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Abstract

In the field of fuzzy modelling, the exclusive consideration of the modelling error leads to problems concerning the
handling of high-dimensional applications and the interpretability of the resulting rule base. To solve those problems, a
statistically motivated fuzzy rule test is proposed. It decides if a fuzzy IF/THEN statement is a relevant rule or not. In
this way, the problem of finding a good rule base can be reduced to the problem of finding good, relevant rules. (© 2001
Elsevier Science B.V. All rights reserved.
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1. Introduction

Applying data-based fuzzy modelling methods to industrial applications, the following two points must be
considered:

e There are often many possible input variables resulting in enormous search spaces and rule bases.

e On the part of industrial operators, interpretable results are desired that allow insight.

A fuzzy rule test, which decides on the basis of the available learning data whether a fuzzy IF/THEN statement

represents a locally important aspect of the dependency between the input and output variables, can help on

both accounts:

e A fuzzy rule test allows the enormous problem of finding a complete fuzzy rule base to be broken down
to the much smaller problem of finding single fuzzy rules for incremental collection (Fig. 1) [14,18]. The
search space of single fuzzy rules is significantly smaller than the search space of complete fuzzy rule
bases, and also increases at a significantly lower rate with the number of input variables. Thus, many more
input variables can be handled in a given amount of computing time. Furthermore, a fuzzy rule test can
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Fig. 1. Embedding of the rule test in the fuzzy modelling process.

determine whether several input situations can be covered by one fuzzy rule instead of several distinct

rules, allowing the final fuzzy rule base to be made as small as possible [11].

e A fuzzy rule test allows a fuzzy rule base to be built exclusively out of locally reasonable rules that
can be interpreted by the industrial operators and responsible managers. The interpretability encourages
the acceptance of new components and facilitates adjustment to change. Many fuzzy modelling methods
presented in the literature consider only the input/output behaviour, which often results in fuzzy rules that
are not locally reasonable.

Depending on the field of application, a fuzzy rule test can have different intentions, for example:

e [t is intended that a fuzzy rule represents a relevant dependency between the input situation in the premise
and the output in the conclusion for the purpose of a causal relation.

e It is intended that a fuzzy rule has a good hit rate.

e [t is intended that a fuzzy rule predicts the mean value.

Normally, those intentions are inconsistent. For example, the rule ‘If Peter does not eat up, it will not be

sunny tomorrow’ will have a good hit rate of about 80% if the conclusion is true, irrespectively of the premise

in 80% of the days. However, it does not represent a causal relation.

Here, a fuzzy rule test is developed that pursues the first point, that is, finding relevant rules for the
purpose of causal relations. As its task is to separate the relevant from irrelevant fuzzy rules, it is called
a fuzzy relevance test. In order to handle contradictory learning data, the aim is to profit from statistical
methods.

A relevance test for crisp rules, based on the computation of confidence intervals, has been introduced
by Kiendl and Krabs [10]. This concept is presented in Section 2. For fuzzy modelling, the formula of the
crisp relevance test can be algorithmically extended to the use of fuzzy values (Section 3). This approach
has the advantage that it is immediately available and the computing time is not higher as in the crisp
case. However, the statistical verification is no longer applicable, and it is questionable how the results can
be interpreted. Thus, a fuzzy approach has been developed (Section 4) in which confidence intervals are
computed by two different methods. The results of the algorithmic extension and the two fuzzy approaches
are illustrated and compared (Section 5). As a conclusion, each approach is assigned a special field of
application.
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2. Crisp relevance test

A statement of the following form is to be examined:
IF § THEN C

S represents an input situation, C an output event. The input situation, resp. the output event is true or not
true. The corresponding characteristic functions Iy and I take the value 1 if the input situation, resp. the
output event is true and the value O if the input situation, resp. the output event is not true:

| 1: § is true for the data sample dy,
Ls(X(k)) = {O: S is not true for the data sample dy,

1: C is true for the data sample dy,

Te(Y (k) = {0: C is not true for the data sample d.

X =(X1,X2,...) is the vector with the input variables. Y is the output variable. The premise and the conclusion
refer to the same data sample d; = (x1(k),x2(k),..., y(k))=(x(k), y(k)). It includes the realizations of X (k),
Y (k) belonging together, for example the observations at the date k.

Example. X; is the heating temperature, X, is the outdoor temperature, Y is the room temperature. There are
five data samples (n=135) with d; =(50°C,—10°C, 14°C), d, =(35°C, —5°C, 12°C), d; =(25°C, —2°C,8°C),
dy=(20°C, —5°C,5°C), d5s =(25°C, —10°C, 3°C). A possible IF/THEN statement is: IF ((heating temperature
is lower than 30°C) A (outdoor temperature is lower than 0°C)) THEN (room temperature is under 10°C).
This corresponds to: IF (X; <30°C A X; <0°C) THEN (Y <10°C). The characteristic functions are defined by

1: Xi(k) <30°C AXp(k) < 0°C,
0: else

1: Y(k) < 10°C,
0: else.

Is(X(k)) = { Ie(Y(k)) = {

For the five data samples, the following values result: Is(x(1))=0, Is(x(2))=0, Ls(x(3))=1, Ls(x(4))=1,
Is(x(5)) =1, Ic(¥(1)) =0, Ic(»(2)) =0, Ic(¥(3)) =1, Ic(y(4)) =1, Ic((5))=1.

The probability that the output event is true (Ic(Y(k))=1) is p=P(C). The conditional probability that
the output event C is true under the condition that the input situation S is true (Ic(Y(k))=1|Is(X(k))=1) is
. =P(C|S). The more these two probabilities differ the more the IF/THEN statement can be seen as relevant.

As these probabilities are not known, they are estimated on the basis of the data samples d; by the relative
frequencies:

with
n = number of data samples d,

mi= le(Y(k)),

k=1

=y Is(X(k)),

k=1

m; =Y (As(X(k)) Ac(Y(K))).
k=1
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For X(1),...,X(n) independent, identically distributed (i.i.d.) and Y(1),...,Y(n) i.i.d., it can be proved that
p and p; are consistent and uniformly minimal-variance unbiased estimators.

Is(X) resp. I¢(Y) are Bernoulli distributed with the parameter p; resp. p. On this basis, confidence intervals
can be calculated for p and p; with the Pearson—Clopper values [7]. They cover the probabilities p and p,
each with a given probability 1 — « (confidence coefficient).

As only one side of the confidence intervals is interesting in each relevance test, one or the other of the
one-sided confidence intervals [°:=[0; p°], I} :=[p}; 1] or I :=[0; pJ], I* :=[p"; 1] is calculated.

In the case,

P<pNP’ <D

the statement ‘IF S THEN C’ is a positive relevant rule. In the case
P> p;Ap" > pj,

the negative statement ‘IF S THEN —C”’ is a negative relevant rule [9]. In all other cases, it is true that
[P P10 [P5: PI1# 0

and thus no relevant rule can be extracted.
After the relevance test, the relevant rules can be assigned a rating index [13,14].

Example. There are 100 data samples (n=100). The output event C is true in 50 of the 100 data samples
(m=50), so that p=0.5. The input situation S is true in 20 of the 100 data samples (n; =20). In 18 of the
20 data samples the output event C is true (m,; =18), so that p, =0.9. As p< p,, the interval limits p° and
p; must be calculated. With a confidence coefficient of 0.95, one gets p°=0.586 and p} =0.717. The result
is visualized in Fig. 2. The statement ‘IF S THEN C’ is a positive relevant rule as the confidence intervals
do not intersect. The results for all possible values of m, (0,1,2,...,20) are visualized in Fig. 3.
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3. Algorithmic extension of the crisp relevance test

If the input situation and the output event are described by fuzzy sets [22], they can either be true or not
true, but also can be true to a certain degree, normally between 0 and 1. Thus, the characteristic functions
Is(X(k)) and Ic(Y(k)) are substituted by the membership functions:

us(X(k)) € [0;1] and  pc(Y(k)) € [051].

In the case of fuzzy input situations and fuzzy output events, the formulae of the crisp relevance test can
be extended algorithmically from integer to real values. This extension is statistically not justified as the
us(X) resp. pc(Y) are no longer Bernoulli distributed. Nevertheless, one achieves a type of interpolating
solution that calculates the correct statistical values in the special case of crisp fuzzy sets (characteristic
functions).
Then, the estimators are given by
m;

m
p=— and p,=—
n n,

with

n := number of data samples d,

mi=  pc(Y(k)),

k=1

=y us(X(k)),
k=1

my =Y (us(X (k) A e (Y (k))).
k=1

The ‘A’ operator can be realized by one of the numerous fuzzy AND operators [16]. Most reasonably, it
should be the one that is also used to calculate ug(x(k)) from the individual degrees of activation of the
different input values x;(k).

The real values m,n, and m, are inserted in the formulae of the crisp calculation of the confidence intervals,
though the formulae are only defined for integer values of m,n; and m;. As an example, Fig. 4 shows the
resulting interpolation between the crisp values for the interval limit pj'.

4. Fuzzy relevance test

It can immediately be questioned whether the above extension of the crisp algorithm actually gives mean-
ingful results. Therefore, a relevance test for fuzzy rules has been developed, using a statistical approach. It
examines rules of the form

IF S THEN C

where S represents a fuzzy input situation described by the membership function ug(X') and C a fuzzy output
event described by the membership function pc(Y).

In accordance with the methodology of the crisp relevance test, adequate probabilities and estimators must
be defined first (Section 4.1). Afterwards, a method for calculating the confidence intervals must be de-
veloped. In contrast to the crisp case, as the distributions of ug(X) resp. uc(Y) are not known, an exact
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Fig. 4. Interpolating values of the algorithmic extension (represented by small circles °-’) and crisp values (represented by big
circles ‘e’), examplarily shown for the interval limit p;: e --- o n;=20 (my;=0,0.250.5,0.75,1,1.25,...,20), --- n; =325

(m)=0,323 2325 3335 375) e-en;=40 (m;=0,0.5,1,1.5,2,...,40), e e @ n; =80 (m;=0,1,2,3,...,80).

parametric calculation of the confidence intervals is not possible. Nevertheless, two different approaches can be
made [21]:

e a non-parametric calculation,

e an asymptotic calculation.

In Section 4.2, the first approach is pursued by using a Bootstrap method for the calculation of the confidence
intervals. In Section 4.3, the second approach is pursued by using the central limit theorem and the Fieller
method.

4.1. Probabilities and estimators for fuzzy events

Zadeh [23] defines the probability of a fuzzy event A by

P(A)Z/Af(Z)dZZ/RMA(Z)f(Z)dZZE[uA(Z)],

where Z is the random variable, f(z) the density of Z, py(Z) the membership function for the fuzzy event
A, and E[-] the expected value.

Other authors have been keen to take this suggestion [2,20]. In [20] it is proved that the Kolmogoroff
axioms of a probability are fulfilled for finite event spaces.

On this basis, the probability of the fuzzy output event C is

P(C) = E[pc(Y)].
The conditional probability of the fuzzy output event C under the fuzzy situation S is

CPCNS)  Elpons(TX)]  Eluc() A sG]
POSY==p®y = Emsty By R PEF0

As the ‘A’ operator, only the algebraic product

pc(Y) A us(X) = uc(Y)us(X)
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makes sense in the field of probabilities, as it is the only operator that can fulfil the following two statistical
equations [1]:
1. P(CNS)+P(CNS)=P(S),
2. P(CNS)=P(C)P(S) if C and S are independent fuzzy events
The complement is defined by us(Y)=1— pc(Y).
An estimator for the probability P(C) is [1,2]

m

1 n
p== > ne(¥(k) =
k=1

" .

An estimator for the probability P(C|S) is

5 _ Sh (e ) m
‘ Sy as(X (k) n

For puc(Y(1)),...,uc(¥Y(n)) iid. and pus(X(1)),...,us(X(n)) ii.d. it can be proved that p, m, and n; are
consistent and unbiased estimators [21]. They can be interpreted as average degrees of membership.

Comparing these estimators with those of the algorithmic generalization of the crisp relevance test for fuzzy
values; it can be seen that the formulae of the estimators are identical, if the algebraic product is chosen as
the ‘A’ operator.

4.2. Bootstrap fuzzy relevance test

The Bootstrap methods are resampling methods suggested by Efron [3—5]. Among other applications,
they can serve to calculate confidence intervals. The name Bootstrap is derived from one of the tales
of Baron von Miinchhausen, who is said to have pulled himself out of a swamp by his bootstraps. For
the relevance test, the non-parametric Bootstrap method BC, (bias-corrected and accelerated) [4,8] is
used.

From the n data samples djy = (x1(k),x2(k),..., y(k)) represented by (d\,ds,...,dy,...,d,), w random sam-
ples of the size n (called Bootstrap samples) are drawn with replacement:

1) 1 *(1
(@;V,a;9,.. . dxD)y,

*(2 *(2 *(2
(dl( )3d2( )"”’dn( ))’

*(w)  ge(w *
(d;™,d;™, .. dx™).
For each Bootstrap sample, the estimators for P(C) and P(C|S) are calculated:
~x(1 ~x(1
p*( )’p/l( )’
Ak(2) A2
b (2),]7:( )’

500, O,

p
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The Bootstrap replications p*(), ..., p*™) and p*D),..., p*™) are sorted in ascending order. Then, the limits
of the one-sided confidence intervals are the following:

pi=p*") (= the g,th smallest value of p*,..., p*™)),
p° = p %) (= the goth smallest value of p*",..., p*0)),
;= ﬁj(y"“) (= the g;,th smallest value of ﬁz(l),...,ﬁj(w)),

= f)j(g’”) (= the g;0th smallest value of [)j(l),...,jyz(w))

with
gu = trunc(fu(w + 1)),
go := trunc(fo(w + 1)),
Yo = trunc(fu(w + 1)),
9io = trunc(fo(w + 1)),
trunc(v) := whole-numbered part of v.

The f values are calculated by the distribution function @ of the standard normal distribution:

) 2o + z(®)
=@ vy e—oe el I
B <20+ 1= (o 12
A Z'*O _|_Z(1—ac)
=
Po (Z°+ 1—a(Z +20-2) )"
. 20 + 2%
=
:BAu <Z/10 + 1 _ di(ZAAO +Z(c{)) )

ZA).O 4 Z(l—%) )

o =P | Z) —
o <Z 0T a;(Z0 +201-9)

where z(*) and z(!=% are, respectively, the a-, (1 — a)-quantile of the standard normal distribution; 1 — o is
the confidence coefficient; Z; and Z,y are the bias parameters; and @ and 4; are the acceleration parameters.
The bias parameters are calculated by the following quantiles of the standard normal distribution

r
o),

r;
Z50 :Z(W)

where 7 is the number of Bootstrap replications ﬁ*(') that are lower than p, and », the number of Bootstrap
replications ﬁj(') that are lower than p,.
The acceleration parameters are calculated by

n A(— ~(1
Zl:l (p( ) A ))3
6[2;’:1 (i’(_) _ ﬁ(/))Z]B/Z

n A(— ~(1
N0,
AT n A(— ~(1

6y (P — B PP

d:

>
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where ﬁ(l) and ﬁy) are the estimators on the basis of the /th Bootstrap sample (dy,...,di—1,di41,...,dy), ﬁ(_)
=5 Xy P and p =130, B

The BC, confidence intervals are second-order accurate [17].

In this context, a fundamental disadvantage of the Bootstrap method is the necessary computing time,
as a minimum number of Bootstrap samples for the calculation of confidence intervals is w=1000 [5].
Consequently, for high values of #» and a high number of IF/THEN statements the method is not practicable.

Diagrams such as Fig. 3 are not possible for the Bootstrap method as the results are dependent on concrete
data samples. Results are calculated for an example in Section 5.

4.3. Asymptotic fuzzy relevance test

The conventional distribution functions are not adequate for us(X) and uc(Y). The beta distribution comes
nearest, as it has values between 0 and 1. However, it ignores that ug(X) and pc(Y) are partly discretely
(0, 1) and partly continuously (]0; 1[) distributed. Nevertheless, one could calculate confidence intervals for
E[uc(Y)], which is distributed according to the sum of beta distributed variables. However, the resulting
distribution of the quotient E[uc(Y )us(X)]/E[us(X)] cannot be derived easily, so that confidence intervals
for the conditional probability cannot be calculated.

Another possibility is to assume forthwith a distribution for E[uc(Y)] instead of for pc(Y). According to
the central limit theorem [7], the distribution of the sum of any distributed variables converges to a normal
distribution for n converging to infinity, so it can be shown that the following is valid:

S (e (Y (k) — E[puc(Y(k))])
VAR[uc(Y (k)]

where 7 is the number of data samples dj, VAR[-] the variance, and N(0, 1) the standard normal distribution.
An approximation to a normal distribution can already be obtained for smaller values of n. Experiments
with different process data have shown that the approximation is sufficiently close for more than 40 data
samples.
As a conclusion, p" and p° can be calculated asymptotically for E[uc(Y)] for Y(1),...,Y(n) i.id. by

m  tp_11—q
Y = max {0, — — — Sc ¢,
d X{ non C}

. m 11—
®=min{ — + ——— 8¢, 1
P ‘{ﬁ Vi e }

V"7 N(0, 1)

with
n := number of data samples d,
ti—1:1—« ‘= (1 — o) quantile of the ¢ distribution with (n — 1) degrees of freedom,

1 — o := confidence coefficient,

2
l ,uC(Y(k) — ﬂ) (estimator for standard deviation),
n— n

Z He(Y (k).
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For the conditional probability, the calculation is more difficult because of the quotient. According to the
central limit theorem, m, and n; are asymptotically and normally distributed. The Fieller method [6] can then
be applied for X(1),...,X(n) i.i.d. and Y(1),...,Y(n) i.i.d.

The following asymptotic confidence limits result from this approach:

m)n, 2
i 11-4Scs.s
P = max < 0, 2 5
ns;
L2 2
£ -t S
n n—1;1—o98

A 2 2 )y 2 )y 2
m;n, I Y Ses.s _ (@) I B S2 (”L)) _ n—Ll-a 2
n? n ’ n n s n n S

m;n; )
L fnoa-aSess
0. 1
D :=min o
) SZ
n n—1;1—o*S
2 2
m;n; L 11— mj 2 tn—l;]—c{ 2 n tn—l;l—:x 2
2 Scss | — - = Scs * Ss
n n n n n
+ 1
n/{ 2 tz . ’
n—1;1—o @2
(%) 3
n n

with

n := number of data samples d,

m; = pe(Y(k)us(X(k)),

k=1

=Yy us(X(k)),
k=1

- mi\ 2
St = o 2 (he(rUms (X () = 24",

n

1 2
Sti= —= > (mstxen - =),

k=1

1 n

(me(rtenms(xee) = 224 (us(re) = =2,
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ti—1:1—s '= (1 — o) quantile of the ¢-distribution with (n — 1) degrees of freedom,
1 — o :=confidence coefficient.

It can be shown that the result for the unconditional probability is a special case of the result for the conditional
probability with §=Q and pg=1 [21].

A main difference from the crisp relevance test is that the quantities m,n,m;,n; are not sufficient to cal-
culate the confidence intervals. The estimated variances S%,S_%,SéS,SCS,S are also necessary. Thus, for one
combination of m,n,m;,n, an infinite number of values for the confidence limits is possible.

For the unconditional probability, the smallest confidence intervals are achieved for SZ=0. Then, the
confidence limits are p"= p°= p. The largest confidence intervals are achieved if uc(¥(k))€{0;1} and
us(X(k))€{0;1} are valid for all values of k. Then, the variance S2 becomes maximum. So, the range of
values for the confidence limits of p is given by

2
m t,, L;1—a m w_m
max ¢ 0, — — <pi<s—
{ n /n(n—1) n

7< <m1n tn I;1—o m2 1

n P v/n(n—1) '
For the conditional probability, the smallest confidence intervals are achieved for S2 =0, S2¢=0, Scs.s=0.
Then, the confidence limits are p}' = p? = p,. Analyses show that the largest confidence intervals are achieved
if puc(Y(k))€{0;1} and wus(X(k))€{0;1} is valid for all values of k. Then, the variances SZ, SZg, Scs.s

become maximum. A proof has not yet been obtained. However, assuming the correctness of that relationship,
the range of values for the confidence limits of p; is given by

2
2 n—1;1—a 2
, M l———— |n—=-1+4+1¢#_,,,
my mj, m)

"
max 0, — — | —£ — <pis—=

2 2 A
n; n; . n;
L —1;1—
Pl 1-==)n—1+2_,,_,
. n, ;
m;,

o
n—1;1—a
mi I—T n_1+t571;17a
m A
— <pj<minq — + 1

mn
n; n; I’li 2 ti% 1;1—o 2 ,
n; ] — —— n71+tn71;171
n;

The range of possible values for the conditional probability is almost identical to the range of possible values
for the unconditional probability if m; =m and n, =n. The difference becomes smaller as n; increases and n
decreases.

Example. In Fig. 5, the possible results for p" and p° are shown as an example for =60 and 0 <m <60.
The possible values for p" lie in the lower marked area and the possible values for p° lie in the upper marked
area. The circles represent the results for puc(Y(k))€{0;1} A us(X(k))€{0;1}.

For a more detailed view, a section of the upper area is presented in Fig. 6. The range of values of m is
38 <m<41. The large circles are adopted from Fig. 5. The dotted line is the upper limit of p°. The stars
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Fig. 5. Using the asymptotic fuzzy relevance test, the possible
values for the confidence limits lie in the marked area (n=60
and 0<m<60). The exact values of realization depend on the
estimated variances. The circles represent the results for crisp
degrees of membership.
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Fig. 6. A section of the upper area of Fig. 5 is presented (n =60
and 38 <m<41). Exemplary values of the confidence limit p°
are calculated by the asymptotic fuzzy relevance test: The small
circles show how the confidence limit p° gets smaller, if the
degrees of membership are assimilated to each other until all
degrees of membership have the same value of 2/3. The stars
show that the confidence limit p° moves along the border of the
upper area if only one degree of membership is not crisp and
varies from 1 to 0.

represent the results for the following values of uc(y(k)):

pe(y(1)) =0,
pc(¥(2)) =0,

pe(¥(20)) =0,
pe(¥(21)) =1,
pe(¥(22)) =1,

pe(¥(59)) =1,
pe(¥(60)) =1 —g/5

with ¢ =1,2,3,4. The data samples are constructed in such a way that the value of p is decreased iteratively

from 40/60 to 39/60 by changing only one data sample.

The small circles represent the results for the following values of pc(y(k)):

pe(¥(1)) =0+r/12,
pc(¥(2))=0+r/12,

1c(¥(20)) =0+ r/12,
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Fig. 7. Comparison of the confidence limits p" and p° of the asymptotic fuzzy relevance test (represented by the marked area) and the
algorithmic extension (represented by the thin lines) for n =60 and 0 < m < 60.

puc(y(21)) =1 —r/24,
puc(¥(22)) =1 —r/24,

pe(¥(60)) =1 —r/24
40

with »=1,2,...,8. The data samples are constructed in such a way that p remains constant ; while all data
samples of zero (one) are simultaneously increased (decreased) until all data samples have the same value of
%. For the conditional probability an equivalent diagram to Fig. 6 can be constructed.

Usually, the range of values leading to degrees of membership greater than zero is only a part of the whole
range of values covered by data samples. Then, the confidence limits lie mainly near the maximum values.

As the calculations are asymptotic, problems arise for smaller numbers of data samples and here, especially,
for the calculation of p}' if p, ~ 1 (positive rule) and for the calculation of p? if p, ~0 (negative rule). This
results from the fact that for p; =0 there is p) =0 and for p, =1 there is p;' =1 independent of the number
of data samples. Consequently, rules that are correct for almost all data samples will be seen as relevant even
if the number of data samples is small.

5. Comparison

In this section, first, the results of the algorithmic extension of the crisp relevance test are compared with
the results of the asymptotic fuzzy relevance test. Afterwards, a concrete set of data samples from a chemical
reactor is used to compare all three approaches by means of three examples of IF/THEN statements.

In Fig. 7 the interpolating values of p° and p" of the algorithmic extension of the crisp relevance test are
represented, together with the possible values of p° and p" of the asymptotic fuzzy relevance test of Fig. 5
(n=60 and 0<m<60). The interpolating values of the crisp relevance test lie near the lower and upper limit
of possible values of the asymptotic fuzzy relevance test. A further comparison is interesting with respect to
the following two viewpoints:

e How good is the result of the asymptotic fuzzy relevance test in the special case of crisp sets (uc(Y(k))

€ {0; 1} A us(X (k) € {0; 1})?
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(a) IF (oil temperature is in set 1) THEN (reactor temperature is in set 4) (n = 206, m = 93.86,
ny = 1551, my = 0.13).
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(b) IF (oil temperature is in set 4) THEN (reactor temperature is in set 4) (n = 206, m = 93.86,
ny = 256.69, my = 17.91).
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(C) IF (oil temperature is in set 2) THEN (reactor temperature is in set 5) (n = 206, m = 92.85,
ny = 98.95, my = 57.76).

Fig. 8. Comparison of the confidence limits for process data of 206 data samples for three selected IF/THEN statements: ‘]’, [’ results
of the algorithmic extension, ‘1’ results of the Bootstrap fuzzy relevance test, ‘|’ results of the asymptotic fuzzy relevance test. It can be
seen that the results of the asymptotic fuzzy relevance test are very good as the results of the Bootstrap fuzzy relevance test are always
nearby. The confidence limits of the algorithmic extension of the crisp relevance test are more conservative.

The crisp relevance test supplies the exact results. The results of the asymptotic fuzzy relevance test are
given by the circles of Fig. 7. The difference between the results is the error of the asymptotic fuzzy
relevance test in the case of crisp sets. The error decreases monotonically to zero for increasing n.

e How good is the interpolation by the algorithmic extension of the crisp relevance test in the case of fuzzy

sets (uc(Y(k)) € [0; 1] A ps(X (k)) €[0; 17)?

The error is small if only a few of the data samples occur in the range of the fuzzy set of the input situation

and in the range of the fuzzy set of the output event. Then, the variances are high and the confidence

limits are near the lower and upper limits of the possible values. If the data samples occur mainly at the
increasing or decreasing edge of the fuzzy set of the input situation and the fuzzy set of the output event,
the variances are low and the error is greater. Principally, trapezoidal fuzzy sets will lead to smaller errors
than triangular fuzzy sets, and fuzzy sets with low density to greater errors than fuzzy sets with high
density.
Using the algorithmic extension of the crisp relevance test, the confidence intervals are mostly greater than
necessary. This can be interpreted as a conservative relevance test that corresponds to a minimum confidence
coefficient of 1 — «. Consequently, it can happen that statements are not accepted as rules that would be
accepted if an exact confidence coefficient of 1 — o is used.

In accordance with the more complex formula, the computing time of the asymptotic fuzzy relevance test
is a little longer than the computing time of the crisp relevance test, whereas the computing time of the
Bootstrap fuzzy relevance test is not practical for testing a higher number of statements. Nevertheless, the
Bootstrap fuzzy relevance test can be used to judge the results of the other two relevance tests, as it supplies
very good results [5,17].
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In Fig. 8, the results of the three relevance tests of three different statements are shown. The confidence
intervals are calculated with a confidence coefficient of 0.95. Measured by the results of the Bootstrap fuzzy
relevance test, the results of the asymptotic fuzzy relevance test are very good. The confidence intervals of
the algorithmic extension of the crisp relevance test are larger. The first two statements are seen as relevant
by all three tests as the confidence intervals do not overlap. The first statement represents a negative relevant
rule, the second statement a positive relevant rule. The third statement is seen as a positive relevant rule by
the fuzzy relevance tests, but not by the algorithmic extension of the crisp relevance test. Here, the larger
confidence intervals cause an overlap.

6. Conclusions

In the field of data-based fuzzy modelling, the incremental accumulation of single relevant rules allows
complex problems to be handled. To decide if an IF/THEN statement is a relevant rule a relevance test is
necessary. A statistical approach is given by the demand that the confidence intervals of the probabilities p
and p; do not overlap — with p being the probability that the output event of the conclusion is true and p,
being the probability that the output event is true under the condition that the input situation of the premise
is true.

For crisp rule-based modelling the confidence intervals can be calculated by conventional statistical formulae.
For fuzzy modelling, problems arise. Three different solutions are proposed in this paper: an algorithmic
extension of the crisp relevance test, a Bootstrap fuzzy relevance test, and an asymptotic fuzzy relevance test.

The algorithmic extension is the quickest relevance test. It is best if many statements are tested and if
the conservativeness of the relevance test is not disadvantageous. This is the case if there is a multitude of
relevant redundant rules in the search space. In the other cases, the higher calculation effort of the fuzzy
relevance tests will achieve the desired result. The asymptotic fuzzy relevance test is appropriate for more
than 40 data samples, and the Bootstrap fuzzy relevance test for few data samples and a small number of
statements to be tested.

The concept of the relevance test is successfully used in several industrial applications in the context of
the Fuzzy-ROSA method [12,15,19].
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