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Abstract

Product unit neural networks with exponential weights (PUNNSs) can provide more powerful internal representation capability than
traditional feed-forward neural networks. In this paper, a convergence result of the back-propagation (BP) algorithm for training
PUNN:Ss is presented. The monotonicity of the error function in the training iteration process is also guaranteed. A numerical example is

given to support the theoretical findings.
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1. Introduction

Traditional feed-forward neural networks are con-
structed by using multiple layers of summation units.
These networks can effectively solve approximation and
classification problems [3,9]. However, usually it requires a
large number of summation units for a traditional feed-
forward neural network to approximate a complicated
function. Various kinds of “high order” neural networks
have been developed to overcome this drawback [6,7,4].
Among them, product unit neural networks with exponen-
tial weights (PUNNs) were proposed by Durbin and
Rumelhart [4], and studied in [12,11,10,19]. PUNNSs are
used to solve regression problems in [16,17]. But we have
not found any theoretical analysis on the convergence of
the training methods for PUNNSs, and this becomes our
main concern in this paper.

Back-propagation (BP) algorithm is possibly the most
popular optimization algorithm for training feed-forward
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neural networks [21,22]. Unfortunately, the solution space
for PUNNSs can be extremely convoluted, with numerous
local minima that trap the BP training (cf. [4,12,5]). Hence,
some global optimization algorithms such as Genetic
Algorithm [11], Random Search [12], Evolutionary Algo-
rithms [14,15,8], Particle Swarm Optimization and Leap
Frog Optimization [10], etc. have been used to train
PUNN:Ss. But these global optimization algorithms usually
converge very slowly. So it seems natural that BP
algorithm, which is good at local optimization, has been
used to combine with some global search algorithms such
as the Random Search Algorithm (RSA), resulting in quite
satisfactory training [12]. In this strategy, BP is used to
move to the local minima, and if the training error is still
above the desired level, the RSA algorithm generates a new
set of random weights from which BP can start again. So
the convergence analysis of the BP algorithm for PUNN is
still useful as a theoretical support of the above training
strategy.

The organization of the rest of the paper is as follows.
Section 2 introduces PUNN. Section 3 describes the
learning procedures of BP for PUNN. The main conver-
gence results are presented in Section 4. Experimental
results are given in Section 5. Some conclusions are drawn
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in Section 6. Appendix A is an appendix, in which the
details of the proofs are provided.

2. Product unit neural networks with exponential weights

In PUNN, the traditional summation units of the hidden
layer are replaced by the product units with exponential
weights:

N N
E WpX, —— H X
n=1 n=1

Due to the special exponential form, PUNNs have
some additional advantages. Durbin and Rumelhart [4]
empirically determined that the information capacity
of a single product unit (as measured by its capacity
for learning random boolean patterns) is approximately
3N, compared to 2N for a single summation unit [2],
where N is the number of inputs to the units. So, for a
given problem, PUNNs usually require relatively smaller
scale of networks than traditional feed-forward neural
networks and even some feed-forward networks with other
higher-order terms (cf. [12]). In [19], it has been demon-
strated that only one product unit in the hidden layer is
sufficient to solve the difficult symmetry problem and
parity problem.

Fig. 1 shows the PUNN structure considered in this
paper. It is a three-layer network with product units only in
the hidden layer and only one output node.

Let the numbers of input and hidden nodes be N and M +
1 (including a bias unit with fixed output —1), respectively.
Write w,, :(wm,l,...,wm,N)T eRY (1<m<M) as the
input-to-hidden weight vector corresponding to the mth
hidden node. Similarly write Wary1 = (Wars1.0, Wars1,15 -+ -5
wMH,M)T € RM*! as the hidden-to-output weight vector,
where wasy1 18 the threshold. For simplicity, all the weight
vectors are incorporated into a total weight vector
W=(w)",...,(wye)DHT € RMN*MFT et a vector x =
(x1,.. .,xN)T with nonzero components be an input to the
network shown in Fig. 1, with x; = —1 corresponding to a

Fig. 1. Structure of PUNN.

bias unit, the complex output of the network is

M N
y= g(( W 1,mh <H x,ﬁ)) — wM+1,0>- (1
m=1 n=1

Here, g is an activation function which squashes the output of
the summation unit. All the outputs of the product units are
squashed by an activation function 4. A typical choice is
h(t) = t. So we have

M N
y=g9 Warstm [ X3 ) = warsro |- 2
1 n=1

We stress that as in e.g. [10,19], we have required that x, #0
for 1<n<N. The complex output of the mth (1<m< M)
hidden node is

N
xymn = efm(cos(nly,) + 1 sin(nb,,)),

n=1

where
N N
O = Z Wi I |Xp],  O0p = Z Wi nOn,
n=1 n=1
0 if x,>0;
G"_{l if x, <0. ®)

Durbin and Rumelhart [10] have discovered in their
experiments that apart for the added complexity of working
in the complex domain (i.e. the doubling of equations and
weight variables), no substantial improvements in the results
were gained. So the imaginary part of the output is omitted
and the actual output for the mth hidden unit becomes
e’ cos(nf,,). But we mention a warning given by [18] that
omitting the imaginary part of the output might cause trouble
when this strategy was extended to real-valued (rather than
Boolean) inputs.

For a given input x € {R\{0}}", define a multivariate
function f : RV x {R\{0}} — R by

S Wy, x) = ePm cos(nb,,). ()]

It is obvious that ' € C*°. Next, denote by F the output
vector of the hidden layer with respect to a given input X,
then we have

F=(=1/(w.x),.... (War,x)L. (5)

Consequently, the actual output of the PUNN for a given
input x with nonzero components is the real part of the
complex output as follows:

y=9gWyq1 - F)

M
=9 ( ( > warsiif W, X)) - WM+1,0> : (6)
m=1

3. BP algorithm for PUNN training

Let the network be supplied with a given set of training
examples {x/, 0’};_1 c {R\{0}}"¥ x R. For each x/, once
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being input into the above PUNN, the output of the
PUNN above is

Y =gWy1 - F)

M
=y ( (Z WM+l,mfj(wm)> - WM+1,0>, (7)
m=1

where

Fw =fwx), F=LAw ., (w) ®)

The square error function of PUNN trained by the BP
algorithm can be represented as follows:

E(W) =% ]ZJ;O/ —-0) = lzj; gi(War1 - F), ©)
where
g =Yg — 0), 1eR, 1<j<J. (10)
So we have

OE I -
sw W)= ;gj(wMH ) (D
and

) ) 2 .
v W=D giarsr - F) 5o (o - F)

=D GWarst F)wariim 5o (W), (12)

where, for any 1<j<J and |<m<M,

of’ (o of T
a (Wm) = (W (Wm), Cee M (Wm)> s (13)
aa{;/ (W) = ef’{n((ln X |) cos(nt) ) — o, msin(n0) ). (14)

The purpose of the network training is to find W* such that
E(W*) = min E(W).

Starting from an arbitrary initial value W° and combining
(11) and (12), we proceed to refine the weights by the
training iteration as follows:

Wk+1 :Wk+AWk, k:O:152""’ (15)

where
AW = (AWHT, .. (AWK, DT = —n(QE/OW)(WF), >0
is the learning rate, and
oOF
1 OW sy

J
= —n)_ g - FIF, (16)
j=1

(WH)

k _
AWy =

oE
AwWh = — HW(W/{)
J .
/ o
= D O F ) (17
=1

where 1<m<M.

4. Convergence result
We need the following assumptions:

(A1) there exists a constant C| >0 such that for all € R
max{lg()l, gD, 1" (DI} < Ci;

k1< C, for

m

(A2) there exists a constant C, >0 such that ||w
alm=1,.... M+1, k=0,1,2,...;

(A3) the learning rate 5 satisfies (A.18);

(A4) the set Dy = {W|(QE/OW)(W) = 0} contains finite
points.

In this paper, || - || denotes the Euclidean norm.

Theorem 1. Let the error function E(W) be defined in (9),
and the sequence {W*} be generated by (15)—~(17) with W°
being an arbitrary initial guess. If Assumptions (A1)—(A3)
are valid, then we have

(i) EWFY<SE(WF), k=0,1,2,..
(ii) 1imy—. oo [|RE /AW)(WH)|| = 0.
Furthermore, if Assumption (A4) also holds, there
exists a point W* € Dg such that
(iii) limy_, oo WX = W,

The statement (i) of Theorem 1 shows the monotonicity
of error function E(W) in the learning iteration process.
The weak convergence of the weight sequence {W*} is
presented in (ii), i.e., starting from arbitrary W° and
generated in accordance with (15)—(17), the sequence {W*}
will satisfy limy_ |(OF /aW)(Wk)H = 0. The conclusion
(iii) points out that if the number of stationary points is
finite, the sequence {W*} will converge to a local minimum,
which implies the feasibility of the combination of a global
search algorithm and BP. If there are finite number of
stationary points (i.e. local minima) in the search space, the
neighborhood of the global minimum may be detected by
the global search algorithm (e.g. RSA), and then the global
minimum W* will be located by BP.

5. Experimental results

This section illustrates the performance of BP for
training PUNNSs. The 5-Parity problem is used as the
test problem. This problem can be solved theoretically
by a single product unit (cf. [19]), so we can easily compare
the theoretical solution with the numerical results.
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The network has six inputs (N = 6 in Fig. 1) including a
constant input of —1 (the bias unit), two hidden product
units (M = 2) plus a bias unit, and one summation output
unit. The learning rate is fixed to 0.05 for all the simulation.

First, we check the convergence for an arbitrary initial
weight, i.e., starting from an arbitrary guess, the weight
sequence generated by (15)~(17) satisfy E(W!)< E(WFK)
and lim;ﬁooH(GE/@W)(Wk)H = 0. A typical picture of such
a learning iteration process is given in Fig. 2, which clearly
supports the theoretical convergence result, namely, the
weight sequence will always converge to a local minimum
of the error function.

Next, we investigate the convergence near the global
minimum of the error function, that is, the optimal
weights of the network. As in [19], we can find explicitly
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Fig. 2. Convergence behavior from an arbitrary initial weight.

——— Error Curve
.=.=.= Derivative Curve

0.8

0 20 40 60 80 100 120

Fig. 3. Convergence behavior from an initial weight near the global
minimum.

the optimal weights of the network for the 5-Parity
problem: w; =(1,1,1,1,—1)T, w,=(0,0,0,0,0)" and
w3 = (0,5,0)". Then we randomly initialize the weights
within a neighborhood, with 0.05 radius, of the optimal
weights. Fig. 3 shows that, in spite of the oscillation in the
early epochs, both the error curve and the derivative curve
finally tend to zero.

The weight sequence will converge to a local minimum
with the initial weight being an arbitrary guess. In
particular, when the initial weight falls into a small
neighborhood of a local (or global) minimum, the weight
sequence will converge quickly to the local (or global)
minimum. This supports our idea that, if a neighborhood
of the local (or global) minimum is detected through some
other approaches, the corresponding local (or global)
minimum will be located efficiently by BP algorithm.

6. Conclusion

Product unit neural networks with exponential weights
(PUNNSs) were proposed in order to improve the efficiency
of traditional feed-forward neural networks [4]. Unfortu-
nately, the solution space for PUNNs can be extremely
convoluted, with numerous local minima that trap the BP
training. Hence, some global optimization algorithms such
as Genetic Algorithm, etc. have been used to train PUNNSs.
But these global optimization algorithms usually converge
very slowly. So it seems natural that BP algorithm, which is
good at local optimization, has been used to combine with
some global search algorithms, resulting in quite satisfac-
tory training. So the convergence analysis of the BP
algorithm for PUNN is still useful as a theoretical support
of this training strategy.

In this paper, a convergence result of BP algorithm for
training PUNNSs is presented. The monotonicity of the
error function in the training iteration process is also
guaranteed. An up-bound of the learning rate # is provided
to guarantee the monotonicity and the convergence. A
numerical example is given to support the theoretical
findings.

We mention that the convergence results in this paper
can be easily extended to a more general case that the
network has several outputs. Also, it seems promising to
apply the idea of PUNN to some more complex and
capable neural networks such as stochastic neural networks
and neural networks with delays (cf. [13,20]).

Appendix A

In this appendix, we first present some lemmas and then
prove Theorem 1.

The Euclidean norm of a vector w = (wy, ..., wy)" € RV is
defined by |w| = (Ziv:l wﬁ)l/ 2, and the corresponding
induced norm of a matrix HeRY/Y by |H|=
supy o (IHw|l/[lw]]). The following properties of the norms
are well-known: [[Hw|| <[[HI|[lwl|, [w"Hw[<|lw|[H]/[wl.
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Lemma 2. Suppose that E : RMNAM+L S R s continuous

and differentiable on a compact set D C RMNYM+1 and that
Dy = {W € D|(CE/OW)(W) = 0} has only finite number of
points. If a sequence {Wk},‘io_1 C D satisfies

11m WA — WE || = 0, hmH—(Wk)

then there exists a point W* € Dy such that
lim W* = W

k— o0

Proof. This result is basically the same as Theorem 14.1.5
in [24] (cf. [23]), and the detailed proof is thus omitted. [

For any 1<j<J, 1<m<M and k=0,1,2,..., write
(cf. (8))
=, Y=L
Yo = FN R = wh RS (A.1)
Denote the Hessian matrix of f/(w) (cf. (8)) by
a2f./' 0%
owy awl(w) owy awN(w)
H (w) = : . : (A.2)
a2f./' 0%
cn —2 (W)
Owy Owy Owy Owy

H/(w) is symmetric, since f/(w) € C*. Specifically, for any
pgefl,....N},

o*f

ow, 0w,

— e “H“‘“{[(ln I, (0 |x)]) — o0l m M cos <nz WO n)

—[ra(In |, ]) + 7o), (In |} )] sin (n Zl wm{%) }, (A.3)

where ¢/, is defined similarly as in (3).

Lemma 3. Suppose Assumptions (A1)—(A2) hold, then for

any 1<j<J and k =0,1,2,..., we have
10/1<Co,  IFY]|<Co, (A4)
of! .
L] <cn mom<c.
\u4
vw e {w e RY| |w|| < Ca), (A.5)
lg/(D)I<Ca, 19/ (DI<Ca, 1ER, (A.6)
) M
W IP<Cs D 1AWk I, (A7)
m=1
k.j kyj OF k ?
Z GBNAWy ) = == (W) L (A

J
T ’”)<—nZH oo
j:l 111
2
+ Cen Wk) (A9)
- k k ZM-H OE k ?
;q](wmwm P <Cm Z aw. WO Ao
J
Z // 7/)((bk-ﬁ-l,] ¢k,f)2
= M+1
< Cgip? Z ( k) (A.11)
m=1
M RE ) 2
> [ :HW(Wk) (A.12)
m=1 m

where C; (i =0,3,...,8) are constants independent of k and

Jj, and each % € R lies on the segment between ¢* and
¢k+1,j

Proof. If the set of samples is fixed and Assumption (A2) is
valid, according to (8), (13)—(14) and (A.1)-(A.3), the
validations of (A.4) and (A.5) can be easily got.

By (10), for any 1<j<J and ¢ € R,
gi(1) = g'()(g(t) — O),

g/ = ¢"()g(1) — O)) + (¢ (1)
Then, (A.6) follows directly from Assumption (Al) and
Cy = Ci(Ci + Co) + (C1).

It follows from (A.1), (A.5), the Cauchy-Schwartz
Inequality and the Mean-Value Theorem for multivariate
functions [1] that for any 1<j<J and £k =0,1,2,...,
™12 —FY)?

0 2
ST = f(wh)

— ||Fk+1,i

SOV = (W)

0 2
af (S1J)'Aw]1{
f T Aw
o f 2 M
_ Z (‘_(S /) . Awm> <Cs ZIIAwfﬁ,Hz,
o m=1

where Cs = (C3)* and sk is an intermediate point on the
line segment between the two points wht! and wk .
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According to (11) and (16), for any k=0,1,2,..., we
can get

J J
D G@ N AW,y FY) =Y g (¢ )ED) AW,
j=1 i=1

_ _OE k k

= SWarn (W5 'AWM-H

_ k

= 11‘ Wars l( )

Next, we prove (A.9). Using (13), (A.1) and the Taylor
expansion for multivariate functions [1], for any 1<j<J,
I<m<M and k=0,1,2,..., we have that

T

SRRk — (%j(wi;)) Aw),

+= (A O TH (s (AWF), (A.13)

where s’“i is an intermediate point on the line segment

between the two points w&+! and wk. Then, in terms of
(12), (17), (A.1) and (A. 13) for any k 0,1,2,..., we get
that

Z q](qﬁl"’)(wMH '/’k’/)
> GO =)

J M
k Ky
= Z ZQ}(WMH YWir g1

ow,,

2
£ owhy

+ 41,
awﬂ‘l !

(A.14)

1 J M )
=522 Wi ¥

j=1 m=1
k

XWiri1, m(sz)THj(s/;,’;")Awﬁ.

A combination of Assumptions (A2), (A.5) and (A.6)
leads to

M M
31<Ce Y AWK | = (A.15)
m=1 m=
where Cg¢ = (J/2)C,C3Cy4. Finally, (A.9) results from

(A.14) and (A.15).

According to (A.1), (A.6), (A.7) and the Cauchy—
Schwartz Inequality, we have that

J
> gAY
j=1

J
k kj
<Cs Y 1AW, I

J=1

1 2 ko2 kjy2
< §C4 ;(”AWM+1” + ”Qh J” )

J M
<3G <||Aw’;u+1 IP+Cs ) ||Aw§q||2>
m=1
M+1 2
<CP Z (Wk)

and

E i k,/)(d)k-'rl,/ ¢k,j)2

C S
< 74 Z(¢k+l,/ _ ¢k,/)2
j=1

k k+1,
—Wy) F

& 3 k+1
=73 2 (i
]:

+ wlj(M.H . (Fk+lJ _ Fk’]))z

C
<~ max{(Co)’. (C2)’)
J .,
x> (IAWA I+ 1)

j=1

<||AwM+l P+ ||Awm||2>

m=1

M+1 2

<Cygi? Z

m=1

where C7 = (C4J/2)max{l,Cs} and Cs=(C4J/2)
max{(Cy)*, (C»)*} max{l, Cs}. So we obtain (A.10) and
(A.11).

It follows from the definition of Euclidean norm that

M4l
Z 6w Wk)

Ml [ BE(WR) QE(WH)
:;<( aWm,l ) +.“+(6me>
M+1 N aE(Wk) i

-5 () =[]

This confirms (A.12) and completes the proof. [

Now, we use the above two lemmas to prove Theorem 1.
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Proof of Theorem 1. (i) By (A.8)—(A.12) and the Taylor
Expansion we have

E(wk-H ) _ E(wk)

J
Z( (@) = g;(6")

1

-
Il

I
ﬁi‘

GNP — §9) + g I (/%*")2)

j=1
= GG NAWE L F Wk R AW g
Jj=1
BN Nkl kg2 || oE :
52”(t"")(¢+”—¢”)<—nz ( <y
Jj=1 m=1
M+1 OE 2
+ Con 6 + (C7 + Cs)n? Z a—(Wk)
m=1 m=1 m
—(n— va Wk) (A.16)

where Cy = C¢ + C7 + Cg and #*/ € R is on the segment
between ¢*7 and ¢*1Y. Let f = — Con?, then we have

O ?
EWHH<E(WH) - BHW(W") (A.17)

Obviously, if the learning rate # is chosen to satisfy that

0 A.18
<n<e (A.18)

then there will hold that

EWFOY<SEWY, k=0,1,2,....

(i1) Using (A.17), we have that

2
EOW1)< EW) - ﬁHS—\EN(W")

- SE(W) -

Since E(Wl‘“)}O, there holds that

<E(w°).

Let kK — oo, then

00
t=0

So there holds that
‘aE

oFE

2
nll < 0
aW(W) <EW")<oo.

lim =0.
k—o00

(W5)

(iii) It follows from (15)—(17) and (ii) in Theorem 1 that

lim [|JAWF| = 0. (A.19)
k— o0

Note that the error function E(W) defined in (9) is
continuously differentiable. Using (A.19), Assumption
(A4) and Lemma 2, we immediately get the desired result.
This completes the proof to Theorem 1. [
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