy
factor loadings of the meteorological elements are smaller than
that of Table III. On the other hand, the principal components of
the 1st cluster derived by the LPCAM algorithm are not so sim-
ilar to those of Table IV although the principal components of
the warm season have similar features. However, the principal
components are more closely related to the temperatures than
those of the FCEM algorithm and the LPCAM algorithm seems
to be free from the influences of the data partitioning.

V. CONCLUSION

In this paper, we proposed two methods of handling missing
values in the simultaneous application of principal component
analysis and fuzzy clustering. One is a direct extension of the
FCV algorithm in which the objective function is defined by
using least square criterion and is equivalent to local PCA of
fuzzy covariance matrix. The FCEM algorithm is useful to
partition a data set into several linear clusters in the original
coordinate system and the clustering result is derived by the
FCM-like simple iterative procedure that does not include
eigenvalue problems. However, the local principal components
are not scale invariant. And the algorithm often yields heavy
memory requirements because we must calculate the principal
component scores of sample data in each iteration. If we deal
with a large-scale data base, it might bring a severe problem.

The other is regarded as the simultaneous application of local
PCA of fuzzy correlation matrices and fuzzy clustering, and it
cannot be influenced by changes of the scales. Therefore, the
LPCAM algorithm is useful to discover the knowledge from a
data group without the influences of other groups. Although we
can apply only to the PCA of normalized data, the LPCAM al-
gorithm needs lower memory amount than the FCEM algorithm
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because it estimates the principal component vectors from the
fuzzy correlation matrix directly.

We used regularized objective functions with entropy or K-L
information terms for the fuzzification of memberships. The
FCEM algorithm can be also formulated by the standard ap-
proach based on a weighted exponent. However, it does not
seem that the standard approach suits the LPCAM algorithm
because the algorithm takes the normalization of attributes into
consideration in each cluster.

The proposed methods are based on the assumption that
the defects arise randomly. However, it is often the case that
we cannot neglect the missing data mechanism and other ap-
proaches such as imputation or trilevel alternating optimization
might work better than our methods. The future works include
the introduction of such a mechanism to linear clustering
techniques.
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