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ABSTRACT

Motivation: In microarray data studies most researchers are keenly
aware of the potentially high rate of false positives and the need to
control it. One key statistical shift is the move away from the well-
known P-value to false discovery rate (FDR). Less discussion perhaps
has been spent on the sensitivity or the associated false negative rate
(FNR). The purpose of this paper is to explain in simple ways why the
shift from P-value to FDR for statistical assessment of microarray data
is necessary, to elucidate the determining factors of FDR and, for a
two-sample comparative study, to discuss its control via sample size
at the design stage.

Results: We use a mixture model, involving differentially expressed
(DE) and non-DE genes, that captures the most common problem
of finding DE genes. Factors determining FDR are (1) the proportion
of truly differentially expressed genes, (2) the distribution of the true
differences, (3) measurement variability and (4) sample size. Many
current small microarray studies are plagued with large FDR, but con-
trolling FDR alone can lead to unacceptably large FNR. In evaluating
a design of a microarray study, sensitivity or FNR curves should be
computed routinely together with FDR curves. Under certain assump-
tions, the FDR and FNR curves coincide, thus simplifying the choice
of sample size for controlling the FDR and FNR jointly.

Availability: R-package OCplus for computing FDR, sensitivity curves
and sample size is freely available at http://www.meb.ki.se/ “yudpaw

Contact: yudi.pawitan@meb.ki.se

1 INTRODUCTION

Thestandard P-valuewasinvented for testing individual hypotheses.
There is an obvious problem when analyzing gene expression data
collected via microarrays, as this usually involves testing from sev-
eral thousands to tens of thousands of hypotheses simultaneously.
When applied in repested testing, the standard P-value is conceptu-
ally associated with the specificity of atest, i.e. it is used to control
thefalsepositiverate of atest. Declaring atest to be significant when
P-value <0.05 means we are setting specificity to be 0.95. It iswell
knownin diagnostic testing that when the disease prevalenceissmall,
we need atest with very high specificity, as otherwise there are too
many false positive results. However, although a number of adjust-
ment procedures are available (Dudoit et al., 2002; Shaffer, 1995;
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Westfall and Young, 1993; Holm, 1979; Hochberg and Tamhane,
1987), it is not immediately clear how small a P-value should be
to protect against this problem. Furthermore, many adjustments of
P-value, which are based on controlling the probability of making at
least one false positive, are too conservative for microarray studies
in that they can lead to low sensitivity (Dudoit et al., 2002).

Thefalse discovery rate (FDR) of atest is defined as the expected
proportion of false positives among the declared significant res-
ults (Benjamini and Hochberg, 1995, 2000; Keselman et al., 2002).
Because of this directly useful interpretation, FDR is a more con-
venient scale to work on instead of the P-value scale. For example,
if wedeclare acollection of 100 geneswith amaximum FDR of 0.10
to bedifferentially expressed (DE), then we expect amaximum of 10
genes to be false positives. No such interpretation is available from
the P-value. New methodshave been proposed either totransform P-
valueintoan FDR or to compute FDR directly (Storey and Tibshirani,
2003; Storey, 2002; Aubert et al., 2004; Reiner et al., 2003).

The presentation of the FDR in the statistical literature tends to
be rather technical, typically with a strong emphasis on the general
framework uniting the P-value, classica multiplicity adjustment,
FDR and recent modifications of the FDR. In this paper, we try to
present the FDR asasimpleand directly appealing criterion for hand-
ling the testing of simultaneous hypotheses. The usual perspective
treats the individual genes or hypotheses and their P-values separ-
ately, and then adjusts the P-values for multiplicity after the fact.
While this is technically what happens when computing FDRs for
a given dataset, it distracts from a more direct way of looking at
detecting differential expression and multiple testing.

When controlling the FDR, an experimenter also needs to be
aware of the sensitivity or false negative rate (FNR), as he/she does
not want to lose too many of the truly DE genes by setting the FDR
too low. Thus, the increasing use of FDR needs to be accompanied
by the sensitivity or FNR assessment.

At least four factors determine the FDR characteristics of a
microarray study: (1) the proportion of truly differentially expressed
genes, (2) the distribution of the true differences, (3) measurement
variability and (4) sample size. Only the latter is under the experi-
menter’s control. Among other things, the analysis of FDR allows
an assessment of sample size needed in microarray experiments.
Knowing how many samples are needed has been a problem for
many researchers, but no clear recommendation based on the FDR
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seems to be on offer. Since the P-value concept is not suitable
for microarray studies, the standard sample size calculation from the
traditional hypothesis testing framework, based on controlling the
false positive rate (e.g. Dobbin et al., 2003; Wang and Chen, 2004;
Yang et al., 2003; Gadbury et al., 2004; Pan et al., 2002; Zien et al .,
2003), is not appropriate. Yang and Speed (2003) even suggested
that sample size determination based on classical power considera-
tion was not possible. Hence in this paper we will (1) describe the
relationship between the traditional P-value and FDR, (2) explain
the factors that determine the FDR and sensitivity characteristics of
a study and (3) describe a method to compute a sample size for a
two-sample comparative study based on controlling the FDR and
sengitivity.

2 METHODOLOGY

The most common objective in microarray data analysisis to search for DE
genes between two or more conditions. Another common objective is to
search for amolecular signature, a set of genes that optimally separates two
or more groups. With the former, there is no restriction on the number of DE
genes; with the latter, an optimal set of classifier genes usually consists of a
small subset selected from the top of the DE gene list. In this paper we are
concerned with the first objective.

The statistics of the gene discovery is best seen in a ssimple two-by-two
table (Table 1), where 10 000 genesare classified according to their true status
and the test result. In this example, the false positive rate is B/(A + B) =
475/9500 = 5%, and the sensitivity of thetestis D/(C + D) = 400/500 =
80%. In conventional terms, we have a test with 95% specificity and 80%
sengitivity, buttheFDRis B/(B + D) = 475/875 = 54%, i.e. morethan half
of the ‘discovered’ genes are bogus. So the standard control of significance
level leads to a high rate of false discoveries even when the power of the test
would be considered adequate for a single-gene study.

Itisimmediately obvious that the problem arises from the high proportion
of non-DE genes in this example (95%), as the false positive rate controls
the percentage of wrong discoveries only relative to the truly non-DE genes.
Although it ispossibleto reduce the FDR by reducing thecritical level for the
P-values, the amount of reduction is determined by the proportion of truly
DE genes. Thus a P-value control is only an indirect way of controlling the
FDR, since, to be more meaningful, it needsto be trandated into FDR; hence
amore direct approach is preferable.

Another simple message from the tableisthat the analogousideaof afase
non-discovery rate (FNDR) does not have the same appeal as the FDR: in
our example, FNDR isvery low at C/(A + C) = 100/9125 = 1%. For a
small percentage of truly DE genes, aswe expect in practice, C will be small
compared with A, so FNDR will be misleadingly small, which is the same
problem as the false positive rate to begin with. In contrast, the standard
concept of sensitivity or equivalently the FNR is still useful. The FNR in
this example is C/(C + D) = 100/500 = 20%, which is more directly
informative of the proportion of truly DE genes missed by the experiment.
Thusin microarray studies we believe that it is most meaningful to report or
control both the FDR and FNR.

2.1 Two-sample compar ative studies

To simplify our presentation, we will focus on the common problem of com-
parison between two independent groups with equal variance, and explain
the FDR using atheoretical analysis of this problem. With standard modific-
ations of the statistics involved, the methodology applies to other problems.
Thus, we assume a two-group comparison problem with n arrays per group,
using the standard ¢-test with pooled variance estimate. The expression values
in log2-scale are assumed normally distributed. To simplify the presentation
further we will assume for each gene a standard deviation o = 1 through-
out. This is equivalent to standardizing the expression measurements by
their standard deviation, so the fold changes below have a universal scale

Table 1. A simple two-by-two table where 10000 genes are classified
according to their true status and the test result

Test result
non-DE DE Total
True
non-DE A = 9025 B =475 9500
DE C =100 D = 400 500
Total 9125 875 10000

DE stands for differentially expressed, the rows describe the true state of nature and the
columns the test decision based on the experimental data. A is the number of non-DE
genes that were correctly classified, and similarly for B, C and D.

in standard deviation units. In reality the expression variance varies between
genes, but by standardizing the variance we assume that all genes have equal
variance.

We do not specify the number of genes, as the method is applicable for
any number. If one wants to be more specific we can assumeit is of the order
of 10000 genes, so, for example, alist of top 1% genes will have 100 genes.
In the analysis we assume the genes are independent, athough the results
can be expected to hold for weakly dependent genes; see also the Discussion
section.

In principle, any formal statistical testing procedure that is applied on a
gene-by-gene basis can be characterized asfollows: (1) compute the relevant
test statistic for each gene, (2) sort the statistics by order and (3) determinea
cutoff point beyond which all genes are assumed to be DE. Thisholdsregard-
less whether the test statistic is the fold change, a conventional ¢-statistic, a
modified ¢-statistic, a correlation statistic, a raw or adjusted P-value, etc.
For the 7-statistic that is described in this paper, we can compute the FDR
for agiven scenario explicitly. When explicit formulas are not available, we
can aways use a simulation study for the scenario of interest and present
theresults asin Section 3. Later we give an example of FDR and sensitivity
computation using permutation-based test.

2.2 Assumptionsand theory

For clarity, the following list collects and defines all the elements of the
current problem, and for some elements the values used in the analysis are
stated. These elements are grouped logically rather than alphabetically.

e FDR isthe proportion of false positives among the declared DE genes.
o -Statisticsisthe standard two-sampl e ¢-statistics with pooled variance.

e Significant result or DE call isdeclared for |z-statistics| > ¢. Thecritical
value c isalowed to vary.

e Significancelevel o of atest isthe same asthe fal se positive rate, which
is the proportion of false positives among truly non-DE genes.

e Sensitivity is the proportion of truly DE genes which are declared
significant and corresponds to the power of the design or 1 minus the
FNR.

e 1 isthe sample size per group. For illustration in this paper we will use
varying sample sizes from 5 up to 50.

e poistheproportion of truly non-DE genes. Wewill usearange of values
po = (0.9,0.95,0.99). The latter size is commonly observed in many
experiments. For example, if we have 10000 genes, we expect on the
order of 100 truly DE genes.

e p1 = 1 — pg isthe proportion of truly DE genes. This is assumed to
be equally split between down-regulated and up-regulated genes, and
the differential expression is assumed to be concentrated at some fold
changes.
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e Log-fold change is the mean difference in log2-scale and in standard
deviation units, so ‘log-fold change = 1' means aratio of 20 for the
mean of Group 1 versus the mean of Group 2.

e Distribution of the true differences shows the log-fold changes of the
truly DE genes. The following scenarios are used:
(1) Log-fold changesat —1 and +1 (with equal proportions of 0.5 p1
each).
(2) Log-fold changesat —2 and +2 (with equal proportions of 0.5 p1
each).

Unless stated otherwise, the Scenario 1 is used in all examples. In tradi-
tiona single-gene studies atrue difference of 1o isconsidered alarge effect;
at 5% significance level it only requires a sample size n = 16 samples per
group to detect it with 80% power. So, we believe that scenario A is already
rather optimistic, but we will see that for microarray studies this scenario
leadsto large FDR and low sensitivity. A true difference of 20 in Scenario 2
isavery large effect, where at 5% level and 80% power, only 4 samples per
group are sufficient in single-gene studies.

Under the null hypothesis of no differential expression, the 7-statistic is
distributed according to central ¢-distribution with 2n — 2 degrees of freedom.
Under the aternatives, the z-statistic has the same distribution, except for a
non-centrality parameter. So, the distribution of the observed ¢-statisticsis a
mixture of the form

F(t) = poFo(t) + p1Fi(1),
Fi(t) = 0.5{G1(?) + G2()},

where Fy(¢) isthe central ¢-distribution with degrees of freedom df = 2n —2,
and G1(r) and G2(t) are non-central ¢-distributions with df = 2n — 2 and
non-centrality parameters /n/2D /o and —./n/2D /o, respectively. The
parameter D /o isthe assumed non-zero log-fold change. In the computation,
D/o is, for example, —1 or 1. Given acritical value ¢ > 0, we can compute
the proportion of declared DE genes as 2{1 — F(c)}. The classical signific-
ance level is equal to the proportion of false positives, and it is computed as
2{1 — Fp(c)}. The FDR isthen given by

pofl — Fo(o)}

1— F(c)

The sensitivity of the test is computed as 2{1 — Fi(c)}.

Now we show that if we declare the top (1 — pg) x 100% as DE genes,
the FNR is the same as the FDR. For the moment, we use the fact that the
distributions F (), Fo(t) and Fy(¢) are symmetric around O. For fixed critical
value ¢ > 0, the sensitivity is given by

FDR =

2F1(—c) = (1 - FDR) x 2F(—c)/(1 — po),

where 2F (—c) is the proportion of declared DE genes. So if we set
2F (—c) =1 — po, the sensitivity is 1 — FDR and the FNR equals the FDR.
In the general asymmetric case, it makes sense to consider the up- and down-
regulated genes separately. The same result then holds if we consider the
positive and negative values of the test statistics separately.

3 RESULTS

3.1 Discovery by ¢-statistic

For a particular scenario, each critical value of the ¢-statistic gener-
ates a two-by-two table like Table 1, from which we can compute
the various rates. Rate curves can then be constructed from a range
of critical values. The solid curvesin Figure 1 arethe FDR asafunc-
tion of critical value in t-statistic scale. Each curveislabeled by the
proportion of truly non-DE genes po. For n = 5 arrays per group,
the 5%-level two-sided critical valuefor thez-statisticisc = 2.31. If
the proportion of non-DE genesis po = 0.9, and if we declare sig-
nificance at this 5% level, then we should expect >60% FDR. Using
the same sample size n = 5, such a criterion will produce ~95%

n = 5 arrays/group
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Fig. 1. FDR (solid curves), false positive rate « (dashed curves) and sens-
itivity (dotted curves) as a function of critical value of the ¢-statistic. Each
FDR curveislabeled by the proportion of non-DE genes po. A single sens-
itivity curve applies for al po. The dotted vertical line is drawn at 80%
sensitivity.

FDR if pp = 0.99. Hence, in small experiments where we expect a
large proportion of non-DE genes, the FDR can be persistently high,
even when we use high critical values.

The dashed curve in each plot is the classical significance level
or false positive rate as a function of critical value. For n = 5, the
critical values associated with significancelevel 0.05, 0.01 and 0.001
are 2.31, 3.36 and 5.04, respectively. Since the significance level is
associated with the standard P-value cutoffs, this plot shows that
standard statistical assessment using P-value leads to unacceptably
high-FDR. The dotted curve is the sensitivity or power as afunction
of critical value of the r-statistic. For example, when n = 5 and
significance level is5%, the sensitivity is ~35%. At 80% sensitivity,
the FDR level is persistently above 80%. One must say that this
study is seriously underpowered.

However, even when the sensitivity at the traditional 5% signific-
ance is high enough (e.g. at n = 20 arrays per group, sensitivity
is ~90%, plot not shown), compared with FDR, the level of sig-
nificance and the associated P-valueistoo small and not sensible as
a control of false positives. At 20 arrays per group, controlling for
FDR isfeasible, but the resulting FNR might be high.

Thesituationimproveswhenthesamplesizeisincreasedton = 30
per group. For example, acritical value of ¢ = 3, associated with a
P-value cut-off of 0.004, leads to <10% FDR if pg <0.9. If pg is
near 0.99, the FDR is ~32%. At this sample size, a 0.4%-level test
is associated with ~80% sensitivity. The high-FDR when pg ishigh,
indicatesthat we cannot naively usethe usual formulain samplesize
computation, i.e. requiring 80% sensitivity at 5% significance level.
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Fig. 2. FDR (solid curves) and sensitivity (dotted curves) as a function of
percentage significant genes. Each FDR curveislabeled by the proportion of
truly non-DE genes po. The sensitivity curves are in the same order as the
FDR curves, for example, the top curve corresponds to pp = 0.99.

3.2 Discovery by percentage of significant results

Sometimes alist of DE genes is determined by taking a number or
a proportion of top-ranking genes with largest absolute 7-statistics.
Figure 2 shows the FDR as a function of percentage significant
results. For example, if we specify the top 1% of all genes as differ-
entially expressed, using n = 5 arrays per group and the proportion
of non-DE genes pg is0.99, thenthe FDR >80%. At thislow sample
size, such aprocedureis safefrom false discovery only if pgissmal-
ler than 0.8, that is, thereisavery large proportion of truly DE genes,
which in practice is an extremely rare occurrence. As we increase
the sample size to n = 30 arrays per group, the FDR is improved
substantially, especially if pg is not too large. Even with n = 30, if
po isnear 0.99, the FDR will still be >20% if we declare the top 1%
to be DE.

The sensitivity (dotted) curvesin Figure 2 show that the discovery
by declaring asmall proportion of thetop genesto DE canlead tolow
sengitivity or large FNR. Thismay or may not beaproblem depending
onthepurposeof theanalysis. If the purposeis prediction, sometimes
afew top genes are adequate and the lack of information of which
genesare DEisnot anissue. However, if thepurposeisto find asmany
DE genes as possible, the loss of sensitivity might be less tolerable.
Most researchers are probably aware of this problem intuitively, if
not quantitatively. It might seem lessintuitive that higher sensitivity
isobtained with higher po, but observethat it is achieved at the price
of higher FDR.

Regarding sensitivity in this approach, an interesting coincidence
occurs, namely, if we declarethetop (1 — pg) x 100% as DE genes,

0.8
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1 1 1 1

o S
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p0 = 0.99

FDR
0.4 0.8
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Fig. 3. FDR asafunction of sample size and percentage significant results.
Each curve is for afixed percentage of significant genes. For example, the
label *10' at the end of one curve refersto afixed 10% of the top genes being
declared significant. In this plot, the FNR for (1 — pg) x 100% significant
genes coincides with the FDR curve; for example, for po = 0.95, the FDR
curve for 5% DE genesis the same asthe FNR.

the FNR is the same as the FDR. For example, when pg = 0.99 and
we declare the top 1% genes to be DE, then the FDR and FNR are
both ~20%. The proof is given in Section 2.

Theplotsin Figure 2 also show that we may haveto consider care-
fully the genes included in an analysis. Genome-wide chips with
45000 probes are now in common use; if the number of DE genesis
fixed, increasing the number of probes will increase the proportion
of non-DE genes po. Thiswill result in larger FDR, sometimes dra-
matically so, for example, compare the FDR curves for po = 0.95
versus po = 0.99 for n = 30.

3.3 Discovery by other statistics

The gene discovery approaches above can be extended to other
statistics, such as fold change, correlation coefficient, rank-based
statistics or permutation-based P-values and various adjusted P-
values. Many of these statistics are either exact one-to-one maps or
highly correlated with the r-statistic, so we can expect roughly sim-
ilar relationships between false positive rate, FDR, sensitivity and
sample size.

3.4 How many samplesdo we need?

If the proportion of truly non-DE genes pg isnot so large (e.g. 0.9),
then it makes sense that we should be able to identify a lot more
significant genes than if pg is close to one. If we can guess what
po is, it may be sensible to declare the top (1 — pg) x 100% genes
as significant as shown in Figure 2. In Figure 3, we show that the
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success of such procedure depends on the sample size and the size of
po. If the sampleistoo small or if pg is near one, the FDR may till
be too large. If po = 0.99 and we want to select the top 1% genes,
then the FDR is persistently high at >20%, unlessthe samplesizeis
morethan 35 arrays per group. Around 45 arrays per group is needed
if wewant to get 10% FDR.

There are currently several methods to estimate po (e.g. Efron
et al., 2001; Storey, 2002), so it might be sensible to declare the
top (1 — pp) x 100% genes as DE. If a pilot study is available,
one can estimate po and the distribution of DE genes, then plan the
study better. Thisisasimilar situation as planning of experimentsin
classical hypothesis testing framework. As previously stated, if we
declarethetop (1 — pg) x 100% as DE genes, the FNR is the same
asthe FDR. Thismeansthat in Figure 3, the middle FDR curve also
functionsasthe FNR, and controlling FDR automatically controlsfor
sensitivity. For example, 10% FDR corresponds to 90% sensitivity.

Figure 3 shows that the required sample size in an experiment
depends on (1) the number and (2) the distribution of thetruly differ-
entially expressed genes, and (3) on how much FDR we can tolerate.
When the number of such genesis small, or when the fold changes
are small, alarge sample size is needed to control for the FDR. In
small experiments involving say 5 arrays per group, one must hope
for geneswith quitelargefold changes (> 30), otherwisethesituation
is hopeless.

3.5 Larger fold changes

We consider Scenario B of truly DE genes with log-fold changes
at {—2,+2} with proportion p;/2 each. As we note previoudly, at
5% significance level and 80% power, we only need n = 4 samples
per group to detect this effect size for one gene. Compared with
Figure 1, Figure 4 shows some reduction of FDR, although not very
dramaticif pgiscloseto 1. Sensitivity isalsoincreased, soatn = 30
arrays per group the sensitivity is 100% for critical value ¢ = 5.
Nevertheless, the false positive rate is still much smaller than the
FDR, indicating that the FDR assessment is still better than P-value.
The same exercise can be repeated at larger fold changes, or with a
more complex distribution of fold changes, not only at two values,
but also at several values or over arange of values. Our key message
is similar, that is, the existence of genes with large fold changes is
the only hope that small experiments can still give reasonable results
with small FDR.

3.6 Geneswith tiny effects

Presumably genes with tiny effects will not be of interest to the
scientists, partly because the discovery of these genesisnot likely to
bereplicated exceptinvery largestudies. Thisproblemwasdiscussed
by Efron (2004). These genes have a strong impact on the FDR
via two factors: (1) increasing the size of pg and (2) widening the
null distribution of the observed -statistic. Current procedures to
estimate po assume that we are interested in a sharp null hypothesis
of non-DE; inreality, we can imagine that thetruelog-fold changeis
distributed around zero, and there will be afraction of genes whose
log-fold changeisnear zero. If genesof tiny effectsarenot of interest,
then po should be extended to include these genes. From previous
analyses, we know that increasing po will increase the FDR, hence
making it harder to find the truly DE genes.

The second effect of these genes is that they widen the null dis-
tribution of the statistic, which will also increase the FDR. As an
example, in Figure 5, instead of a point mass of probability pg at 0

n = 5arrays/group
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Fig. 4. Similar to Figure 1, except the DE genes havelog-fold changesat —2
and +2. Compared with Figure 1, the FDR is reduced and the sensitivity is
increased.
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Fig.5. SimilartoFigurel, exceptthenon-DE genesarediffused around zero-
fold change. Compared with Figure 1, here the FDR is generally increased.
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log-fold change, suppose we assume a mixture of log-fold changes
at —0.25, 0 and +0.25 with equal probability (all equal to po/3).
Compared with Figure 1, for the same pg, the FDR isincreased. For
example, from Figure 5, to get 80% sensitivity with n = 30 arrays
per group, for po equal to 0.90, 0.95 and 0.99 the FDR is 17, 30 and
69%, respectively. From Figure 1, the corresponding values are 4,
8 and 32%. Hence the impact of genes of small effects on the FDR
assessment can be substantial.

3.7 Dataanalysis

Assessment of sample size for a study requires knowledge of the
distribution of fold changes, but estimation of such distribution from
a dataset is beyond the scope of this paper. Instead here we will
only describe briefly how the concepts of FDR and sensitivity can
be applied to real data. There is a growing literature on the estima-
tion of FDR, but not of sengitivity. We consider the analysis of 240
cases of diffuse large B-cell lymphoma data from Rosenwald et al.
(2002). The average follow-up was 4.4 years, and 138 patients died
during this period. To simplify, we will ignore the censoring inform-
ation and compare the survivors and non-survivors. A ‘lymphochip’
cDNA microarray was used, containing 12196 probes, but after
various quality controls, 7399 probes were used for analysis. The
computation of FDR follows the same mixture model

F(1) = poFo(t) + p1F1(1),

where the null distribution Fy(¢) is computed using the permutation
of the group labels (e.g. Efron et al., 2001), and the test uses the
two-sample statistic with pooled variance. The permutation-based
result is valid without assuming log-normality or equal variance. (If
the sample size is large enough, the independence assumption is not
required, where in the computation the permutation of the group
labelsis performed only once and applied to all the genes simultan-
eously. Commonly used permutation testspermutethelabel sfor each
gene separately, asis donein this example.) Since F(¢) is observed
and po can be estimated from the data (e.g. Efron et al., 2001), we
can estimate Fi(t). The estimates of FDR and sensitivity are com-
puted using the formulae in Section 2.2, and they are constrained to
be monotone.

Thetop plot in Figure 6 shows the FDR and sensitivity curvesfor
a random subsample of n = 60 patients per group. Had the study
been done at this sample size, the sensitivity would be much too low
and there would not be any gene with low-FDR. With the full dataset
we are comparing n = 138 non-survivors versus 102 survivors, the
FDR curve is now low enough, although at a critical value of, say,
¢ = 2.5, the sensitivity is quite low at ~0.2.

3.8 Robustness of the assumptions

In the previous illustrations we have made strong assumptions
regarding, for example, the log-normality and equal variance.
To check the robustness of these assumptions, we performed the
following study using the lymphoma data from above:

(1) Takearandom subsample of n arrays from each group.

(2) Replace the observed gene-wise means by

mij = wij + ta-vjsi/vn, i =12 j=1,...,p,

where ;; isthe hypothetical true mean of gene j from group
i, and t,_1),;; is arandom realization from the ¢-distribution

n = 60/group
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Critical value of t statistic

Fig. 6. The FDR (solid) and sensitivity (dashed) curvesfor the diffuse large
B-cell lymphoma data from Rosenwald et al. (2002). The two groups being
compared are the non-survivors versus survivors during follow-up. The left
plot shows that a sample size of 60 per group is not adeguate since the FDR
istoo high and the sensitivity too low. Theright plot isbased on thefull study
samples, comparing 138 non-survivors versus 108 survivors.

with (n — 1) degrees of freedom, s; is the standard devi-
ation of gene j in the survivor group. The true means will
be set according to the groups, and, to mimic the theoretical
model, a proportion of p; of the genes is allowed a shift of
+D (in standard deviation units):

1 =0,
n2j = DSj X Bj,
where B; takes random value +1 with probability p;/2. If
vijk isthe log-expression of gene j in the k-th array of group
i, this step involves computing
Yijk <= Yijk — Vij + mij,

where y;; is the observed mean.

(3) Perform the permutation-based analysis on the new dataset as
described above to compute the FDR and sensitivity.

The second step is based on the standard theory that

sample mean — true mean
std dev//n

has ¢-distribution with n — 1 degrees of freedom. In effect, we gen-
erate a dataset that has all the properties of real microarray data,
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Fig. 7. Comparison of the theoretical FDR and sensitivity curves (both in
solid lines) versus the permutation-based curves (dashed lines). The data
are random subsamples from the lymphoma data, where the means are
recomputed to allow theoretical comparisons.

including non-normality, unequal variance and dependence, but the
fold changes have been set to have particular values conforming
to our theoretical model. Figure 7 compares the theoretical FDR
and sensitivity curves as previously computed and the correspond-
ing curves computed using the permutation test. In the computation
we use pp = 09 and D = 1. The FDR curve computed using
the strict assumptions is remarkable robust for samples as small as
n = 10 per group. For larger n the theoretical sensitivity has positive
bias, which means that the true sensitivity in many studies is some-
what worse than our projection. Further investigation is needed to
understand and correct the bias of the theoretical sensitivity.

3.9 Software

An R package called OCpl us for the computations of the oper-
ating characteristic (OC) curves in this paper is avallable at
http://www.meb.ki.se/~yudpaw, containing functions to compute

o theoretical OC curves, such asFDR, false positiverate and sens-
itivity as afunction of critical values. For example, Figure 1 of
this paper can be generated by the command

TOC(p0 = ¢(0.9, 0.95, 0.99), D = 1, n = 5)

e FDR asafunction of sample size. Figure 3 of this paper can be
generated by the command

samplesize(p0 = 0.99, D = 1, crit.style = “top percentage”,
crit = ¢(0.005,0.01,0.02))

The TOC() command also allows general null hypotheses and gen-
era dternatives. The empirical versions of the OC curves for real
data are available using the command EOC().

4 DISCUSSION

Technological progressin genome-wide measurements has changed
the scientific discovery process to more data-driven rather than
hypothesis-driven approaches. Our motivation comes mainly from
RNA expression microarray dataanalysis, wherescientistsarefacing
aflood of such discoveries. It is not unusual to hear an investigator
declare with desperation that he/she has several thousand ‘signific-
ant’ genes, which make further stepsin the experiment anything but
clear. Characterization of agenelist in terms of FDR is useful, so it
is important that more scientists understand the FDR concept, cer-
tainly in addition to the standard P-value. We have chosen to present
the FDR mostly from a conceptual perspective, as we believe it is
simpler to understand it that way. It is worth highlighting the use-
ful analogy between gene discovery and population screening for a
relatively rare disease. In the latter context it is well known that the
false positive rate is not sufficient to describe the performance of a
procedure. We have illustrated, however, that all the conceptsin the
paper can be readily applied to real dataanalysis.

Therearealot of recent worksontheextensionsof FDR. Genovese
and Wasserman (2002) investigated the properties of the FNDR,
which is aso similar to the ‘missrate’ in Taylor et al. (2005). From
the simpletable in the M ethodol ogy section, we have seen that when
the probability pg of truly non-DE genesis high, asis usualy the
case in practice, FNDR will be misleadingly small. For the same
reasons we prefer FDR over the P-value, we believe that the FNR is
more meaningful than the FNDR.

It is arguable how much FDR one should tolerate. If gene discov-
eries require laborious clinical or biological validations, then one
might argue for a low-FDR. On the other hand, low-FDR means
high-FNR, which might not be acceptable either. Our point here is
that it is important to know first the FDR and FNR characteristics
of a study, so one has a realistic expectation about the results. The
decision about how low the FDR should be can be |ft open for the
investigators. One advantage of the FDR—sample size relationship
we show in Figure 3 isthat FDR control is automatically a control
of FNR. This simplifies the conceptua planning of sample size of a
microarray study.

Many early microarray studies involved small numbers of arrays
(e.g. DeRisi et al., 1997; White et al., 1999; Lee et al., 2000; Smid-
Koopman et al., 2000; Tusher et al., 2001; Tibshirani et al., 2002;
Efronetal., 2001; Lock etal., 2002). All microarray studiesof cancer
prognosis published between 1995 and April 2003 had a median of
25 patients (Ntzani and loannidis, 2003). The analysis here shows
that such studies are susceptible to large FDR, unlessthereisalarge
proportion of truly DE genes, or there are some geneswith very large
effects. A meta-study of 16 studies comparing two groups and done
between 1999 and 2002 (Pavlidis et al., 2003) used progressive re-
sampling from the existing data to study the effect of sample sizeon
selected gene lists. The authors suggested no less than 5 and 10-15
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replicates per group as optimal, but our analysis now shows that in
general one cannot provide such an assurance, asthe optimal sample
sizeisafunction of underlying parameters of the study.

The proportion of non-DE genes po turnsout to be akey parameter
that determines the FDR characteristics of a microarray study. For a
given dataset there are several procedures to estimate this quantity
(Storey and Tibshirani, 2003; Storey, 2002; Efron and Tibshirani,
2002; Efron et al., 2001). For some experiments, for example, those
involving knockouts, biologically we might not expect alarge num-
ber of DE genes, so one must be rather cautious in setting critical
values for DE. In general, the key message from our analysisis that
relatively large microarray studies, larger than many current stud-
ies, are required to control for FDR while maintaining reasonable
sensitivity.

Previous suggestions on sample size for microarray studies had
been based on classical significance level and power (e.g. Panetal.,
2002; Dobbin et al., 2003; Yang et al., 2003; Zien et al., 2003; Gad-
bury et al., 2004; Wang and Chen, 2004; Dobbin and Simon, 2005).
In contrast, we present a sample size computation purely based on
FDR control. The latter approach is advantageous, since we have
argued here that FDR is amore natural scale to work on rather than
the P-value. Lee and Whitmore (2002) proposed sample size com-
putations based on controlling the absol ute number of false positives.
Such ascaleis better than the classical significance level, but again
it is not as appealing as the direct control of the FDR. Miller et al.
(2004) considered theoretically the question of optimal sample size,
by maximizing the number of DE genes for agiven FDR.

In our analyses we have assumed that the genes are independent.
For the conceptual understanding of FDR, thisis not an issue. How-
ever, for the sample size computation, this might be a problem. The
current theory of FDR (Storey and Tibshirani, 2003; Storey, 2002;
Efron, 2004) indicatesthat independenceisnot necessary, and similar
results can be expected to hold for weakly dependent genes, aswould
be expected for genes connected in biological pathways. Our work
in normalization of microarray data(Ploner et al., 2005) showsthat a
large collection of genes—that have been properly normalized—are
on the average uncorrelated. Further understanding of the genome-
wide dependence structureis needed for parsimonious modeling that
can be used to improve the sample size computation.

In summary, the simultaneous testing of thousands of hypotheses
in microarray data analysis allows a stronger assessment of false
positives in terms of FDR, so conceptual understanding of FDR is
becoming anecessity. The standard P-valueissuited to single hypo-
theses, and does not give aproper sense of uncertainty whenthereare
many tests performed. Theoretical connections among FDR, sensit-
ivity and sample size allow us to plan studies with reasonable FDR
characteristics.
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