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ABSTRACT

Motivation: Ranking gene feature sets is a key issue for
both phenotype classification, for instance, tumor classifica-
tion in a DNA microarray experiment, and prediction in the
context of genetic regulatory networks. Two broad methods
are available to estimate the error (misclassification rate) of
a classifier. Resubstitution fits a single classifier to the data,
and applies this classifier in turn to each data observation.
Cross-validation (in leave-one-out form) removes each obser-
vation in turn, constructs the classifier, and then computes
whether this leave-one-out classifier correctly classifies the
deleted observation. Resubstitution typically underestimates
classifier error, severely so in many cases. Cross-validation
has the advantage of producing an effectively unbiased error
estimate, but the estimate is highly variable. In many applica-
tions it is not the misclassification rate per se that is of interest,
but rather the construction of gene sets that have the potential
to classify or predict. Hence, one needs to rank feature sets
based on their performance.

Results: A model-based approach is used to compare the
ranking performances of resubstitution and cross-validation
for classification based on real-valued feature sets and for
prediction in the context of probabilistic Boolean networks
(PBNSs). For classification, a Gaussian model is considered,
along with classification via linear discriminant analysis and the
3-nearest-neighbor classification rule. Prediction is examined
in the steady-distribution of a PBN. Three metrics are proposed
to compare feature-set ranking based on error estimation with
ranking based on the true error, which is known owing to the
model-based approach. In all cases, resubstitution is competi-
tive with cross-validation relative to ranking accuracy. This is in
addition to the enormous savings in computation time afforded
by resubstitution.

Contact: edward@ee.tamu.edu

*To whom correspondence should be addressed.

1 INTRODUCTION

When choosing among acollection of potential feature setsfor
classification (prediction), estimating the errors of designed
classifiers (predictors) is a key issue. In particular, we may
wish to order the potential feature sets according to the mis-
classification rates of their corresponding classifiers (Xiong
et al., 2001ab; Kim et al., 2002). For this kind of rank-
ing, which fallsinto the category of biomarker identification,
the degree to which an error estimator preserves the true
ordering is the most critical aspect of its performance. Two
common methods for estimating misclassification rates are
resubstitution and cross-validation. In resubstitution, one
simply constructs the classifier based on all the data, and then
applies this classifier in turn to each observation. In cross-
validation, one successively holds out observations from the
data set, constructs the classifier based on the reduced data,
and then observes whether the held-out observations are cor-
rectly classified. Here, we consider the leave-one-out form of
cross-validation.

For most feature-label distributions and classification rules,
resubstitution underestimatesthe rate of misclassification, and
in some instances this bias can be severe, the most extreme
case being single-nearest-neighbor classification, where the
resubstitution estimate is always zero. On the other hand,
cross-validation is close-to-unbiased in the following sense:
if the procedureis repeated for different samples drawn from
a population, then the average error estimate will approxim-
ate the expected error of the designed classifiers across all
possible same-size samples. Owing to bias considerations,
cross-validation is commonly preferred over resubstitution.
However, for small samples, estimator variance needs to
be considered, and here resubstitution is superior to cross-
validation (Devroye et al., 1996). This small-sample issueis
especially relevant when working with cDNA microarrays.

In the context of microarray experiments, error estimation
per seis perhaps not the major issue; indeed, the generation
of potential feature sets to be investigated in confirmatory
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experiments is at least as crucial as error estimation. This
paper compares resubstitution and cross-validation relative to
the degree to which performance ranking based onthem isin
accord with the true feature-set ranking. Two kinds of rank-
ing problems are considered, both relating to estimating a
discrete random variable on the basis of other observed ran-
dom variables. In statistical terminology, both estimations are
referred to as either classification or prediction; however, it is
not uncommon to differentiate them based on their settings,
and we will adhere to this dichotomy.

The first problem involves estimating class labels. Here,
there are classes of observations and a classifier is designed
to estimate the class to which an observation belongs. For
cancer classification, the observations are gene-expression
levels and the classes are cancer types. We will refer to
label estimation as classification and will confine ourselves
to two classes labeled 0 and 1, the ideas generalizing easily
to multi-class classification. The observations upon which the
classifier operates compose the feature set for the classifier.
The input observations are analog and the output is binary.
Owing to the fact that we need ground truth with which to
compare resubstitution and cross-validation error estimation,
we will postulate a feature-label distribution from which to
draw random samples.

The second problem involves estimating a random quant-
ity based on similar quantities and is called prediction. Our
interest hereis predicting the expression level of atarget gene
via the expression levels of related genes. The sets of pre-
dictor genes constitute the feature sets to be ranked. We will
work in the context of probabilistic Boolean networks (PBNS)
(Shmulevich et al., 2002). PBNs have been used to model
genetic regulatory networks in a binary manner (O down-
regulated, 1 up-regulated). The intent here is to generate
synthetic datathat is‘ regulatory’ in nature, so that itsdistribu-
tional propertiesreflect to some extent expression dataderived
from genetic regulatory networks. Recalling the generation
of random Boolean networks (Kaufmann, 1993), we consider
random PBNs. For each randomly chosen PBN, we obtain the
steady-state distribution of its corresponding Markov chain
by running the network alarge number of times, and consider
multivariate gene prediction in the steady-state distribution.
Since we have the steady-state distribution, we can compute
actual prediction errors. We can then take random samples
from the steady-state distribution, form error estimates from
these sampl esviaboth resubstitution and cross-validation, and
then compare rankings for the true and estimated errors.

Toexpressmattersmoreprecisely, predictionintheBoolean
context means deciding whether or not a particular target
gene is expressed, an event denoted by a binary variable Y.
Available arethe binary geneexpressions, X1, Xo, ..., X,, of
n other genes. Owing to the small sample sizes in microar-
ray experiments, classifiers based on feature sets of three or
fewer genes are of particular interest. Even for a small regu-
latory network, there are many such feature sets. Our interest

isin describing the best feature sets, i.e. the onesthat give the
lowest prediction errors. In practice, the best feature sets are
the ones whose variables are chosen as the input variables for
the functions determining the network transitionsin aPBN—
hence, the importance of ranking error estimates. Keeping
with our interest in multivariate gene interaction and regul at-
ory networks, rather than work with prediction error directly,
we will do the analysis using the coefficient of determina
tion (CoD). The CoD givesthe relative increase in prediction
accuracy for Y resultingfromtheobservations X1, Xo, ..., X,
in comparison with the best predictor of Y in the absence of
observations. The CoD has been used to quantify gene inter-
action, with particular interest being in ranking (Kim et al.,
2000), and it is the measure actually used in constructing
PBNs. Rankings based on the CoD are equivalent to rankings
based on misclassification error.

The results of our model-based simulations will show that
resubstitution is competitive with cross-validation in gener-
ating feature sets. Since cross-validation requires redesign of
the classifier many timesand thusreguires much more compu-
tation time than resubstitution, this givesapowerful argument
for the use of the latter.

2 BASIC ERROR THEORY

This section sets out the basic notions regarding error rates
(and the CoD) and discusses their estimation. Although we
will consider both classification and prediction, to avoid
redundancy we will describe matters in the context of pred-
iction, from which application to classification is straight-
forward. More complete descriptions can be found in the
literature: theory (Devroyeet al., 1996) and application (Duda
et al., 2001).

Given there are n genes to predict the expression level of
the target gene, we denote the variables corresponding to the
expression levels of the predictors by X1, X»,..., X, and
that of the target-gene variable by Y. Assuming there are P
samples, welet Yy, Yo, . . ., Yp denotethebinary outcomevari-
ables indicating the expression of the target gene in sample
p=12,...,P,respectively. For the p-th sample, inaddition
to Y, thereisan n-vector X, = (X1, ..., X,,) correspond-
ing to theoutcomesof X1, X, ..., X,, where X ,; = 1 means
that the i-th gene is expressed, and X ,; = 0 meansthat it is
not expressed in the p-th sample.

By definition, a feature set is a subset of gene-expression
levels used for prediction. Let S be the number of feature
setsand Z; = (Zs1, Zs2, - . ., Zyq) denotethe s-th feature set,
where ¢ is the number of genes whose expression levels are
being used as predictors. The expression levels constituting
a feature set form a subset of the n expression levels for the
full geneset: {Zs1, Zso, ..., Zsy} C {X1,X2,..., X} A pre-
dictor is a binary-valued function, W, of the features, with
the error of W being given by the probability of erroneous
prediction, e[V] = pr(¥(Zy) # Y). The optimal predictor
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for the s-th feature set is given by Won(Zs) = 1if pr(Y =
1Zs) > pr(Y = 0|Z,) and Wopt(Z,) = 0 otherwise. Owing
to optimality, €[Wopt] < €[] for any predictor W.

A predictor W, is designed using the sample data
{(Zs1,y1), (Z52,¥2,), - - -, (Zsp, yp)} cOrresponding to the s-th
featuresetanditserrorisgivenby e, = €[] = pr(V,(Z,) #
Y). Thefeature setscan then beranked by thevaluesof ¢, s =
1,2,...,S. For predictor design (training), we usethe plug-in
rule, which has been used in a number of circumstances for
gene-expression prediction. For this rule, the designed pre-
dictor is defined in the same manner as the Bayes (optimal)
predictor from the distribution except that pr(Y = 1|Z;) and
pr(Y = 0|Z,) arereplaced by their frequency-based estimates
(missing dataand ties are resol ved by using the mgjority label
in the sample). In our simulations we can directly compute e
because we have the joint distribution of Z; and Y.

In practice, the joint distribution of Z; and Y is unknown
and we resort to error estimation. The resubstitution error
estimate, ¢,g, for the s-th feature set is found by designing
the predictor ¥, and taki ng the fraction of errors made by
applying T, on the sample data, an error occurring when
W, (z,p) # yp, for p = 1,2,..., P. The cross-validation
(leave-one-out) error estimate for the s-th feature set is found
by the following procedure. Design the predictor W1 on
the data set {(Z,2,y2), (Z3,3.).- ... (Zp,yp)} formed by
leaving out the data point (z,1, y1) and define an error to
occur if Wi(z1) # y1; design the predictor U,» on the
data set {(z1,y1), (253, ¥3,)s - - - » (Zsp, yp)} fOrmed by leav-
iAng out the data point (z,2, y2) and define an error to occur if
W,2(2Z52) # y2; and continue doing thisfor all P data points.
The cross-validation error, €,¢, isthe fraction of errors made
in this procedure.

The CoD measurestherelativeincreasein prediction accur-
acy from using the feature set in comparison with the estimate
of thetargetin the absence of predictors. Without predictors, Y
is predicted to be the majority label m among Y1, Yo,...,Yp.
The true error of this predictor is given by ¢g = pr(Y #
m) = pr(Y = 1—m). Thetrue CoD for the s-th feature set is
defined as

€0 — €
CoD, = 22—
€0

For estimating the CoD in apractical situation, wherethetrue
underlying probabilities are not known, both ¢g and ¢; have
to be estimated using only the data. If 77 isthe fraction of the
sample for which Y = 1, then the empirical error is ég =
min(w,1 — 7). The empirical CoDs for resubstitution and
cross-validation using the s-th feature set are defined similarly
to CoD;, with &y in place of ¢p, and with ¢,z and €;¢ in
place of ¢;, respectively. They are denoted by CoD,z and
CoDy (¢, respectively. Feature sets with low error rates are
those with high CoDs. Owing to the fact that estimates are
being used, it is possible to have €9 < €, in which case
we define CoD,r = 0. In addition, if €g = 0, then we set

CoD,r = 1if €5z = 0,and CoD,x = 0 otherwise (analogous
remarks apply to CoDy().

3 MODELS

This section describes the models we will use for studying
ranking based on resubstitution and cross-validation for both
classification and prediction, as described in the Introduction
section.

3.1 Gaussian model

We consider the standard Gaussian model, where the classes
areequally likely and the class-conditional densitiesare spher-
ical unit-variance Gaussians. The class means are located at
da and —d8a, where § > 0 is a separation parameter and
a = (a1,az,...,a,) is a parameter vector. Without loss of
generality, we assumethat ||a| = 1. It iswell known that the
Bayesclassifier isahyperplane perpendicular to the axisjoin-
ing the means, with Bayes error egayes = 1 — ©(§), where
® isthe standard normal cumulative distribution function. In
particular, it followsthat § = ®~1(1— epayes), which alows
oneto find § for a prescribed Bayes error.

The Bayes error increases with decreased class separation,
and vice versa. If § = 0, then egaves = % which corres-
ponds to total overlap between classes. On the other hand, if
8 = o0, thenegayes = 0, which correspondsto compl ete sep-
aration between classes. A plot of egayes versus § is shown
inFigure 1.

If asubset L of the original variablesis selected, then again
one has a standard Gaussian model as before, but now the
separation between the classesisafunction of which variables
are selected. More specifically, one has

cgayes=1— @ (‘3 /Z“f) .
keL

The Bayes error is a function of both the separation and the
model parameters. If L containsall theoriginal variables, then
€EavEs reduces to egayes. To minimize €S, gs for a given
number of selected variables, one should pick the variables
corresponding to the largest parameters.

3.2 Probabilistic Boolean networks

A PBN is defined by a set of binary-valued nodes
(X1, X2,..., X, and alist F = {Fy, F>,...,F,} of sets
Fi = {f{", f3",.... £} of Boolean functions. Each node
X; € {0, 1} represents the state (expression) of genei, where
X; = 1 meansthat genei isexpressed and X; = 0 meansthat
it is not expressed. The set F; contains the possible rules of
regulatory interactionsfor genei. For j = 1,2,...,1(i), fj(’)
is a possible Boolean function determining the value of X;
in terms of some other gene states. The functions are called
predictors. All genes (nodes) are updated synchronously and
repeatedly in accordance with the functions assigned to them.
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Fig. 1. Bayes error versus class separation in the Gaussian model.

A readlization of a PBN at a given time is determined by a
vector f of Boolean functions. If there are N possible real-
izations, then there are N vector functions fq,fp,...,fy of
the form f, = (f(l) f(z),..., k(”")), fork = 1,2,...,N

1<k <I(),and f(’) € F, (i =1,2,...,n). The network
functionf,, actsasatransition mapping representing apossible
realization of the entire PBN. Each predictor function usually
has many fictitious variables, which means there are only a
few input genesthat actually regulate X; at any giventime. At
each time point, the expression vector X = (X1, Xo,..., X»)
is called a gene activity pattern.

Not only must the PBN transition between gene activity pat-
terns, it must transition between network functions. A binary
random variable I', with pr(I' = 1) = «, governs whether
or not there is a change of network function at each time
instance. There is a network-function change if and only if
I' = 1. ' isindependent of the state of the network. Given
a network change (I' = 1), there are selection probabilit-
iescy, ¢, ..., cy determining which of the network functions
f1,f2,...,fx will govern the network until the next switch.

The PBN model also alows for random perturbations. For
each gene, there is a small probability 8 that it will flip its
value, from 0 to 1 or from 1 to 0. Hence, there is a binary
random variable ®, independent of the network state and T",
withpr(® = 0) = (1— 8)", suchthat when ® = Othetransi-
tion from one state to another occurs as usua via a network
function, and when ® = 1thestatewill change dueto random
bit permutation.

A PBN induces a homogeneous Markov chain whose
states are pairs (X,f). The chain is ergodic and possesses
a steady-state distribution. The steady-state distribution for
the expression values isthe marginal distribution of X (of the
genes) relative to the steady-state distribution for the Markov
chain.

4 RANKING OF GENE FEATURES

Ranking feature sets by estimations of their errors or CoDs
should agree as much as possible to ranking by the true errors
or true CoDs. Our question iswhether resubstitution is as effi-
cient in ranking the top feature sets asis cross-validation. We
emphasize that our only interest isin ranking the best feature
sets for classification; we have no interest in distinguishing
among features sets that yield poor classifiers. In describing
our ranking metrics, we stay with the convention we have
adopted previously and describe matters in terms of CoDs,
with the same definitions applying to error ranking, except
with reverse ordering.

We consider three metricsfor success. Supposethereare K
feature sets that exceed a given threshold. Rank these feature
sets according to their true CoDs, so that the feature sets are
caled Zs1) > Zgo) > --- > Zyk). Thus the feature set
Zg(1) has the highest true CoD, while Z; k) has the lowest
true CoD among all feature sets whose true CoD exceeds the
threshold. If there are no ties, the rank of Zyq) = 1 and
the rank of Zyx) = K. In case of ties, the rank is equal
to the mean of the ranks. Ranking based on the estimates is
done analogously. We then have three ranks for a feature set:
k (true), k% (resubstitution) and k7. (cross-vaidation).

We consider three summary measures.

(1) For any giventarget gene, supposethat thereare K > 1
feature sets whose CoD exceeds a threshold ¢ such
that 0 < ¢t < 1, the threshold being required so that
only well-performing feature sets are considered. Then
for that target gene the first summary statistics using
resubstitution and cross-validation are, respectively,

Ry = ket k= Kl
P ®

o - Tl k=K

kel

(2) We consider thetop feature sets as measured by thetrue
CoD. To do this, we consider only those target genes
that have K > 20featuressetswith true CoD exceeding
thethreshold ¢, and the summary statistics measure how
far off the rankings are for just the top 20 feature sets:
for resubstitution and cross-validation, respectively,

2 Ik — kgl
Re==""20—""

i lk — kgl @
C2= 20

(3) Lastly, we compare the top 20 lists irrespective of
order. We again consider only those target genes that
have K > 20 features sets with true CoD exceed-
ing the threshold . The summary statistics are the
number of feature sets among the top 20 feature sets
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that also appear in the top 20 using resubstitution and
cross-validation, respectively,

20

Ry =) I(ky < 20);
k=1
20

C3= Zl(k; < 20).
k=1

©)

where [ istheindicator function [i.e. I(v) = 1if vis
true, otherwise I (v) = 0]. Note that for this measure,
higher scores are better.

5 EXPERIMENTAL RESULTS

Let usbegin by discussing afew details about the simulation.
For the Gaussian model, welet thetotal number of variablesbe
20and consider feature setsof size 3. We choosetheseparation
parameter § so that the Bayes error in the original space is
0.1, and pick the parameter vector a = (a1, az,...,a,) from
asigmoidal distribution in order to favor afew of the feature
sets and make the rest unimportant.

We generate 200 independent samples of size 30 from the
Gaussian model. In each of the 200 classification experi-
ments, thereare C3° = 1140 feature sets, which are used with
two classification rules, namely, linear discriminant analysis
(LDA) and 3-nearest-neighbor (3NN) classification. For each
error threshold, and for each of the 200 experiments, the 1140
error triples (s, €, r, €5¢) areranked and the ranking statistics
computed, resulting in a total of 200 ranking statistics pairs
(R1,C1), (R2,C?) and (R3, C3).

For the PBN model, generation of random PBNSs involves
random generation of itsconstituent Boolean networks, which
means random generation of the network functions. Although
one can randomize the number of network functions and the
number of essential variablesfor each component of anetwork
function, wewill fix the number of network functionsat N and
the number of essential variablesat 7. Each network function
isof theformf, = (£, £2,..., £ fork =1,2,..., N,
andfori =1,2,...,n, wheren isthetotal number of genes.
Thecomponent function fk(’_’) isgeneratedintwo steps: (1) ran-
domly select T genesfrom among {X1, X», ..., X, } tobethe
variables for f(i"); and (2) using these variables as entriesin
atruth table, uniformly randomly assign the 27 values of the
truth table. In our simulations, we set n = 20, N = 5 and
T = 3, the latter being typical of the PBNs that have been
generated in practice. Welet the network functions have equal
probability, ¢, = 0.2, andweseta = 0.001and 8 = 0.00001.

There are 100 PBNs in our simulation, the large number
being used to get a good sampling of PBNs. For each PBN,
there is a total of 200 prediction experiments (20 genes x
10 samples). For each experiment, there are C3° = 969 fear
ture sets. For each CoD threshold, and for each of the 20 000

experiments, the 969 CoD triples (CoD;, CoD, g, CoD;¢)
are ranked and the ranking statistics computed, resulting in
atotal of 20000 ranking statistics pairs (R1,C1), (R2,C2)
and (R3, C3).

The results of the experiments are shown in Figure 2, with
the ranking-measure means graphed as functions of the error
(CoD) threshold for feature sets considered. For instance, the
bottom row displays the curves for the means of the 20 000
valuesfor R1, C1, R2, C2, R3 and C3 as functions of the CoD
threshold. The solid and dashed lines give the resubstitution
and cross-validation measures, respectively. For instance, for
(R2, C2) in the second row, the value 0.25 on the horizontal
axis means that we are considering the ranking measure for
all feature sets having error less than or equal to 0.25, and
for those features sets, R, ~ C2 ~ 13. The error range for
3NN (middle row) is higher than for LDA (top row) because
the small samples have resulted in poorer training for 3NN
than for LDA. For PBN CoDs (bottom row), we only con-
sider up to CoD = 0.85 because for higher CoDs there are
too few feature sets satisfying the threshold requirement to
obtain good estimates of theranking-measuremeans (notethat
CoD = 0.85isvery high, in practice CoD = 0.7 indicating
strong multivariate gene interaction).

Figure 2 shows that, in the case of LDA, ranking accur-
acy based on resubstitution and cross-validation is virtually
equal for all three measures for feature sets with true error
below 0.2. For 3NN, cross-validation outperforms resub-
stitution for higher error rates (which are not of interest)
but performance is virtually identical once in the range of
error 0.26, with resubstitution actually slightly outperform-
ing cross-validation below 0.25. For prediction in the PBN
model, R1 ~ C4 for CoDs above 0.5, with resubstitution
outperforming cross-validation slightly for all CoD values.
Similar comments apply to (R2, C2) and (R3, C3).

6 CONCLUDING REMARKS

In microarray experiments, estimation of misclassification
rates is perhaps not the major issue; indeed, the generation of
potential feature setsto beinvestigated in confirmatory exper-
imentsis at least as crucial as estimation of misclassification
rates per se. While resubstitution may be an inappropriate
method for estimating error rates, a priori it is not clear that
it is less appropriate than cross-validation for the purpose of
ranking feature sets.

We have tested this question by generating data via a clas-
sification model and a gene-regulatory network prediction
model. Our resultsshow that resubstitution performsaswell as
cross-validationintermsof themetricswe considered, namely
various versions of the ranking of top feature sets. Because
resubstitution requires far less computation, the resultsindic-
ate a powerful reason to consider the use of resubstitution
for generating potential feature sets to be investigated in
confirmatory experiments.
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R1,C1

R2,C2

R3,C3

R1,C1

30 60

0 0
0.23 024 0.25 026 027 028 029 0.3 031 032 033 0.23 0.24 025 026 0.27 0.28 029 0.3 0.31 032 033

R2,C2

23 024 0.25 026 0.27 028 029 03 031 032 033

R3,C3

Fig. 2. Means of ranking statistics versus true error (resp. COD) threshold. Top row: Gaussian model, LDA. Middle row: Gaussian model,
3NN. Bottom row: PBN model. The solid line corresponds to resubstitution, while the dashed line corresponds to |eave-one-out.
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